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ON-LINE COVERING OF THE UNIT SQUARE
BY A SEQUENCE OF CONVEX BODIES

We say that a sequence @, Q2, .. .of sets of Euclidean d-space E® permits
a covering of a set § C E? if there are rigid motions oy, 03, ... such that S
is contained in the union of sets 0,Q;, where ¢ = 1,2,... Groemer [2] proved
that every sequence of convex bodies of E? of diameters at most 1 and of
total volume at least (2¢ — 1)d® for d > 3 (and at least 6 for d = 2) permits
a covering of the unit cube 79 .

The on-line covering by convex bodies is considered in [3]. The on-line
covering restriction means that we learn every @; with : > 1 only after the
motion o;_; has been provided. This kind of restriction has been introduced
for packing by Lassak and Zhang [4] who considered the on-line version of
the well known potato-sack problem of Auerbach, Banach, Mazur and Ulam
(1]. In this paper we improve the estimate of 28 (see [3]) for the total area of a
sequence of planar convex bodies that permits an on-line covering of I? to 15.

THEOREM. Every sequence of planar convex bodies of diameters at most
1 whose total area is at least 15 permits an on-line covering of the unit
square. If the bodies are rectangles, then the total area of 7.5 is sufficient for
the covering.

The problem of an on-line covering by planar convex bodies reduces to
the problem of an on-line covering by rectangles thanks to the Radziszewski’s
theorem (see [5]) that every planar convex body P contains a rectangle R
whose area |R| is at least 1|P|.

Let @1,Q2,... be an arbitrary sequence of rectangles of sides at most 1.
A rectangle S; of sides s;,h;, where h; € {271,272,...} and 0 < s; < 2h;
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is called a standard rectangle. Observe that every rectangle (J; contains a
standard rectangle S; such that |S;| > 2|Q|. We will cover the unit square
by the corresponding sequence of standard rectangles.

If h; < 21—;, then S; is called a small standard rectangle. If h; > El—;, then
S; is called a large standard rectangle. For an on-line covering of I? by
small standard rectangles a modification of the method from (3] is used.
Small rectangles will be used for covering the unit square succesively from
the “bottom”. Large standard rectangles will be put by another method
starting from the “top” of I? .

Let Ay = {(z,y) : 0 < = < di, hxg—y < y < hi}, where d = d; >
...>dy,>0and 0 =ho <...< hp, =h. The set |J;_, Ax is denoted by
Agn. Below we describe a method of covering of Agy, by arbitrary sequences
By, B,, ... of small standard rectangles. We call it the auziliary method.

For every : = 2,3, ... we find the greatest number b; not greater than A
such that every point of Ay, with the second coordinate smaller than b; is
covered by rectangles o, B,...,0;_1B;_1. We start with b, = 0.

We find a motion o; such that

oiBi={(z,y):ai <z < i +s;and §; <y < Bi 4 hi},
where
1) B; is the greatest multiple of %h,' not exceeding b;;
2) a; is the greatest number such that the set {(z,y) € A4p : 0 < z <
ai,y = Bi + h;} is covered by rectangles preceding B;.
We stop the covering process if b; = h for an index 1.

LEMMA. A sequence By, B, ... of small standard rectangles permits an
on-line covering of Ay if the total area of this sequence is at least 3| Agn| +
th+ 3d.

Proof. Every rectangle o, B; covers for the first time a region containing
the rectangle {(z,y): a; < z < a; + 8;, Bi + %h,‘ <y < Bi+ h;i}. Thus,
rectangles 01 By,...,0: B cover a region of area at least %ELI | B;|, for

every index k.

Since s; < % and h; < 11—6, every rectangle o;B; is contained in the set

in = Ur—1(Ak U D U Cy), where
Dl:{(zay)3d1<z<d1+%, OSyShk-i-%},
Di={(z,9):dp<z<dp+ 3 hici+ <y<he+ &}
for k =2,...,n,and
Ce={(z,y) 1dp —disoy <z < dy, hi <y < he+ 735}

for k=1,...,n. Here dyy; = 0.
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Observe that |A},| = |A4h| + L(h 4+ £) + 7d. I a point of the set

G={(z,9):dn <z <dn+ §,hn<y< hat 16}lscoveredbya,rectamgle
o;B;, then the set Ay is covered as well. Consequently, every sequence
By, B,,... of total area at least 3|A;,\G| permits a covering of Ags. This
number is precisely

(1) 3(|Agn| + th + Ld).
This estimate can be slightly improved. Denote by Int(.S) the interior of
S. Observe that if a point of the set

Dr={(=y) eDi:di+ g <z <dit\C

k=1
is covered by Int(o;B;), then from the inequality s; < 2h; we conclude that
h; = %. If some two rectangles from the sequence o, B;,028B;,... have

non-empty intersections with Int(D, ), then they have disjoint interiors. We
assume in (1) that Dj is covered by rectangles of total area 3|Dy|. But the
sum of the areas of the rectangles from the sequence o, By, 0, B3, ... which
have non-empty intersections with Int(Dj) is not greater than |Dy|. The
estimate (1) remains true if we subtract 2|Dy| = %h from it.

We conclude that we can cover Ay, by every sequence of rectangles
By, B,,...of total area at least 3| Agp| + 4lh + %d.

Now we describe an on-line method of covering of I? by a sequence
51, 52,...of standard rectangles.

If S; is a small standard rectangle, then let §; = B;, T; = 0. If S; is a
large standard rectangle, then let S; = T;, B; = . We put every rectangle
B; # @ according to the auxiliary method applied to the set I* \Uj<cioj
If B; =0, it is not used for the covering.

We put every rectangle T; # 0 in the following way. If ¢ > 2, then denote
by ¢; the smallest non-negative number such that all points of I? with the sec-
ond coordinate greater than t; are covered by rectangles o173,...,0,_17Ti_1.
If it =1, thenlet ¢t; = 1.

We find a motion o; such that

Ti={(z,y):vi—-si <z <7, 6i—hi <y<éi},

where the numbers i, 6; fulfil the following two conditions :

1) if h; s 4 then §; is the smallest multiple of h not smaller than
ti; if hy = then 6; is the smallest number amongst 2, 4,1 which is not
smaller than t;;

2) 7; is the smallest number such that the set {(z,y) € I?:y,<z<
1, m < y <6} is contained in Ui<j 0;S;j, where m = max(b;, 6; — h;).
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We stop the covering process by standard rectangles when the unit square
is totally covered.

Proof of Theorem. We cover I? by the corresponding sequence of

standard rectangles. The reader can easily check that
Z_I;zl ITJI
(Us=r 05T 0 17

for every index k. In the Lemma we suppose that for covering a region of area
p by rectangles B; the total area of rectangles used for the covering is not
smaller than 3p. This means that it is sufficient to consider the following case.

Assume that ¢ is the smallest index such that the set 7} is non-empty
and assume that §; > 81. Denote by %s the sum of areas of all rectangles
o;T; used for the covering. If s > 1, then I? is covered. Thus assume that
0<s<1.If Agy = I? in Lemma, then we can assume that the sum of areas
of rectangles B; used for the covering is 3[I%| + § + 1_36(1 - s).

From this and from the inequality |Q;| < 2|S;|, we conclude that I? can
be on-line covered by every sequence Qq,Q>,... of the total area greater
than or equal to

23s+31°|+ 1+ 21 -s)) <2(} +3+ 1) =75,
Consequently, the unit square can be on-line covered by every sequence
of planar convex bodies of sides at most 1 whose total area is at least 15.
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