DEMONSTRATIO MATHEMATICA
Vol. XXIX No 4 1996

Mumtaz Ahmad Khan, Khursheed Ahmad

ON SOME RODRIGUES TYPE
FRACTIONAL DERIVATIVE FORMULAE

The present paper contains fractional derivative formulae for hypergeo-
metric functions of the type of some orthogonal polynomials analogous to
the Rodrigues formulae for Laguerre, Jacobi, Ultraspherical, Legendre and
Gegenbauer polynomials.

1. Introduction
In 1731 Euler extended the derivative formula for real or complex num-
bers A and complex number z (see [1])

DHAY=AA=1)...(A=n+ 1)

— 'F(A + 1) A—n _
_I‘(/\—n+1)z (n=0,1,2,..)
to the general form
Ir'(A+1) _
1.1 DH{A} = T 2 Ak

where u is an arbitraty complex number.

In 1974, H.L. Manocha and B.L. Sharma [1] derived the following formula
for the fractional derivative of a product of two functions as a series of
fractional derivatives of the individual functions

(12 pxwv)=3. (2) p2@ypzv)
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where U and V are functions of real variable z and A is any real or complex
number.
The binomial coefficient (2) is defined by (see [2])

(1.3) | (A) = G

n n!

where ,
(=N =(-N(2+1)(-2+2)...(-2+n-1),
(=)o =1.

Let us recall that Rodrigues formulae for Laguerre polynomials L%a)(:v), Ja-
cobi polynomials P{**”)(z), Ultraspherical polynomials P{*"*)(z), Legendre
polynomials P,(z) and Gegenbauer polynomials C%(z) are given for arbi-
trary real or complex numbers @, 8, v and real number z by

(1L4) L) = T D),
(¢ = 1)z +1)-F

(15) PeO(z) = D™[(z - 1)"*(z + 1)™+7),
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1172 _ -
1) Pe@)= ED T puygr gy,
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(L7 Pa(e) = 55

(20)n(2? - 1)~¥F
22nl(v + 3)n

1

- D™(a? - 1)),

(18) Cife) =
(see cf. [2]).

2. Hypergeometric functions of the type of some well known
polynomials

Here we introduce definitions of some hypergeometric functions analo-
gous to the definitions of some well-known orthogonal polynomials such as
Laguerre, Jacobi, Ultraspherical, Legendre and Gegenbauer ones (see [2])

(A) Laguerre type function. For an arbitrary real or complex numbers
A, o and real number z, the Laguerre type function is denoted by the symbol
L{(z) and is defined as

I'l+a+4+X) -
I'(l+a)l(1+ A)lFl [1 + a;] )

(2.1) L (z) =
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The symbol ;1 F} is a confluent hypergeometric function defined by

z > "
(21&) 1F1 [1+ ; ] nz—;)m « 7/: —1,—2,...

and (1 + @), is defined as

a)y,=ala+1)(a+2)...(a+n-1
o) (@ =a(+ 1@ +2)...(a+n-1)
(a)o =1 (see [2]).
(B) Jacobi type function. For an arbitrary real or complex numbers
A, a, 8 the Jacobi type function is denoted by the symbol P( P )(z) and is

deﬁned as
A =B ]
z—1

A
aB), _  T(l+a+)) z+1
@2 K@= rararaen 2 ) 20 ra

where 5 Fy is a Gauss Hypergeometric function defined by

P ] (B ()

14 o

(2.2&) 2F1

In particular described below the Jacobi type functions are Ultraspheri-
cal type, Legendre type and Gegenbauer type functions.

(C) Ultraspherical type function. It is denoted by the symbol
P(a o‘)(z) and is defined for arbitrary real or complex number o and real

number T as
A, —a =X
z—1

A
(a,@) _ I'l+a+)) z+1
(2.3) P)‘ (‘7’) = F(l + a)[’(l + /\) 2 2 14 o o

(D) Legendre type function. It is denoted by the symbol Py(z) and
is defined for arbitrary real/complex number A and real number z as

(2.4) Pi(z) = <z;1)A2Fl [_/\’_/\; ﬁ} .

1

(E) Gegenbauer type function. It is denoted by the symbol C¥(z)
and is defined for arbitrary real or complex numbers v, A and real number
z by the following relation
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D20 + DI +3) po-jo-

2)
r2v)F(A+v+1) F3 (=)-

(2.5) CX(z) =

We also need to extend the symbol (a), to an arbitrary real or complex
number A. We shall denote it by (a)» and define by

(2.6) (@) = F—(I‘%

3. Rodrigues type formulae

A. Rodrigues type fractional derivative formula for Laguerre type func-
tion L(Aa)(w) is given below by

€%
DA[e—z A+a]

(31 U = 7

Proof of (3.1). Using (1.2) the R.H.S. of (3.1) is equal to

'1;—1:7)(2 (2) [D*'”W"]D“e-Z)
_ Tl ( f: (=D"(=A)a(1 + a),\x"+°'(..1)ne—r)

T Ir(1+42x) (14 a),
_ I‘(1+a+/\) A; | _ ,(a)
‘r(1+A)r(1+a)1F1[1+a, ]‘L* (@)

in view of (2.1).
This completes the proof of (3.1). If A = n, a positive integer, (3.1)
reduces to Rodrigues formula (1.4) for Laguerre polynomials.

B. Similarly, Rodrigues type fractional derivative formula for the Jacobi
type function is as follows

(z—1)"%(z +1)P

(3.2) PP (z) = ey

DX[(z — 1)*e(z + 1)**4).

Proof of (3.2). Using (1.2) the R.H.S. of (3.2) is equal to
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Using (1.3) the latter equals

Irl+a+2) [z+1\*
r(1+a)r(1+A)( 2 )2F‘

—A=A-B;

in view of (2.2).
This completes the proof of (3.2). For A = n, a positive integer, (3.2)
reduces to the Rodrigues formula (1.5) for Jacobi polynomials.

C. For 8 = a, (3.2) reduces to the following fractional derivative formula
for Ultraspherical type function

(e oy (=17 a0 2
which for A = n, a positive integer, reduces to the Rodrigues formula (1.6)
for Ultraspherical polynomials.

D. For @ = 0, (3.3) reduces to the following Rodrigues type fractional
derivative formula for Legendre type function

(3.4) Pr(z) = m

For A = n, a positive integer, (3.4) becomes the Rodrigues formula (1.7)
for Legendre polynomials.

D M(z? = 1)}).

E. Now replacing a by v — % in (3.3) and making use of the relation
(2.5) we get the following Rodrigues type fractional derivative formula for
Gegenbauer type function
I(2v + A)P(v + 1)(a? - 1)+
(35)  CYa)= LN+ 5)@" — 1)

22I(2v)I'(v+ X + 1)I(1+ X)

A similar formula for Hermite polynomial is not apparent.

DA(a? — 1)-h),
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The Rodrigues type fractional derivative formulae (3.1-5) are expected
to be of great importance in the study of special functions and fractional cal-
culus just like the generalization of factorial to Gamma function has gained
much importance due to its significant contributions in these and other re-
lated areas.
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