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ON THE MONOTONIC CONTINUOUS SOLUTIONS
OF SOME ITERATED EQUATION

1. Introduction
On the iterated equation

N-1
(1.1) MNe)=) Auf"(2)
n=0

(where fO(z) = z, f*(z) = fof*"1(z), A, € R)some wonderful results have
been given in [1-4]. In {1], the general continuous solution of f¥(z) = z was
found for any N, and in [2, 3], the general continuous solution f(z) was given
in completely explicitly form. In 1986, P. J. McCarthy [4] studied the more
general iterated equation (1.1). The purpose of this paper is to prove that
under suitable conditions equation (1.1) possesses infinitely many solutions
that are continuous and strictly increasing on a certain interval.

2. Main result

THEOREM. Suppose that Ap > 0, A, > 0 (n = 0,1,...,N — 1) and
25;01 A, < 1. Then for arbitrary fized o € (0, +00) the equation (1.1) pos-
sesses infinitely many solutions which are continuous and strictly increasing
on the interval [0, zo).

Proof. Take an arbitrary zo € (0,+00) and let zq,22,...,2n-1 €
(Aozo, o) satisfy the inequalities

IN-1 < ZITN-2<...<T2<T.
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We define the sequence {z,,} by the recurrence formula
N-1
(2.1) TmiN = Y AnTmin, m=0,1,2,....

n=0
Put

D= {(yN—l’yN—Zy"wyl"T) T E (07z0],yn € (AO:E,:E),
n=12,...,.N-Lyvs1 <yn—2<...<® <y}

We shall show that

(22) (zm+N-—17zm+N—2a"-azm+2,zm+17$m) eD

form=0,1,2,...
For m = 0 it is evident. Assume that (2.2) is valid as m > 0, then we
have

N-1 N-1
o > TmN-1 = Z Anxm+n—1 > Z An$m+n
n=0 n=0

=Tm4N > Aoz > Ao.’DmJ‘.l > 0.

By the induction argument this proves (2.2).
Notice that the sequence {z,, } is strictly decreasing and then convergent.
Let

lim z,, = a.
m—00

Passing to a limit in the recurrence formula (2.1) we obtain a = Zf;ol Apa.
Since YV ' A4, < 1 we have that a = 0.
Let fo(z), fi(z),..., fn—2(z) be arbitrary strictly increasing continuous

functions defined on the intervals 21, zo), (%2, Z1],. .., [€ N—1, ZN—2], Tespec-
tively, and satisfying the following conditions:

fon(Zm) = 2y, m=0,1,...,N = 2;
fm-1(2m) = Zmp1,m=1,2,...,N - 1;
(fN-20fN-a0...0fo(2), fN-30fN-40...0fo(2),..., fiofo(z), fo(z),z) € D,
z € (z1,20).

Put now
(2.3) fmin-1(z) = ANz + Ao frin—a() + ..

+ A2fn_z}|-2 ° f;-ll-a 0...0 1;-11-N—2(37)

+ A fph 0 frga oo frinoa(2)

-1 -1 -1
+Aofm 0 fmy10---0 m+N—2(3’)’



Monotonic continuous solutions 545

T € [TmeN,TmeN-1,,m=0,1,2,...
We shall prove that for every m the function f,(z) is continuous, strictly
increasing on the interval [T;m41,Zm],
(2.4) fm(Tm) = Tmt1, fm(Tmi1) = Tma2,
(2.5)  (fm4N=20fmtN=30...0 fm(Z), frntN-30 fm4N-40...0 fm(T),.. .,
fm+1 0 fm(2), fm(z),2) € D.

In fact, for n = 0, it is so by the hypothesis. Let us suppose that it is
true for k = 0,1,...,m+ N — 2. Then the function fn,4+n_2(2) is invertible

on the interval [Z,,4 N, Zm+N-1], and f;iN_2(:c) € [Tm+N-1,Zm4+N—2], for
T € [Tm+N, Tmt+N-1]- From (2.4) and (2.5) it follows that

-1 -1 — - — _
(z’fm+N—2(x)’an+N—3° m-li-N—Z(m)""’ m-li-lofm-li-Zo"‘o m-ll-N—2(z)7

filofitio...0 frin (@) € D, for z € [ZmsN,Tmyn-1]- Thus the
function f,yn-1(z) is, by (2.3), defined for ¢ € [TpmeN,Tmin-1]- It is
continuous and strictly increasing on the interval [z, 4+ N, Tm+nN-1]. Further,

(2.6) 0<z2peN <2< 2N < Zo-
Moreover, according to (2.3) and (2.5) we have
(27) 2= fu(f21(2) > fren-20 fmin-3 0. .0 frmy1(2)
> fm4N-10 fmgnN-20...0 frny1(z)
= AN-1fm+N-20 fmiN-30...0 frmy1(2)
+ AN-2 SN2 © fain-2 © friN-3 © -0 fmpr () + ...
+ Agf,,;_li_2 o f"_l_lw 0...0 n_z-1+-N—2 0 frn+N-20 fm4N-30...0 frnp1(2)
+ Alf;_li_l o f;;-ln 0...0 ;iN—z 0 fr+N=20 fmyN-30...0 fnt1(z)
+ Agfto ;-1+-1 0...0 r;iN—2 0 fm4N=20...0 fmi1(2)
= AN-1fm+N-20 fmiN-30...0 frmi1(2)
+ AN_2fm4N-3 0 fmiN-40...0 fny1(T)
oot Ao fmr1(z) + Arz + Ao 71 (z) > Ao f M (z) > Apz.
From relations (2.6) and (2.7) it follows that the point
(fm4N-10 fmtN-20...0 frn41(2Z), fmtN-2 0 frnenN-30...0 frmia(Z),
voos fme2 0 fmy1(2), f(z),2) € D for any z € [Tmi2, Tmt1]
Therefore, we get by (2.4)
SraN-1(ZmiN-1) = AN_1ZmiN-1 + AN-2 A N2 (TmiN-1)

-1 -1 -1
+...+ A2fm+2 °fm+3 0...0 m+N—2(zm+N—1)
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+ Alf%h ° fn—z-l|-2 ©...0 7;-1|—N—2(zm+N-1)
+AofR o frdi oo frin o (Tman-1)

= AN-1Zm+N-1 + AN—2ZmiN—2 + - ..
+ AsTmy2 + A1Tmi1 + AoTrm = Ximgn,

St N-1(Em+N) = AN-1ZmiN + AN-2 5 v o (TmtN)

+...+ Azf,,;_1'_2 0 f;-li-a 0...0 r;-1|-N—2($m+N)
+ A1f;1+1 0 frt2© -0 ok N—2(Tmen)
+Aofnt o frtr oo frin s (Emen)

= AN 1Tm4N + AN2TmpN-1 + ...
+ AoTmq3 + A1Tmez + AoTmi1 = TmyN-1-

Finally, let
0, z=0

(2.8)  f(z)= { fmin-1(2), T € [TmeN,TmiN-1],m=0,1,2,..,
fa(z), T € [Tnt1,2n),n=0,1,2,...,N —2.

One we can easily prove that the function f(z) is defined, continuous and
strictly increasing on the interval [0, zo]. We shall show that it satisfies the
equation (1.1).

For an arbitrary z € (0, zo], there exists an m such that € (z/m11,Zm],
because of (2.2) and the fact that lim,_, .z, = 0. Thus f(z) € (zmt1,Zm],
f2(z) € (Tm+3rTm2)y - s FN(2) € (TmtN» Tman-1]- We have by (2.3)
and (2.8) that

f(z) = fm(2).
Therefore,

N

Nz)= fofo...0of(z)
= frmtN-10 fmtN-20...0 frmi1 0 fr()
= AN-1fm+N-20...0 fry1 0 fm(2) + AN—2 fmiN-3 0...0 fru(Z)
+ ...+ Ao fmt1 0 fm(2) + A1 fr(2) + Aoz
= A1 V@) + A2 SN TH @) + o+ Aafi(2) 4+ AL f(2) + Ao

Moreover, we easily see that f(z) satisfies equation (1.1) for z = 0.

Since z,, (n = 1,..., N —1) and the functions f,(z) (m=0,1,...,N —
2) can be chosen in infinitely many ways we obtain thus infinitely many
solutions. The proof of the theorem is finished.



(3]
(4]
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