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IF K IS A REAL FIELD THEN cn(PSL(2,K)) = 4

Let G be a group. The smallest natural number m satisfying C™ = G
for each nontrivial conjugacy class C' of G is called the covering number of
G and is denoted by cn(G).

If there is no such m then it is written ¢n(G) = oco. It is known that:

(i) If K is a complex field, then cn(PSL(2,K)) = 2, (see [4], [5] ).

(ii) If K is a finite field and | K| > 4, then cn(PSL(2, K)) = 3, (see [6]).

(iii) If there exists m € K*such that m* # 1,then cn(PSL(2,K)) < 4,
(see [1], [2]).

(iv) If K = Q,R.then en(PSL(2,K)) > 3, (see[5]).

In this paper we will show that if K is a field in which —1 is not a sum
of squares i.e. K is a real field, then en(PSL(2,K)) =4 and if K =R, then
C® contain all elements of PSL(2, R) but E.

Furthermore, as we shall see, the theorem that “There is no class C in
PSL(2,Q) such CC covers the group”, (see [5], Theorem 3.05), which was
an additional argument for the statement (iv), is not true. In fact in this
paper we will prove that the opposite is true, (see Corollary 3.1). Another
proof of (iv) follows by Lemma 3.

We will use the following lemmas:

LEMMA 1. If V = diag(vy, ..., v,), W = diag(ws, ..., wy) with v; # v; for
i # j, and V,W € SL(n, K), then SL(n, K)= CyCw U Z(SL(n, K)), (see
[3], Theorem 1).

LEMMA 2. Let M = [_;_1 g] € SL(2,K). If K is a real field, then

there exists no matrices

Tiz[:f 2} T; € SL(2,K), i=1,2

such that the trace (M1 M™2) = s is equal to zero.
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Proof. It is easy to check that
(1) — 8= [g_1(31r2 - 7‘182)]2 + (81t2 - r1u2)2 + (ung - t182)2
+Hog(urts — uaty)%.

Suppose, per contra that there are matrices T; € SL(2, K) such that
s = 0. Then from (1), assumption that K is a real field, it follows that

Eq 8119 —1182 =0, E3:urs —1182 =0,
E;:81tg —rqugs =0, FEy:uls —ugty =0.
Linear combinations
- Fy+5FE; and —uFE3+ s1F,
are equivalent to
sodet(Th) =0 and wuydet(Ty)=0.

Since det(T1) # 0, by the assumption, thus s; = 0, up = 0 and conse-
quently det(73) = 0, a contradiction.

LEMMA 3. If K is a real field, then cn(PSL(2,K)) > 3.
Proof. The trace (1) is different from 0 in the real field K, by Lemma 2.

Thus the set C2, does not contain of M~1 = [ggl —O‘q] € SL(2,K) with

the trace equal to 0. Therefore E ¢ C2,Cnr = Cy, 50 en(PSL(2,K)) > 3.
THEOREM 1. If K is a real field, then cn(PSL(2,K)) = 4.

Proof. From (iii) it follows that en(PSL(2, K)) < 4, and from Lemma
3 that en(PSL(2,K)) > 3. Therefore en(PSL(2, K)) = 4.

THEOREM 2. If K = R and C is any non-trivial conjugacy class, then
C3 =PSL(2,R)- E.

Proof. Observe that any non-scalar matrix of SL(2, K) is similar to the

. 0 b|. 0 m
matrix B = [—b‘l a] in SL(2,K).If we take X = [—m“l 0],m4;£ 1
and m # b, then eigenvalues of BBX are different: v = —b?m=2, v~ =

-1
—m?b~2. Eigenvalues of A = [vu g] are the same as of BBX. Since
v # v~!, then A and BBX are similar in SL(2,R)i.e. A = BY BXY for some
y € SL(2,R). If we take § = [s(‘)l —a—sz‘l ] , then matrices BY BXY BS =

0 —m?s2b3
m~257263 us?b~l — ab?’m—?
In the conjugacy class Cg C PSL(2,R) there exists also —B. Thus both

€ C%, where Cp - conjugacy class of B.
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matrices ABS and —ABS € C}. Since s € R* and v € R vary over the
elements of R, then according to our observation that any non-scalar matrix
of SL(2,K) is of the shape B, so C® = PSL(2,R) - E.

THEOREM 3. If |K| > 4, then there exists at least one class C in
PSL(2,K) such that CC covers the group.

Proof. From Lemma 1 it follows that if eigenvalues of VW ¢
PSL(n, K) are distinct, then

(2) PSL(n,K)=CvCWUE.

By assumption that |K| > 4 it results that there exists matrices V =
diag(v,v~1),where v # v~1, and W = V1, with distinct eigenvalues. Since
matrices Vand V! are conjugate in PSL(2,K), E € CyCy. Therefore,
PSL(n,K) = Cvcv, by (2)

COROLLARY 3.1. If the field K has infinite many elements, then there
are infinite many conjugacy classes C such that PSL(2,K) = CC.
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