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THE INEQUALITY cn(PSL(n, K) < 4
HOLDS FOR n = 2,3 AND INFINITE FIELD K

Let G be a group. The smallest integer m satisfying C™ = G for each
noncentral conjugacy class of G is called the covering number of G and is
denoted by cn(G). If there is no such m, denote cn(G) = oo. In [4] it was
proved that cn(PSL(2,K) > 3 for K = Q, R (rational and real numbers). In
[3] it was proved that if n = 2,3 and K = R, C then cn(PSL(n,K) < 4. In
this paper we will prove that if n = 2 or 3 and K is any infinite field, then
cn(PSL(n, K)) < 4 (Corollary 5.1 and 6.1).

The proof of the inequality cn(PSL(n,K)) <4 (n =2,3, K = R,C) is
based on the following;:

THEOREM 1. If A € GL(n,K) (n = 2,3; K = R,C), A ¢ Z, then there
erists X € SL(n,K) such that the eigenvalues of AX 1AX are different
(see Lemmas 2, 3 of [3]).

Theorem 1 raises the following two questions:
(i) Is Theorem 1 true for arbitrary n and arbitrary K?
(ii) Is Theorem 1 true for n = 2,3; K = Q?

In this paper it is proved that the answer to the first question is negative
(Theorem 2) and that to the second one is positive (Theorems 3, 4).

The following notations will be used, Cy denotes the conjugacy class of
the matrix V, Z denotes the center of a group G and AX = X~1AX. The
remaining notations are standard.

THEOREM 2. If n > 4, then there exists A € GL(n, K) such that there is
no matriz X € SL(n,K) such that the eigenvalues of AAX are different.
Proof. Let
(1) A = diag(a,...,a,b) € GL(n,K), a#b
and X = [t;;] be any matrix of SL(n, K'). Then X! = [T};] and
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(2) w(t) = det(AAX —tE) = det C,
where
i = a? —t+ (ab- a®)Tpitp;i, i=1,...,n-1
* ab—t+ (b - ab)Tpitni, i=n
and for i # j
cij = (ab- az)Tm't,.j, t=1,...,n-1;j=1,...,n
an = (b2 - ab)Tnntﬂj, j = l,...,n - 1.
One can prove the following

LEMMA 1. If
au(z), ceey aln(a:)
d(z) = . )
an1(2),. .y Qnn(2)
then
ailgzg,...,a{ngz; a11(z),...,a1,(2)
y) _@\T)y...,Qn\Z) |, | 0 eeeeeeen.
d(z)=| "7 teeet an-11(2), ... an-1a(2) |’
an1(2), ...y Gnn(T) ali(2),...,al,.(2)

Using (2) and Lemma 1 it can easily be shown that w(a?) = w'(a?) =
. = w"3(a?) = 0, w(»D(a?) = +a*(b — a)’(1 — Tnntnn). Thus the
element a? is a root of w(t) of at least multiplicity n — 2.
It can be observed that Lemma 4 in [3] is not true for the matrix (1), by
Theorem 2. Then the proof of Theorem 3 is incorect in [3].

THEOREM 3. If K is a field, |K| # 2,3,5 and A is a non-central matriz
of GL(2, K), then there ezist matrices S,T € SL(2, K) such that eigenvalues
of ASAT are different and belong to K.

Proof. Let N = AP denote the rational canonical form of A in the
group GL(n, K). Note that if all eigenvalues of NNX are distinct, where
X € SL(n, K), then all eigenvalues of APU APXU will also be distinct and
we can choose the matrix U (for example U = P~!) such that det(PU) =
det(PXU) = 1. Therefore to prove Theorem 3 it is sufficient to show that
there exists a matrix X € SL(2, K) such that the eigenvalues of NNX are
distinct, where N = [g },] .

It is easy to see that there exists m € K™ such that for

x=|0 -m™!
T m 0
the eigenvalues —m?, —a?m=2 of NNX are distinct and belong to K.

LEMMA 2. If K is an infinite field and A € GL(n, K') has rational canon-
ical form
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0 1 0
_|IN O
N = 0 ) or Nl-[o c]
al e an

then there ezists a matriz X € SL(n, K) such that eigenvalues of AAX are
distinct.

Proof. As in the proof of Theorem 3, it is sufficient to show that eigen-
values of NNX and Ny N are distinct for some X,Y € SL(n,K).

If we take
0 8z
X = JT1...Zn = 1,
Zy 0
where s = (-1)" 2, then the elements
(3) sziz3t 2023t 22 Al s
are eigenvalues of NNX.
If we take
n(n—1
Y = )g 2], Z1...2,y=1withs=(-1)"7 ,
then the elements
(4) szlz;l, a:gz;l, eey Tp1Z31, afzna:l'ls, c?

are eigenvalues of N; NY .
Since K is an infinite field then it is obvious that there exist z;,...,2, €
K such that the numbers in sequences (3) and (4) are distinct.
Non-central matrices of GL(3, K') are similar to matrices of the form N
or N;. Hence from Lemma 2 it follows that:

THEOREM 4. If K is an infinite field and A is a non-central matriz of
GL(3,K), then there ezist matrices S,T € SL(3,K) such that eigenvalues
of ASAT are different and belong to K.

THEOREM 5. If C is any non-central conjugacy class of SL(2,K) and
there ezists m € K* such that m* # 1, then SL(2,K)=C*U Z.

Proof. Let A€ SL(2,K)and A ¢ Z. From Theorem 3 it follows that
there exist matrices §,7 € SL(2,K) such that the eigenvalues v,v~! of
ASAT = B are all distinct. The matrix B is similar to the matrix V =
diag(v,v~?) in the group SL(2,K). Hence Cy = Cg C C% and C} C CA.
Now from following lemma proved in {1] and [2]:

LeMMaA 4. If V = diag(vy,...,v,), W = diag(wy,...,wn), 11 # vj,
wy # wj, fori # j and V,W € SL(n,K), then SL(n,K) = CyCw U Z it
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results that
SL(2,K)-ZCC,CCy foranyAdZ.
COROLLARY 5.1. If C is any non-identity conjugacy class of PSL(2, K)
and if there ezists m C K* such that m* # 1, then

PSL(2,K) = C*.
Proof. The matrices V = diag(v,v~!) and V! are similar in the group
PSL(2,K), so Z C C% C C%. Thus Corollary 5.1 results from Theorem 5.

THEOREM 6. If K is an infinite field and C is any non-central conjugacy
class of SL(3, K), then SL(3,K)=C*U Z.

Proof. Let A € SL(3,K), A ¢ Z. By Theorem 4 it follows that
there exist matrices 5,7 € SL(3,K) such that the eigenvalues vy, v, v3
of ASAT = B are all distinct. The matrix B is similar to the matrix
V = diag(vy, v2,v3) in the group SL(3, K). The remaining part of the proof
is the same as in the proof of Theorem 5.

COROLLARY 6.1. If K is an infinite field and C is any non-central con-
jugacy class of PSL(3, K), then PSL(3, K) = C*.

Proof. Note that if N, Ny € SL(3, K), then it is possible to choose X
and Y such that the eigenvalues (3) of NNX and (4) of NN} are differ-
ent and are of the form 1,v,v~!. By Lemma 2 this means that for any
non-central conjugacy class C,C? contains the matrix V= diag(1,v,v™!)
and V1,

The matrices V and V1 are similar in SL(3, K). Therefore C* contains
E, so if C € PSL(3, K), then PSL(3, K) = C*, by Theorem 6.
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