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T R A N S F O R M A T I O N S OF M I X E D 
H Y P E R G E O M E T R I C SERIES 

1. Introduct ion 
In an earlier paper [3] we have introduced a new type of hypergeomet-

ric series, called mixed hypergeometric series involving parameters of which 
some were ordinary and others were on the base q. In this paper an attempt 
is made to find some interesting transformations involving these mixed hy-
pergeometric series. 

2. Definit ions and notations 
Let 

(2.1) (a)„ = a(a + l ) (a + 2 ) . . . ( a - f n — 1), (a)0 = 1, 

(2.2) (qa)n = (1 - <?a)(l - <Za+1) • • -(I - g a + n _ 1 ) , (<?a)o = 1. 

The generalized bibasic hypergeometric series is then defined as 

(2.3) A + B^C + D 
qW-.q[b); x 

L ? ( c ) : q[d); q\qAl 

[ ? ( b ) ] » [ î S 6 ) ] 
( D ) R Q Q I 

=o [q^}n[q\ 

where A, Ai > 0, |g| < 1, |<7i| < 1 and for A = 0 = \ i there is |z| < 1. 
In the numerator and the denominator the terms before the colon are 

on the base q and those after it are on the base q\. As usual (aN ) stands 
for the sequence of N parameters ai,a,2,..., a^• When N — A, we simply 
write (a) for (CM). 
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Also, the ^-fractional derivative is defined as (cf. Agarwal [1]) 

( 2 . 4 ) D l x x ^ = ( 1 - q ) ~ a r q [ ^ a ] x ^ a - \ a * p, 

where stands for and [a]^ for - <xqr]. 

From (2.4) it follows that 

(2.5) fla-^n+a-l = -

Lastly, the mixed hypergeometric series is defined as follows 

(2.6) A + ByC + D (c) :<?(«); g* 
^ [(a)W<7(b)] 
t ^ W ^ n q 

where A > 0, |g| < 1 and for A = 0 there is \x\ < 1. Also, [(a)]n stands for 
( a i ) n ( a 2 ) n • • . ( o a ) t i and [q^ ] n stands for ( q b l ) n ( q h ) n • ••(qbB)n. 

3. Some simple transformations 
In this section we obtain some simple transformations involving mixed 

hypergeometric series in the form of the following theorems. 

T h e o r e m 1. If \z\ < 1 and < 1, then 

(3.1) 2 + r y 2 + r 

(aUc-b)nU-=1(<lai)n 

1 

= E 1 -(- r Y l + r 
t o nKc)n(q1)n Y l j Z l i l ^ ' ) 

P r o o f . Consider the well known transformation 

a + n :qai+n,...,qa'-+n-,z 

1 : ql+n^qPi+n^qPr-i+n 

(3.2) 2F1 
a , 6; z 

c; = ( 1 - * ) - 2 c: 

(cf. [4], Theorem 20 p. 60). It can also be written as 

(3.3) E (a)n(b)nZn 

n!(c)„ 
(a)n+k(c-b)n(-l)n.„+fc 

n\k\(c)n 

{ - z ) \ 

n-0 v n=0fc=0 

Multiplying both sides of (3.3) by z a n d operating by , we get 

(3.4) ( o ) n ( f r ) n ( g / ? 1 ) o o ( g ° ' 1 ) n n _ r „ + / 3 l - 1 E 
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71=0 k= 0 

which can be written as 

oo 
Pl-alzn+k+(31-l 

(3.5) 2 + 1y2 + 1 
a,b : 

= E 
n=0 

( a ) n ( c - 6 ) n ( g
a Q T 

n!(c)n(?^)n 
1 + T 1 + 1 

a + ra : 
1 . qpi+n ( - z y 

If we continue this process of performing g-derivative operators r times, we 
arrive at (3.1). 

T H E O R E M 2 . I f \ z \ < 1 , tAera 

( 3 . 6 ) 2+rY2 + r 1 

= y ^ ( c - Q ) n ( c ~ 6 ) n I I L l ( g a ' ) n h • , r 
1 : 

P r o o f . Consider the transformation 

(3.7) >*ì a, 6; 2; 

c: = ( 1 - * ) 
c—a — b 2Fl 

c — a, c — b; z 

c; 

(cf. [4] Theorem 21, p. 60). It can also be written as 

(3-8) £ 
(a)n(b)nZn 

= £ E 
n = 0 fc=0 

(c - q)n(c - b)n(a + b - c ) k _ n + k 

n\(c)nk\ 

Now applying the procedure of the proof of Theorem 1, the relation (3.6) 
can easily be derived. 

T H E O R E M 3 . If \z\ < 1 , | 1 - z\ < 1 , Re ( c ) < 1 , Re (c - a - b) > 0 and 

none of a,b,c,c — a,c — 6, c — a — b is an integer, then 

1 : q \ q ^ , . . . , q P r - i 

+ 

r (q + b + 1 - c ) r ( l - c) 
r ( o + i - c ) r ( 6 + i - c ) 

T(a + b+ l - c ) r ( c - 1) 
f ( # ) 

2 + r 2 + r 

2 + r 2 + r 

a i b : q a \ q e « , . . . , q a ' ; z 

a + l - c , b + l - c : q a i , . . . , q ° ' r ; z 

1,2 - c : q i y \ . . . , q ^ - x 
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The proof of (3.9) follows by using the techniques of the proofs of Theorems 
1 and 2 on the following known transformation 

a , b ; l - z 1 = T ( 1 + a + b - c ) r ( l - c ) / F i \g,b]z 

a + b + 1 - c; ~ r ( a + 1 - c)r(6 + 1 - c) c; 

+ 
T(a + b+ 1 - c ) r ( c - 1) j . 

T(a)T(b) 

(cf. [4] Theorem 22, p. 62). 

2Fl a + 1 — c,b + 1 — c;z 

2 - c; 

4. Some quadratic transformations 
We now establish certain quadratic transformations involving mixed hy-

pergeometric series. For this we consider the following known transforma-
tions: 

1) If 2b is neither zero nor a negative integer and |a;| < 1, \4x(l + x)~2\ < 1, 
then 

(4.1) (1 + x)~2a ( 2Fl 

4x 
(1+s)2 

2 6 ; 
= 2F l a, a — b + x2 

b + h 

(cf. [4] Theorem 23, p. 65). 
2) If 2b is neither zero nor a negative integer and | y \ < l / 2 , | y / ( l —?/)|< 1, 

then 

(4.2) (1 - y ) ' a 2Fx 

r
 2a, 2a + 2; 

b + h 

(T = 2 a,b]2y 

2 6 ; 

(cf. [4] Theorem 24, p. 65]. 
3) If a + b + | is neither zero nor a negative integer and < 1, 

|4x(l - z) | < 1, then 

(4.3) 
a, 6; 

a + 6+ 
4z(l - x) — 2 

2a, 2 6 ; x 

a + b + | ; j 

(cf. [4] Theorem 25, p. 67). 
4) If c is neither zero nor a negative integer and |a;| < 1, |4x(l — x)| < 1, 

then 

a,l — a;x 

c: 
= ( l - z ^ - 1 ( 2F l 

(cf. [4] Theorem 27, p. 69). 

r i c _ l a i c + I 0 _ i . 2° 2 > 2 2 2' 

c; 
4x(l - x) 
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Adopting the procedure obtaining transformations given in Theorems 
1,-2 and 3, we obtain the following transformations (given in the form of 
theorems) corresponding to (4.1), (4.2) and (4.4), respectively: 

T h e o r e m 4 . If 2b is neither zero nor a negative integer and \z\ < 1 , 

then 

V^ (a)n(ft)nIIU(<? a ' )u • r 

H n K 2 b ) n U U ^ ) n ' + + n=0 

1ai+7i na2+n ar+n. 

I • qPi+n^q02+n^ .5 qPr+n 

= 2+2rr2+2r 

i , 
a, a - b + i : qf , gf , . . . , qf ,qf 
-I i . 1 2^2 i/3r j 1 , 6 + f : ^ 2 ,ql 

2 2a = +2 2< >?i »- - •, 

,9l » 

where q1 = q2 and (qf )„ = (1 - )(1 - qf ) . . .(1 - qj 

( q h n = (1 - qa)( 1 - <?"+2) • • • ( ! - qa+2n~2). 

i a + n - l ), i.e., 

T h e o r e m 5 . 7 / 2 6 ¿s neither zero nor a negative integer and \z\ < 

then 

(4.6) 
OO / 1 

+ | ) n I l L l ( g a , ) 2 n ( y 
h ^ b + ^ n U U ^ ' h n l i + r i + r 

2n + a : . . . , 
1 : q ^ + 2 n , . . . , q ^ + 2 n 

= 2 + r 2 + r a,b:qa\qa>,...,q°";2z 

1 , 2 

T h e o r e m 6 . / / a + 6 + | i s neither zero nor a negative integer and \z\ < 1, 

then 

(4.7) 

£ ( o ) n ( 6 ) n n r = l ( ? a ' i ) n ( ^ ) n -
1 + t 1 + r 

= 2 + r y 2 + r 

- n : qai+n,qa'+n Or + 1. 
1 : q P l + n , q P 2 + n , . . . , q P ' + n 

2 a , 2 b : q a \ q a > , . . . , q a ' ] z 

1 + 

T h e o r e m 7 . 7 / c zs neither zero nor a negative integer and \z\ < 1, then 

(4.8) 2 + r 2 + r 
a, 1 — a : q a i , q™2,..., qar; z 

1 
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n 

(4 z f . 
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