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ON SOLUTIONS OF SYSTEMS OF FUNCTIONAL
EQUATIONS DETERMINING SOME SUBSEMIGROUPS
OF THE GROUP L}

1. Let R be the set of real numbers, and Ro = R\ {0}.In the set Ro x R®
we introduce the following operation

(1.1)  (y1,¥2,93,9Y4,Ys, ¥s) - (T1, %2, 23, T4, T5,T6) =
= (y121, Y122 + Y222, Y123 + 3Y22122 + Y323, Y124 + Va1 +
+ 4y221%3 + 6yszi T2 + Y223, Y125 + Y55 + 1025 zys+
+ 152123 y3 + 1023 23y3 + 102223y + 521242, Y126 + YeTo+
+ 6y22}1$5 + 15:!/21721)4 + 10:1/2.'1,‘:23 + 15y3$%$4 + 60y3$l,‘11l‘2273+
+ 20yaz3zs + 45y42i 2l + 15y521,).
The set Ry x R® with the operation (1.1) is a group, which is denoted
by L} (cf. [2]).
It is known that the right hand side of (1.1) expresses the derivatives
of order n, n = 1,...,6, for some composed function f(t) = F(¢(t)) by

means of the derivatives y,...,ys respectively of the order 1,...,6 of the
exterior function F(u) (y,- = Lﬂ_ﬂ) and the derivatives z1,...,z¢ of the

order 1,...,6 of the inner function #(t) (:zzi = d‘dﬁft) .

In the first part of the paper we shall deal with the determination of
subsemigroups of the group L}, in which three parameters are functions of
the others or some others.

In the second and third part of the paper we determine subsemigroups
of the group L} in which four parameters are functions of the others.

In the paper [12] there were detemined subsemigroups of the group L}
in which the last parameter is a function of the others or some of the others.
Subgroups or subsemigroups of the groups L! s = 2,3, 4,5, were determined
by means of functional equations in the paper from [2] to [15] besides [6].
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Let f, g, b be functions mapping Ry x R? into reals. Let us denote

(1.2)  Pyse ={(z1,22, 3, f(21, 22, 23), 9(21, T2, 23), h(21, T2, 23)) :
x € R0,$2,$3 € R}

The set Pys6 is closed with respect to the operation (1.1) if and only if
for any z1,z2,3 and y1, 2,93

(Y15 Y2, Y3, f(¥1, ¥2,93), 9(91, 92, 93), A(y1, Y2, 3))-
(21,22, 23, f(z1,22,23), 9(z1,22,23), h(z1, T2, 23)) =
= (1121, 1122 + 1223, 1123 + 3y22122 + Y323, Y1 (1, T2, T3)+
+ f(31, 92, ¥3)71 + 4y2 7123 + 632322 + 39223, y19(21, 29, 23)+
+9(y1,92,93)25 + 1023229(y1, ¥, y3) + 152125y3 + 10z]z3ys+
+ 102923y, + 521 (21, T2, 23)y2, y1h(21, T2, 23) + h(y1, %2, ¥3) 25 +
+ 6y2219(21, 22, 23) + 159222 f(21, 22, €3) + 1025+
+ 15y323 f(z1, 22, 3) + 60ys 712923 + 202323 f(y1, Y2, ¥3)+
+ 452322 f(y1, v2, ¥3) + 1523 229(11, ¥2, ¥3)) € Pass.

Hence and by the definition of P45 get that the functions f, g, h satisfy
the following system of functional equations

(1.3)  flyiz1, 4122 + 4223, 123 + 3y 2120 + y323) =
= y1f(21,22,23) + F(y1, Y2, ¥3)2] + 4922173 + 6yszizy + 323,
(1.4)  g(n1z1, Y122 + Y272, 4173 + 322122 + 323) =
= y19(x1, T2, 23) + 259(y1, Y2, ¥3) + 1023329(31, ¥2, ¥3)+
+15z123y3 + 1022 23y3 + 1029237y + 521y29(21, 22, 23),
(1.5)  h(nrz1, 122 + 1223, 1123 + 3gpa122 + y32d) =
= 1 h(21, 23, 23) + 2Sh(y1, Y2, ¥3) + 632219(21, T2, T3)+
+ 153522 f(21, T2, T3) + 109223 + 15y323 f(21, 22, T3)+
+ 60y3z12223 + 20 f(y1, Y2, Y3 )x323 + 452323 F(y1, Y2, Y3 )+
+ 159(y1, Y2, ¥3)21 T2
In [3] (Theorem 1) it was proved that the equation (1.3) has no solutions.

Therefore the system (1.3)—(1.5) has no solutions, and the group L} has no
subsemigroups of the form P s6.

Denote

(16) P256 = {(a)l,o,zg,F((Bl,$3),G($1,$3),H((L‘1,$3)) Iy € Ro, I3 € R}
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The set Pyq is closed with respect to (1.1) if and only if the functions
F,G, H satisfy the following system of functional equations. (One can ob-
tain it from (1.3)-(1.5) putting zo = yo = 0i F(z1,73) := f(21,0,23),
G(z1,13) := g(21,0,23), H(z1,23) := h(z1,0,23)).
(1.7) F(z1y1, 1123 + y32}) = 91 F(21,23) + 21 F(31,3),
(1.8) G(z1y1, 9123 + y323) = $1G (21, 23) + 21 G(y1,y3) + 10272393,
(1.9) H(zyyr, 123 + 9323) = 1 H (w1, 23) + 25 H(y1,93)+
+ 15y32 F(zy, 23) + 20F (31, y3) T3 3.

In view of Theorem 2 from [3] the general solution of the equation (1.7)

is a family of functions of the form

(1.10) F(z1,33) = p(z} — 21),

where p is an abitrary real number.
By Lemma 1 in [9] it follows that the general solution of the equation
(1.8) is a family of functions of the form

2
(111) G(QZ],CL‘;}) = k(z? - ZE]) + 52‘1
1

where k is an abitrary real number.
If in (1.9) we substitute (1.10), we obtain

(1.12) H(ziy1,923 + ya2}) = y1 H (21, 23) + 2 H (y1, 93)+
+ 15y323p(z] — 1) + 20p(y} — v1)23z3.

If in (1.12) we put 1 = 1 and y3 = 0, then we get
(1.13) H(yi, p123) = i H(1,23) + H(y1,0) + 20p(y1 — y1)as.
Next setting y3 = 1 and z3 = 0 in (1.12) we have
(1.14) H(z1,y323) = H(21,0) + 28 H(1,y3) + 15y322p(a? — z4),
and setting 3 = y3 = 0 in (1.12) we get
(1.15) H(z191,0) = y1 H(z1,0) + 28 H(w1,0).

By Theorem 1 in [2] it follows that the general solution of (1.15) is a
family

(1.16) H(21,0) = I(z§ - 1),

where [ is an arbitrary real number.
If in (1.12) we put 1 = 3, = 1, then we get

(1'17) H(1,$3+y3)=H(1,$3)+H(1,y3)-
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From the last equality it follows that the function
(1.18) #(z) = H(l.z)

is additive.
If in (1.13) we assume u3 = y123(z3 = 22) then due to (1.16) and (1.18)
we get

(1.19) H(yy,u3) = y@(%) + (3} — 1) + 20p(y; — 1)us.

If in (1.14) we set uz = y323(ys = %) and 21 = 1, then in view of
1
(1.16) and (1.18) we have

U
(1.20) H(y,us) = l(ys — 1) + y?cb(y—g) + 15u3p(y; — 1).
1

Note that the left hand sides of (1.19) and (1.20) are equal, and so are
the right hand sides. Hence

U u
(1.21) y1¢<y—:> + 20p(y3 — Vuy = yqu(-@-/T‘;’-) + 15p(y3 — 1Vus.
1

Let us consider the above equality only for y; from the set of rational
numbers. From this and from the fact that ¢ is additive it follows that (1.21)
takes the form
(1.22) $(u3) + 20p(3} — 1)us = 7 é(us) + 15p(y3 - 1)ua.

Therefore

$(ua)(yi — 1) = 5p(y3 — L)ua.
By the above equality it follows that

(1.23) é(u3) = 5pus.
Hence (1.19) takes the form
(1.24) H(z1,73) = 5pzs + (2 — 1) + 20p(z3 — 1)z3

It is easily checked that every function of the form (1.24) satisfies the
equation (1.12).
We then proved

LEMMA 1. The general solution of the equation (1.12) is a family of
functions of the form (1.24), where | is a real number.

THEOREM 1. The general solution of the system (1.7)-(1.9) is a family
of triples of the form

F(z1,73) = p(z] — 21),
2

z
G(z1,23) = k(xi -z1)+ 5i,
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H(z1,23) = 1(28 — z1) + 5pz3 + 20p(23 — 1)as,
where p, k,l belong to reals.

THEOREM 1. Unique subsemigroups of the group L} of the form P
are the sets

{<x1,0,z3,p(w§ -21), k(:ci — z1)+5§%, l(:c?— :1:1)+5px3+20p(a::13— 1):1:3> :

z1 € Ry, 23 € R},

where p, k,l are reals.

2. By f, g, h, H we denote functions such that f,g,h, H : Rg X R — R.
Denote

(2.1) Passe = {(z1, f(21,23), 23, 9(21,23), h(21, 23), H(21,73)) :
Iy € Ro,(Ea € R}
Analogously as in the case of P56 one proves that the set Poys¢ is closed

with respect to the operation (1.1) if and only if the functions f,g,h, H
verify the following system of functional equations

(22)  f(nr121, 123 + 321 f(z1,23) f(y1,¥3) + ya2}) =
= y1f(z1,23) + fy1,93)23,
(2.3)  g(n1z1, 173 + 321 f(71,23) (31, ¥3) + ¥a2}) =
= y19(71,3) + 239(y1, ¥3) + 4f (31, ¥3) 713+
+ 6ysz] f(21,23) + 3f(y1,¥3) f2 (21, 23),
(24)  h(yiz, y123 + 371 (21, 23) f (31, ¥3) + y323) =
= y1h(z1,23) + 25h(y1, y3) + 1023 f(z1,23)9(y1, ¥3)+
+ 1571 f2(21, 23)ys + 1023 z3ys + 1023 f(z1,23) f(¥1, ¥3)+
+ 5z19(21,23) f(y1,93),
(2.5)  H(yiz1, 123 + 321 f(21,23) f(y1,¥3) + y323) =
= y1 H(zy,23) + 23 H(y1, y3) + 621 f (31, y3)h(z1, 23) +
+15f(z1, 23) f(y1,¥3)9(21, z3) + 1023 f(y1, 3)+
+ 1522 y3g(21, 23) + 60y32123 f(71,73) + 2023239(y1, ¥3)+
+ 4521 f* (21, 23)9(y1, 93) + 1521 f(21, 23)h(y1, 43)-
In virtue of Theorem 1 in [9] the general solution of the system (2.2)-(2.4)
are the family of triples of functions

(2.6) f(z1,23) =0,
(27) g(z17$3) = P(l'g - xl),
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2
(2.8) h(a1,3) = k(z} — 1) +5=2,
1

where k and p are arbitrary real constans.
If in (2.5) we substitute (2.6), (2.7) and (2.8) then we get

(2.9) H(y171,3123 + %323) = y1 H (21, 23) + 21 H (31, 93)+
+ 15z3ysp(at — 1) + 2023 z3p(ys — v1)

Which is actually the equation (1.12).

It follows by Lemma 1 that the general solution of (2.9) constitutes a
family of functions of the form
(2.10) H(zy,23) = (2§ — z1) + 20p(23 — 1)a3 + 5pea
where [ is arbitrary real.

THEOREM 2. The general solution of the system (2.2)-(2.5) is a fam-

ily of quadruples of functions (2.6)—(2.8) and (2.10), where p,k and | are
arbitrary real numbers.

THEOREM 2'. Unique subsemigroups of the group L} of the form Payse
are sets of the form

r
{<z1,o,z3,p(xa’—wl),k(xi—x1>+5£,l(m?—z1>+20p(w%—1)w3+5pz3> :
Ty € Ro,z‘g € R},

where p, k and | are abitrary real numbers.

3. Let us denote

(3.1)  Puase = {(filza, 23), 22, 23, fa(x2,23), f5(x2,23), fo(22,23)) :
T2,T3 € R}a
where fi :RXR > R,, fi :RxR - R for k =4,5,6.
Analogously as in case P4s56 one shows that Py456 is closed with respect

(1.1) if and only if the functions fi, fi, f5 and fe satisfy the system of
functional equations:

(3.2) fi(z2fi(y2,93) + v fi (22, T3), 23 f1 (Y2, y3)+
+ 32292 f1(72, 3) + Y3 [ (22, 23)) = fi(22,23) (32, 93)
(3.3) fa(zafi(y2, 1) + y2f12(552,933), z3f1(y2,y3)+
+ 32292 fi(22, 3) + 43 f3 (22, 23)) = fi(v2,y3) fa(w2, 73)+
+ fa(y2, ys) fi (22, 23) + 492 fi (22, 23)23 + 6ys e f7 (22, 23) + 3223,
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(3.4) fs(z2fi(y2,¥3) + y2 f2 (22, 23), 23 f1 (92, 93)+
+ 3z9ys fi(22, 23) + 'y3ff(l'2, z3)) = fs(z2,23) (32, y3)+
+ fs(y2, 13) fi (22, 23) + 10 £ (22, 23)22 fa(y2, y3)+
+ 15 fi(z2, z3)xdys + 10z3y3 f7 (22, 73) + 1022232+
+ 5 f1(z2, 23)y2 fa(22, 23),
(3.5) fo(z2f1(y2,¥3) + v2 fi (22, 23), 23 f1 (2, 43)+
+ 32292 fi(x2,23) + y3 /5 (22, 23)) = f1(v2, ys) fo(@2, 23)+
+ fo(y2, 43) fi (22, %3) + 6y2 f1(22, 23) fs (22, 23 )+
+ 15y,22 fa(z2, 23) + 10223 + 15y3 f1 (22, 23) fa(z2, 73)+
+ 60y3z923 fi (22, 23) + 2023 7 (22, 3) falys2, ¥3)+
+ 4523 f (22, 23) fa(y2, y3) + 1522 f{ (22, 73) f5 (2, ¥3)-
Let us consider the system (3.2)-(3.5) in the class of functions
(3.6) functions f1 (e, 0), f2(0, ®)arecontinuous.

Under the above assumptions in view of Theoremm 4 from [7] the system
(3.2)—(3.3) has no solutions. Therefore one has

THEOREM 3. In the class of functions (3.6) the system (3.2)—(3.5) does
not have any solutions.

PHEOREM 3'. There are no subsemigroups of the group L$ of the form
Pi4s6 in the set of functions satisfying the, assumption (3.6).
Let us denote

(3.7) Plyse = {(F1(23), 0,23, Fy(23), F5(23), Fs(23)) : 23 € R},
where F; : R — Rfor i =4,5,6 and F; : R — Ry.

The set P¢,5¢ is closed with respect to the operation (1.1) if and only
if the functions Fy, Fy, F5 and Fg verify the following system of functional
equations (one can obtain it from (3.2)-(3.5) putting zo = y, = 0 and
F; = f; for i =1,4,5,6).

(3.8)  Fi(zsFy(ys) + ysFy (23)) = Fi(z3)Fi(vs),
(3.9)  Fi(z3Fi(ys) + y3F7(23)) = Fi(y3)Fa(z3) + Fy(ys) Fi(z3),
(3.10) Fs(z3Fi(ys) + ysFi (23)) = Fs(z3)Fi(ys) + Fs(ys) Fy (z3)+
+ 10z3y3 Fi (23),
(3.11) Fe(z3Fi(ys) + ya k5 (23)) = Fi(ys)Fo(z3) + Fs(ys) Fy(z3)+
+15y3F12(l'3)F4(IL'3) + 20$3F13(.'L‘3)F4(y3)
Consider the system (3.8)—(3.11) in the class of functions verifying the as-
sumptions

(3.12) function F} is continuous,
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(3.13) function Fj is continuous at at least one point.

By (3.12) and Theorem 1 in [5] it follows that a unique solution of (3.8)
is a constant function

(3.14) F1($3) =1.
In view of (3.14) the equation (3.9) takes the form
(3.15) Fy(z3 + y3) = Fy(z3) + Fu(ys)-

The general solution of (3.15) in the class of functions satisfying (3.13) is a
family of functions of the form

(316) F4(.Z’3) = CYys,

where ¢ is an arbitrary real number.
In view of (3.14), the equation (3.10) assumes the form

(3.17) F5(CII3 4 y3) = F5(273) 4 F5(y3) + 10z3ys.
Let us consider
(3.18) F(z +y) = F(z) + F(y) + bzy,

where F' : R — R is an unknown function, and b € R.
It is easily checked that if F’ satisfies (3.18) then the function

4(z) = F(a) - 2o’
is additive. Each function of the form
(3.19) F(z) = §(2) + 30°,
where ¢ is an arbitrary additive function verifies (3.18).
We have shown

LEMMA 2. The general solution of the equation (3.18) is a family of
functions of the form (3.19) where ¢ is an additive function.

In the general solution of the equation (3.17) is a family of functions of
the form

(3.20) Fs(z3) = ¢(x3) + 523,

where ¢ is an additive function.
Substituting (3.14), (3.16) in (3.11) we get

(321) F6($3 + y3) = Fe(z';;) + Fs(y3) + 35¢cz3ys.

It follows by Lemma 2 that the general solution of (3.21) is a family of
functions of the form

(3.22) Fe(z) = ¢(z) + 17,527,
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where 1 is an additive function.
We have proved

THEOREM 4. The general solution of the system (2.8)—(2.11) in the func-
tion class (3.12) and (3.13) is a family of quadraples of functions of the form
(3.14), (3.16), (3.20), (3.22), where c is an arbitrary real constant, and ¢, P
are arbitrary additive functions.

THEOREM 4'. Unique sets of the form (3.7) closed with respect to (1.1)
in the class of functions satisfying (3.12) and (3.13) are the sets
{(1,0, 23, cz3, (z3) + 523, 9(z3) + 17.523) : z3 € R},

where ¢ is a constant, and ¢, ¥ are additive functions.

4. Denote

(4.1) Piase = {(fi(z2,24), %2, f3(22,74), T4, f5(T2,74), fe(T2,24)) :
To,%4 € R}
where f; : R? > R for [ = 3,5,6, f; : R? = R,.

Similarly as in case of the set Pys6 one proves that the set Py35¢ are
closed with respect to (1.1) if and only if the functions fi, fa, fs and fg
verify the system of functional equations:

(4.2)  fi(z2f1(y2,ya) + ¥2 fE (2, 24), Ta f1 (Y2, ya) + vafi (22, 20)+
+4y2 f1(z2, 74) f3(T2, T4) + 6 f3(y2, ya) fi (22, 24)72 + 3yo2l) =
= fi(z2,24) f1(92, 4),
(4.3)  fa(z2f1(y2,94) + y2 f1 (22, T4), 24 f1 (Y2, Ya) + vafi (T2, T4)+
+ 4y2 fi(z2, 24) f3(T2, T4) + 6 f3(y2, Ya) f{ (72, T4)T2 + By273) =
= f1(y2, ya) f3(22, 24) + 3y222 1 (22, 24) + fa(¥2, ya) £ (22, 24),
(4.4)  fi(z2fi(y2, va) + 12 f1 (22, 24), 24 fi(y2, ¥a) + yafi (22, 24)+
+ 4y2 f1(z2, 74) f3(z2, T4) + 6 f3(y2, Ya) f{ (T2, 24)T2 + 3y223) =
+ f1(y2, ya) fs (22, ®a) + f7 (22, %4) f5 (y2, ya) + 107 (22, 24) 2294+
+ 15f1(x2, 4)25 f3(y2, ya) + 10 f2 (22, 24) f3(22, T4) fa (92, ya) +
+ 102292 f3(22, 24) + 5y274 f1 (22, 24),
(4.5)  fo(zafi(ya,ya) + vo fE (22, 24), Tafr (v2, Ya) + Yafi (22, 24)+
+ 4yz fi(z2, 24) f3(z2, T4) + 6 f3(y2, ¥a) fi (22, 24)72 + 3yo7l) =
= f1(y2, ya) fo(za, 24) + fo(¥a, va) fi (22, 24)+
+ 6y2 f1(z2,24) f5(22, 24) + 15y22924 + 10y2 f2 (29, 24)+
+ 15f3 (22, 24) f3(y2, Ya) T4 + 6022 f3(y2, ¥4 ) fi(z2, T4) f3(T2, T4)+
+20f7 (22, %4) f3(22, 4)ya + 4525 fa(y2, ya) fi (22, T4)+
+ 1522 fi (22, T4) T2 f5 (Y2, Ya)-
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Let us consider (4.2)—(4.5) under the assumptions
(4.6) functions f;(0,-), fi(-,0) are continuous,

(4.7) function f3(0,-) is continuous at a point.

In view of Theorem 3 in [9] the system (4.2)-(4.4) under the assunmptiomns
(4.6)—-(4.7) has no solutions. Hence the following holds true.

THEOREM 5. The system (4.2)-(4.5) in the class satisfying (4.6) and
(4.7) has no solutions.

THEOREM 5. The group L} has no subsemigroups of the form (4.1) in
the class of functions satisfying (4.6) and (4.7).

Now we are concerned with the determination of subsemigroups of the
group L} of the form

(4.8) Pl3se = {(F1(24),0, F3(x4), 24, F5(24), Fo(24)) : 4 € R}.
where F; : R — R for i = 3,5,6, f; : R — R,.

The set P54 is closed with respect to (1.1) if and only if the functions
Fy, F3, Fy, Fs satisfy the following system of functional equations (with
results from (4.2)-(4.5) by putting 3 = y» = 0, 24 = z, y4 = v, and
Fi(z) = f;(0,z) for i = 1,3,5,6).

(4.9) Fi(eFy(y) + yF (2)) = Fi(e)Fi(y),
(410)  B(eR(y) +yF (2) = F(y)Fs(2) + F (2)F3(y),
(4.11) Fs(zFi(y) + yFi(z)) = Fi(y)Fs(z) + F{ (z)F5(y)+
+ 10F7(z) Fa(2) F3(v),
(4.12) Fe(eFi(y) + yFi(2)) = Fi(y)Fs(e) + F (2) Fs(y)+
+ 15Ff (2) F3(y)z + 20F () Fa(z)y,
Let us consider (4.9)-(4.12) in the class of functions satisfying

(4.13) F is continuous,
(4.14) F; is continuous at at least one point.

By (4.13) and Theorem 1 in [5] one has that a unique solution of the
equation (4.9) is a constant function

Then (4.10) takes the form
(416) F3($ + y) = Fa((L’) +'F3(y).

A solution of the equation (4.16) in the class (4.14) is a family of func-
tions of the form

(4.17) F3(z) = dz,
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where d is any real.
Substituting (4.15) and (4.17) in (4.11) we have

(4.18) Fs(z +y) = Fs(z) + Fs(y) + 10d*zy.

In view of Lemma 2 the general solution of (4.18) is a family of functions of
the form

(4.19) Fs(z) = a;(z) + 5d°z?,

where a1 is an additive function.
If we substitute (4.17) in (4.12) we get

(4.20) Fs(z +y) = Fs(z) + Fs(y) + 35dzy.
By Lemma 2 the general solution of (4.20) is a family of functions of the form
(4.21) Fs(z) = as(z) + 17, 5dz?,

where g, is an additive function.

Observe that under the assumptions (4.13) and (4.14) we solved the sys-
tem (4.9)-(4.12) similarly as (3.8)—(3.11) under the assumptions (3.12) and
(3.13).

We then have

THEOREM 6. The general solution of the system (4.9)-(4.12) in the class
of functions satisfying (4.13), (4.14) is a family of functional quadruples
(4.15), (4.17), (4.19) and (4.21), where d € R and ay, ay are additive func-
tions.

THEOREM 6'. Unique sets of the form (4.8) closed with respect to the op-
eration (1.1) in the class of functions satisfying (4.13) and (4.14) are the sets

{(1,0,dz,z,a1(z) + 5d*z?, ay(z) + 17,5dz*) : © € R},

where d is a constant, and a;, a; are additive functions.
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