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ON THE EXPONENTIAL MEAN
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If a(z) = § o1 Zns 9(2) = ([Tazg 20)* and A(z) = K(Xosy 257
are respectively arithmetic, geometric and harmonic means for the sequence

x = (z1,Z2,...,2x) € R¥, of positive terms, then, as it is known, for these
means the following inequality holds (see [1], [2], [3])

(1) h(z) < g(z) < a(z)

and h(z)=g¢g(z)=az) S 1 =Ty =...= Tk.

In this paper we define 2 new mean. Namely, the function

(2) w(r):exp{(ﬁlnzn)f}
n=1

for z € A = {(z1,22,...,2k) € RF : 2y > 1, 29 > 1,..., z, > 1}
will be called the exponential mean. If £ € A, then, on account of (1),
(H:‘l=l Inz,)* < %z:ﬂ In z,,, whence In w(z) < Ing(z) and finally

(3) w(z) < ¢(2).
It will be shown, that the function f(z) = w(z) — h(z) can change the
sign, i.e. that it can be sometimes negative and sometimes positive. Also
from equality f(z) = 0 it does not result that z; =z, = ... = z4.
In particular the following theorem is true:

THEOREM. If k > 2, then there exist points z',z2 € A such that
f(z')- f(z*) <.

Proof. For z! = (z1,1,...,1) € R¥, z; > 1 and k > 2 we have w(z!) =
exp{(Inz; -In1...In1)}} = exp0 = 1 and h(z!) = k(k - 1+ z71)"! > 1,
so f(z') < 0. On the other hand, for z° = (2;,2,2,...,2) € R*, z; > 1 we
have

-1
1) = ep{(@ D et - b(E 2+ 1) = R,



218 S. Ginalska

Because lim,, .o F(z1) = o0, there exists a number ¢ € R* and a point
z? =(c,2,2,...,2) € A such F(c) > 0, whence f(z?) > 0. Finally we have
f(z')- f(z?) < 0 forsome z!,2%> € A. If z; = 3 = ... = 2, then, of course,
w(z) = h(z)ie. f(z)=0.

Now we define a set

k
B = {(II,IQ...,Ik)E A: z1 <z <... < 1y, Zzn > kzl}.
n=1
On the base of our theorem, from the continuity and symmetry of the func-
tion f, there results that for & > 2 the set B is not empty. We can show
that it is a (k — 1)-dimensional hyperplane in the space R¥. If k = 2, then

flz) = f(z1,22) = exp{(lnz; - In 1?2)%} - iszz

and the curve B has the form B = {(z,,2z2) € A: w(z) = h(z), 1 < 22}.

We will prove that the curve B has a common point together with the
curve ry = 24", (¢ > 1), which lies in the set A. This common point exists
when the equation P(u) = 0 has a solution for u > 1 and P(u) = u'*! —
2u' + 1. It is casy to see that P(u) > 0 foru > 2, P(u) < 0forl < u < 12—+'l
and P(1) = 0. From the continuity of the function P(u) it follows that there

exists a number uy € (12—+‘t,2) such that P(ug) = 0. This means that the

curves w(ry,x2) = h(zy,27) and z4 = a:iQ, (t > 1) have a common point

Iy T2

, 2
W(ug~",u™"), whence B # . Considering the limits of coordinates of the
point W when t — 1 and t — oo, we can see that the straight lines z; = 1,
zy = ¢ are asymptotes of the curve B. If B has the equation z5 = Q(z),
then f(z,,12) < 0 for 22 < Q(z1) and f(zy,z2) > 0 for z; > Q(z1). In a
similar way we can examine the location of the set B in the A-dimensional
space R* for & > 3.
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