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BEST APPROXIMATION AND BEST SIMULTANEOUS 
APPROXIMATION IN ULTRAMETRIC SPACES 

1. Introduction 
There is an extensive literature on best approximation and best simulta-

neous approximation in normed linear spaces over the real or complex num-
ber fields (see e.g. [1], [5] and [9]). In 1956, A. F. Monna [3] initiated the 
study of best approximation in non-archimedean normed linear spaces over 
valued fields other than R or C. But not much is known about best approx-
imation in ultrametric spaces, i.e. metric spaces X in which strong triangle 
inequality viz. d(x,y) < Max{d(a;,z),d(z, y)} is satisfied for all x,y,z £ X. 
Our aim in this paper is to examine the existence questions on best approx-
imation and best simultaneous approximation in ultrametric spaces. 

2. Best approximation in ultrametric spaces 
Let (X, d) be an ultrametric space with ultrametric d,G a subset of X 

and x G X. The problem of best approximation amounts to the problem of 
finding a point go £ G which is nearest to x among all the elements of G, 
i.e. d(x,go) = inf{d(a:,sf): g € G} = d(x,G). Such a g0, if it exists, is called 
a best approximation to x in G. We denote by PG(X) the set of all best 
approximations of x in G. There are two main problems to be considered, 
once x and G are given: 

(i) When is PG(X) ^ 0, i.e. existence of best approximation. 
(ii) When PG(X) contains no more than one element, i.e. the uniqueness 

of best approximation. Since 

for x eG, 
iorxeG\G, 

without any loss of generality we may assume that G is closed and x £ X\G. 
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Let us start with the second problem, which in the non-archimedean 
case has a very simple solution viz. there is no uniqueness. More exactly, 
we have the following result which in non-archimedean normed linear space 
was given by A.F. Monna [4]. 

THEOREM 2 .1 . Let G be a closed subset of an ultrametric space (X,d) 
and x £ X\G. I f y £ PG(X) andg € G such that d(g, y) < r = d(x,y), then 
9 € PG (s) . 

P r o o f . Since x £ G and y £ G,r = d(x,y) > 0. Now d(x,g) < 
max{d(x,j/),d(j/,5)} implies d(x,g) < r. Since g £ G,d(x,g) > r. Therefore 
d{x,g) = r, i.e. g £ PG(X). 

Now we consider the first problem i.e. the existence of best approxima-
tion. If PG{X) ^ 0 for each x in X (equivalently, for each x £ X \ G), then 
the set G is called proximinal. It is well known that a compact set in a met-
ric space is proximinal. The condition of compactness has been weakened 
to approximative compactness (Efimov and Steckin, see [9]), bounded com-
pactness (V. Klee, see [6]), and spherical compactness (G. Albinus, see [6]). 
Here in this section we introduce analogous notions in ultrametric spaces 
and prove certain existence theorems on best approximation. To start with, 
we recall a few definitions. 

DEFINITION 2 .1 . A sequence (a;n) in an ultrametric space (X,d) is said 
to be a pseudo Cauchy or pC-sequence, if there exists some no such that 
whenever no < n\ < «2 < then d(xn3,xn2) < d(xn2,xni). An element 
xZXis called a pseudo limit or p-limit of a sequence (xn) if for all n and 
m sufficiently large n > m implies d(xn,x) < d(xm,x), i.e. if ultimately 
the sequence (d(x n , x ) ) decreases monotonically. We denote this by xn —>p 
x. The space X is said to be pseudo complete or p- complete if every pC-
sequence in X has a p-limit. 

DEFINITION 2.2. In an ultrametric space (X, d) an element x £ X is 
called pseudo limit point of a subset G of X, if there exists a pseudo Cauchy 
sequence (gn) in G such that gn —>p x. We denote by 

Gp = G U {a; 6 X : x is a pseudo limit point of G}. 

The set G is said to be pseudo closed, if every pseudo limit point of G 
is a member of G, i.e. if Gp = G. 

The set G is said to be pseudo compact, if every non-constant sequence 
in G has a subsequence with all pseudo limits in G. 

Analogous to the notions of approximative^ compact, boundedly com-
pact, spherically compact and approximatively complete in archimedean 



Best approximation and best simultaneous approximation 447 

spaces, we introduce corresponding notions in non-archimedean spaces as 
below. 

DEFINITION 2 . 3 . A subset G of an ultrametric space ( X , d) is said to be 

(i) approximatively pseudo compact, if for every x £ X and every non-
constant sequence (gn) with lim,,..»,*, d(x, gn) = d(x,G) there exists a sub-
sequence (gn i) with a pseudo limit in G. 

(ii) boundedly pseudo compact, if every non-constant bounded sequence 
in G has a subsequence with a pseudo limit in X. 

(¡ii) spherically pseudo compact, if for every x G X \ G there exists a 
positive real number r > d(x,G) such that the set {y £ G : d(x,y) < r} is 
pseudo compact. 

(iv) approximatively pseudo complete, if for every x € X and every 
pseudo Cauchy sequence (gn) in G with limn-,,» d(x,gn) = d(x,G) the 
sequence (gn) has a pseudo limit in G. 

In archimedean theory, it was proved by Efimov and Steckin (see [9]) 
that an approximatively compact subset of a metric space is proximinal. In 
non-archimedean theory we have the following result 

T H E O R E M 2 . 2 . An approximatively pseudo compact subset of an ultra-
metric space is proximinal. 

P r o o f . Let G be an approximatively pseudo compact subset of an ul-
trametric space (X, d) and x € X be arbitrary. By the definition of d(x,G), 
there exists a nonconstant sequence (gn} in G such that d(x,gn) converges 
monotonically to d(x,G) from above. Hence for every n 

d(x,gn) > d(x,firn+i). 

By the strong triangle inequality, we then have 

(1) d(gn,gn+1) = max{d(x,gn),d(x,gn+i)} = d(x,gn) for every n. 
Since limn-*«» d(x,gn) = d(x,G) and G is approximatively pseudo compact, 
there is a subsequence (gni) with a pseudo limit go 6 G, i.e. gni —*p So 
(gn i) is a pseudo Cauchy sequence (see [7], p. 32). Therefore for every n; 

d(go,gni) = d(gn.+1, gni) (see [7], p. 32) 
= d(x,gnt) (by (1)). 

Thus 
d(x,g0) < max{d(x,gn.),d(gn.,g0)} = d{x,gn>) 

for every n,-. So 
d{x,g0)< lim d(x,gni) = d(x,G) < d(x,g0), 71 j —•OO 

i.e., d(x,go) = d(z,G) and hence G is proximinal. 
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NOTE. Since every proximinal set is closed (for otherwise PG(X) = 0 for 
x 6 G \ G), it follows that in an ultrametric space, every approximatively 
pseudo compact set is closed. 

It was proves by Efimov and Steckin (see [6]) that a boundedly compact 
closed set in a metric space is approximatively compact and hence proxim-
inal. 

THEOREM 2.3 . In an ultrametric space (X, d) a boundedly pseudo com-
pact, pseudo closed set G is approximatively pseudo compact and hence pro-
ximinal. 

P r o o f . Let x G X and (gn) be a nonconstant sequence in G with 

lim d(x,gn) = d(x,G). 
n—•oo 

Then there exists an integer N such that 

d(x,gn) < d(x,G) + 1 

for all n > N. Let 

K = m a x { d ( x , g i ) , d ( x , g 2 ) , . . . , d ( x , g N - i ) , d(x,G) + 1}. 
Then d(x,gn) < K for all n and so (gn) is a bounded sequence in G. Since 
G is boundedly pseudo compact, there is a subsequence (gni) of (gn) and 
go € X such that gni —g0. As G is pseudo closed, go € G. Thus G is 
approximatively pseudo compact and hence proximinal by Theorem 2.2. 

It was proved in [6] that a spherically compact set in a metric space 
is approximatively compact and hence proximinal. In the non-archimedean 
situation we have the proposition. 

THEOREM 2.4 . A spherically pseudo compact set in an ultrametric space 
is approximatively pseudo compact and hence proximinal. 

P r o o f . Let G be a spherically pseudo compact subset of an ultrametric 
space (X, d). Let x € X and (gn) be a nonconstant sequence in G with 

lim d(x,gn) = d(x,G). 
n-+oo 

Now, if x £ G, then d(x, G) = 0, i.e. limn-,,» d(x,gn) = 0. Clearly, we may 
choose integers ra,-, n j < < «3 < • • •, such that d(x,gni) > d(x,gn2) > 
. . . , and so x is a pseudo limit of (gni) and consequently G is approximatively 
pseudo compact. 

If x # G, then x £ X \ G and there exists a positive real number r > 
d(x, G) such that the set 

S = {y <E G : d(x,j/) < r} 
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is pseudo compact. Since r > d(x,G) = limn_>oo d(x,gn), only finitely many 
terms of the sequence (gn) will lie outside S. The pseudocompactness of 
the set S implies that the new sequence obtained by deleting these finitely 
many terms will have a subsequence with all pseudo limits in G. So G is 
approximatively pseudo compact and hence proximinal by Theorem 2.2. 

The following theorem gives other condition under which a set is prox-
iminal. 

THEOREM 2.5. An approximatively pseudo complete subset G of an ul-
trametric space (X, d) is proximinal. 

P r o o f . Let x € X be arbitrary. By the definition of d(x,G), there is a 
nonconstant sequence (gn) in G such that d(x,gn) converges monotonically 
to d(x,G) from above, i.e. d(x,gn) > d(x,gn+1) for every n. Then 

d(gn,gn+i) = max{d(x,</n),d(x,£fn+1)} = d(x,gn) 

and so the sequence (d(gn,gn+1)) is strictly decreasing, i.e. (gn) is a pseudo 
Cauchy sequence in G. Since G is approximatively pseudo complete, (gn) 
has a pseudo limit go 6 G. So, proceeding as in Theorem 2.2, we see that 
d(x,go) = d(x,G). Hence G is proximinal. 

R e m a r k . Since an ultrametric space is spherically complete if and only 
if it is pseudo complete (see [7], p. 34) and as every spherically complete 
(pseudo complete) subset of an ultrametric space is approximatively pseudo 
complete, from Theorem 2.5 follows the well known result (see [2]), [8]) that 
a spherically complete (pseudo complete) subset of an ultrametric space is 
proximinal. 

3. Best simultaneous approximation in ultrametric spaces 
Let (X, d) be an ultrametric space and A C X. For each x € X, we define 

d(x, A) = infy £ / i d(x, y). If a set of elements of B is given in X, one might 
like to approximate all the elements of B simultaneously by a single element 
of A. This type of problem arises when a function being approximated is 
not known precisely, but is known to belong to a set. 

In approximating simultaneously all elements of B by a single element 
of A, one identifies elements of the set 

Ea(B) = {a (E A : sup d(a, 6) = inf sup d(a, 6)}. 
aGAbeB 

The elements of Ea(B) are solutions to the simultaneous approximation 
problem and are called simultaneous approximate of B or restricted centres 
of B. 
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When B = {x}, x € X, then EA(B) is nothing but the set 
PA(X) = {a € A : d(x, a) = inf d(x,y)}. 

y€A 

For ultrametric spaces Theorem 4 of [2] in terms of best simultaneous 
approximation may be stated as follows. 

T H E O R E M 3 . 1 . Let (X,d) be an ultrametric space, A a non-empty subset 
of X and B a non-empty bounded subset of X. Then there exists a best 
simultaneous approximation to the set B in A if and only if A is proximinal. 

Thus the problem of best simultaneous approximation is solved for all 
proximinal subsets A of X; in particular, since spherically complete sub-
sets, approximatively pseudo compact subsets and approximatively pseudo 
complete subsets of an ultrametric space are proximinal, we have the result. 

C O R O L L A R Y . Let A be a spherically complete (approximatively pseudo 
compact, approximatively pseudo complete) subset of an ultrametric space 
(X, d). Then for every bounded subset B of X there exists a best simultaneous 
approximation to the set B in A. 
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