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ON RICCI-PSEUDOSYMMETRIC 
DOUBLY WARPED PRODUCTS 

1. Introduction 
Let ( M , g ) and ( M ' , g ' ) be Riemannian manifolds whose metrics need 

not be positive definite. If / : M — • (0,oo) and <p : M' — • (0,oo) are 
smooth functions then the Cartesian product M = M X M' with the metric 
g = <f>g © fg' (more precisely, g = (4> o ir')ir*g + ( / o Tr)(ir')* g', n : 'M —> M 
being the natural projection), is called a doubly warped product [5]. We 
will use the notation M$ Xj M' for the manifold (M X M',4>g © fg'). If 
/ or 4> is constant then we obtain a (singly) warped product [2] (or semi-
decomposable space [7]). 

It is worth to noticing that a doubly warped product is the special case 
of a so-called conformal product (g = hg® kg', where h and k are functions 
defined on M x M') investigated by Yano [11] and Wong [10]. Lorentzian 
doubly warped products have been studied by Beem and Powell [1]. In this 
paper we consider only essentially doubly warped products, i.e., such doubly 
warped products which are not singly warped. 

Let (M,g) be an n-dimensional (n > 3) Riemannian manifold. We denote 
by V,7Z, R,S and K the Levi-Civita connection, the curvature tensor, the 
Riemannian-Christoffel curvature tensor, the Ricci tensor and the scalar 
curvature of ( M , g ) , respectively. 

A manifold ( M , g ) is said to be Ricci-pseudosymmetric [4] if at every 
point of M the following condition is satisfied: 

( + ) the tensors R • S and Q(g, S) are linearly dependent. 

This conditions is trivially satisfied at points at which 5 = —g (it easy to 
K 

see that the tensor Q(g, S) vanishes at x if and only if 5 = —g at x). Thus 
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the condition ( + ) is equivalent to the following relation 

(1) R-S = LQ(g,S) 

on the set U = | x G M : S ^ — g at x j , where I is a function on U . 

Obviously, any Ricci-semisymmetric manifold (R-S = 0 ,c f . [8]) is Ricci-
pseudosymmetric. Ricci-pseudosymmetric warped products have been stud-
ied by Deszcz [3]. 

The aim of the present paper is to study doubly warped products which 
are Ricci-pseudosymmetric. Theorem 2.1 contains necessary and sufficient 
conditions for a doubly warped product to be Ricci-pseudosymmetric. 

In section 3 we consider some special cases. In particular, we give neces-
sary and sufficient conditions for a doubly warped product of two Einstein 
manifolds to be Ricci-pseudosymmetric. Moreover, we prove that if in a 
Ricci-pseudosymmotric doubly warped product one from the two factors is 
an Einstein manifold then this product must be Ricci-semisymmetric. 

Throughout this paper, by a manifold we mean a connected paracom-
pact manifold of class C°° or analytic. By abuse of notation, concerning 
Riemannian manifolds we often write M instead of ( M , g ) . 

2. Preliminaries 
Let {M,g) be a Riemannian manifold. For a tensor A of type (0 ,p) , 

p > 1, on M we define the tensor fields R • A and Q ( g , A) by the formulas 

(R • A ) ( X l , . . . , x p - X , Y) = ( n ( X , Y ) • A ) ( X r , . . . , X P ) = 
= - A ( U ( X , Y) X U X 2 , . . . , X P ) A ( X U . U ( X , Y) Xp) 

and 

Q ( g , A ) ( X U . . . , X p ] X , Y) = - ( ( X A Y) • A ) ( X U . . . , X P ) = 
= A{{X A Y ) X U X 2 , . . . , X P ) + --- + A { X U . • •, X P . ! , ( X A Y ) X P ) 

respectively, where X i , X , Y 6 S ( M ) , E ( M ) being the Lie algebra of vector 
fields on A/, and 1 Z ( X , K) and X AY are derivations of the algebra of tensor 
fields on M. These derivations are extensions of endomorphisms 1 Z ( X , Y ) 
and X A Y of E { M ) defined by 

T Z { X , Y ) Z = V x V y Z - V y V x Z - V [ X , Y ] Z 
and 

( X A Y ) Z = g ( Z , Y ) X - g ( Z , X ) Y 
respectively, where X , Y , Z 6 S { M ) . The Riemann-Christoffel curvature 
tensor R is given by 

R ( X u X 2 , X 3 , X 4 ) = g ( n ( X u X 2 ) X 3 , X 4 ) . 
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Let ( A f , g ) be an n-dimensional (n > 2) doubly warped product X j M' 
(dim M = q, 1 < q < n , dim M' = n - q = s). 

In a suitable p roduc t chart x 1 , . . . , xn for M we have 

gijdx,dxj - 4>gabdxadxb + fg'a0dxadxp, 

w h e r e i , j , . . . = 1 , . . . , n, a, b,... = 1 , . . . , q, a, ¡3,... = q + 1 , . . . , n, gab a n d 
/ are funct ions of ( i ° ) only, g'ap and <f> are funct ions of ( i a ) only. 

We denote by Rabcd and Sab the components of the Riemann-Chris toffel 
curva ture tensor R and the Ricci tensor S of ( M , g ) , respectively. Moreover, 
when J? is a quan t i ty formed with respect to g, we denote by Q (resp. fl') 
the similar quan t i ty formed with respect to g (resp. g'). Analogically, if 
some formula is indicated by (i), writ ing (i) ' we refer to the similar formula 
obta in ing f rom (i) by interchanging g and g'. 

In the sequel we shall use the following nota t ion 

U) 

G abed = 9ad9bc ~ gac9bd, 

Tab = -^y^Vfc/a-—/„/(, 

tr(T) = gabTab, 

O = f ( ( s - l)P - tr(T)), 

(G' aj3ib — QaôQp-y ~ 9ai9p6' 

tr(T>) = g'a(3T'oP, 

0' = 4>((q-l)P'-tr(T')), 

w h e r e fb = d b f , <f>a = dQ<f>, d{ = A P = g ° » f a f b / 4 f 2 = P' = 

(j,aP4>*4>p/44> 
2 _ A[<f> 

4 P 

4<f>2 ' 
We have the following formulas [6]: 

<t> 
Rabcd - 4>Rabcd + . , G abed, 

4 / 

RaP-yS = fR'aPfô + ^ G'afi-yS, 

RaPcS = fTacÇps + ^T'psQac 

RabcS = ^ j ( f b 9 a c ~ fa9bc), 

RaPfd = ~ <f>a9py), 

RabyS = 0, 
0' 

Sab ' Sab ~ sTab + ~J~9ab, 
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Sa0 - S'aP - qT'ap + -rg'ap, * , O j 
4> 

n - 2 
Saf) = - . . , fa<t>0-

4/</> 

The last relation implies tha t M cannot be Einsteinian. 
Using these formulas, by an elementary but somewhat lenghty calcula-

tion, we see tha t the only non-zero components of Q(g,S) and R • 5 are 
those related to : 

- n - 2 
( 3 ) Q{g, S)abc6 = ^ ¿ ( / f c g a c + / a5&c) , 

- n - 2 
(3') Q{g,S)a(jld= fd(<t>/3g'a-, + tag'p-y), 

(4) = ^ ( ^ - ^ l - ^ i ^ - ^ l + i 0 - 0 ' ^ » " -

(5) 5 ) a t c d = Seabed - 4>sQ(g, T)abcd, 

(5') Q{g,S)o(3ys - fQig'iS^apts - fqQ(g',T')apyS, 

(6) ( R - S ) a b c S = - -TTlifaSbc + fbSac - feSeagbc - feSebgac 
4 J9 

+ (q - 2 ) ( / a T b c + fbTac) + s(feTeagbc + feTebgac)) 
7 1 - 2 

- - ^ j 2 - 4 > w T ^ , s ( f a g b c + A f f a c ) , 

(6') ( f l • S)ap-yd = - -^(¿aS'p-, + 4>pS'a^ - <f>uS'wag'p^ - 4>"Sipg'^ 

+ ( s - 2){4>aT'^ + 4>pT'a^) + q(rTiag'Pl 

+ - ^ feTed(<f>ag'Py + tpg'ai), 

f 
(7) (R • S)ab-rd = T'aySbd ~ TbdS'a7 + (q - s)T^Tbd + —-f—T^gu 

^ Tbdg'a-y + ^(Sbe ~ sTbe)Tjg'a^ 

(f) ! i i 71 — 2 
- j(SQu - qTau)TfSbd + (Alf<f>c,<f>-ygbd 

- A\<t>fbfdg'ai), 
A!\<t> 

(8) (R • S)abcd = (R • S)abcd - s(R • T)abcd + . t , Q{g, B)abcd, 4 f(f> 

(8') (R • S)ap1{, = (R' • S')aPl6 - q(R' • T')Qp1& + "77tQ(<7'i B')a,p-y6, 
4/<p 
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where Bab = Sab - sTab +  T ^ j ^ - f a f b , B'a0 = S'af} - sT'a(j +  T^^-<f>a<t>p. 

In the sequel we assume that M — M$ x j M' (dim M — n > 3) is an 
essentially doubly warped product (more precisely, we assume that df / 

0 and d<f> ^ 0 everywhere). Since S ^ —g everywhere, so M is Ricci-
n 

pseudosymmetric if and only if 

(9) R - S = L Q(g, S), 

where L is a function on M. 
T H E O R E M 2 . 1 . A doubly warped product X / M' is Ricci-pseudosym-

metric if and only if the following relations are satisfied: 

( 1 0 ) f e T e a = h f a , where h is a function of (x a) only, 

( 1 0 ' ) (j>U JTi= x4>Si where x is a function of (x a) only, 

( 1 1 ) hf + X<t>+Lf<j> = 0 , 

( 1 2 ) Sab + (q- 2)Tab = - ( K + (q - 2)tr(T))gab, 
q 

( 1 2 ' ) S'a0 + ( s - 2 ) r a f > = V ' + ( s - 2 ) t r ( T ' ) ) g ' a f } , 
3 

( 1 3 ) ( n - 2 ) f T b e T e
d = Tbd(V - ( n - 2 )L f< f>) - hgbd(V + ( n - 2)<f>X) 

n-2A[<f>. A 
+ ^ f S b d - f b f d ) , 

( 1 3 ' ) ( n - 2)4>T'ajn? = T'ai{-V - (n - 2 ) L f< f>) - Xg'ay(-V - ( n - 2 ) h f ) 

n — 2 A \ f , . . . , , , x 

where V = - { K + (g - 2 )tr(T)) - O - ~{K' + (s - 2)tr{T')) + O', 
q s 

( 1 4 ) f ( R - T ) a b c d + - L4>f)Q(g,T)abed 

1 A\4> 

4 f 2 4<f> 

( 1 4 ' ) <KR'-T')aw+ ( j f - L f t ) Q ( g ' , T ' ) a p , t 

Q(g, df ® df)abcd, 

^ 1^-Q(g',d<l>®d<t>)a0<y6-
4<f> 2 4 / 

P r o o f . Assume that x / M' is Ricci-pseudosymmetric manifold. 
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Using (9), (6) and (3), we have 

(15) - ^ ( f a S b c + fbSac - feStagbc - feSebgac + (q - 2 ) { f a T b c + 

+ fbTac) + s(feTeagbc + feTebgac)) - + +fbgac) = 

(n - 2)L<f>s(fagbc + }bgac). 

Multiplying this equation by 4!>-, and antisymmetrizing the resulting relation, 
we get 

(rTU^ - 4>"T^<f>6)(fagbc + fb9ac) = 0 
which implies 

JXJrpf 1 1W rpf 1 
<P = <P 

Thus we have (10'). Analogically, start ing from the equation (R • S)Qp1(i = 
L Q(g, S)af3ld, we obtain (10). Substituting (10) and (10') into (15), we have 

(16) faSbc + fbSac - feSeagbc - feSebgac + (q - 2)(faTbc + fbTac) 

+ (sh + (n - 2)<f>(^j + i ^ ) ( / a 5 b c + fb9ac) = 0. 

Transvecting now this equation with fc and using (10), we get (11). Thus 

4> + L^j = -h and (16) ta.'ies the form 

(17) faSbc + fbSac - feSeagbc ~ fesebgac + (q - 2)(faTbc + fbTac) 

-(q - 2)h(fagbc + fbgac) = 0. 

Contracting (17) with gbc, in virtue of (10), we obtain 

feSea=l-(K + (q -2)(tr(T)-qh))fa 

which turns (17) into 

fa ( s6c + (q ~ 2)Tbc - i ( A ' + (q - 2)tr(T))gbl 

+fb (sae + (q ~ 2 ) T a c - 1-{K + (q- 2)tr(T))gac^ = 0. 

This equation immediately leads to (12). 
Substituting into the equality ( R • S)abyd = L Q(g, S)ab-yd the formulas 

(4), (7), (12), (12') and then transvecting the resulting relation with fb (or 
4>a), by (10), (10') and (11), we easily obtain (13) (or (13')). 

Finally, tailing into account the equality ( R - S ) a b c d = L Q(g, S)abcd and 
using (12), we get (14). 
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Now assume that relations ( 10)-( 14') are satisfied. Combining these re-
lations with formulas (3) - (8 ' ) we obtain our assertion. This completes the 
proof. 

Since V 6 ( Z \ i / ) = 2 ( V f c / a ) / a , so using (2) we get 

T — HT-Ï 
Now (10) immediately leads to the following 

C O R O L L A R Y 2.1. Let M$ x j M' be a Ricci-pseudosymmetric manifold. 

Then h = 0 (x = 0) if and only if d = 0 (d ( J = 0). 

3. Main results 

L E M M A 3.1. Let M$ x j M' be a Ricci-pseudosymmetric manifold. If M 
(resp. M') is an Einstein manifold and dim M > 2 (resp. dim M' > 2), then 
A[<f> = 0 (resp. Axf = 0). 

P r o o f . Assume that M is an Einstein manifold and q > 2. Substituting 

S = — g into (12), we have T = -tr(T)g which implies R • T = 0 and 
q q 

Q(g,T) = 0. Thus (14) tal:es the form -^^rrQ(g,df ® df) = 0, whence 
4 f z 4<p 

we immediately obtain zlj <t> = 0. 
As an immediate consequence of Lemma 3.1 we get 

C O R O L L A R Y 3.1. Let M$ Xj M' be a Ricci-pseudosymmetric manifold. 
If the metric (P fg' is positive definite then neither M nor M' can be an 
Einstein manifold. 

T H E O R E M 3.1. Let M and M' (dimAf, dim M' > 2) be Einstein mani-
folds and f and <fr be smooth positive functions on M and M', respectively. 
If the doubly warped product M$ x j M' is Ricci-pseudosymmetric then M 
and M' are Ricci-fìat, x j M' is Ricci-semisymmetrie and functions f 
and <p satisfy following equations 

(18) V 2 f = ^ j d f ® d f , V'2<t>= ^d4>®d<t>, 

(19) A,f = 0, A[<f> = 0. 

Conversely, if M and M' are Ricci-fìat manifolds and f and (j> are positive 
functions on M and M\ respectively, satisfying equations (18) and (19), 
then A#0 x / M' is Ricci-semisymmetric manifold. 
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P r o o f . Assume that M and M' are Einstein manifolds and q,s > 2. 
Using Lemma 3.1, we have (19), which by Corollary 2.1 implies h = 0 and 
X = 0. This, in view of (11), leads to L = 0. As in the proof of Lemma 

3.1, we obtain T = -tr(T)g. This, by (10) and h = 0, gives T = 0 which 

is equivalent to (18). Now it is easy to see that the covector field d ( \ / 7 ) ¡s 

parallel. Thus R • df = 0 and faSai, = 0 which implies K = 0. In the same 
way we get K' = 0. 

Conversely, taking into account the formulas (6)-(8 ') , we see that R S = 
= 0. This completes the proof. 

THEOREM 3.2. Let M$ X j M' be Ricci-pseudosymmetric manifold. If 
M or M' is an Einstein manifold whose dimension is greater than 2, then 

x j M' is Ricci-semisymmetric manifold. 

P r o o f . Assume that M is an Einstein manifold and q > 2. Using Lemma 
3.1 , we have A\(f> = 0 which, in view of Corollary 2.1, implies x = 0. Thus, 

by (11), L = — — and our assertion is equivalent to the equality h = 0. 
9 

Suppose that h ^ 0. We restrict our considerations to the open subset W 

on which h / 0 (and also d ^ 

The equation (13') tables the form 
Axf n - 2 

(20) (n - 2)<>rauT? = + (n - 2 ) h f ) - - I f — ^ , 

where V = L{K + (q - 2)tr(T)) - O - ~(K' + (s - 2 )tr(T')) + 0'. 
q s 

Differentiating (20), we have 

TL,da(-V + (n- 2)hf) = da ( ^ p j 

which, after standard calculation leads to 

n - 2 

(21) = c c = constant. 

This turns (20) into 

(22) c ( _ v + ( n - 2 ) * / ) = ^ . 
Substituting (21) into (2) and differentiating the resulting relation covari-
antly, using Ricci-identity, we have <f>wR'uaPl = 0. Thus R' T' = 0 and (14') 
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ta!:es the form 

( ' 1 7 + h f ) T ' ) a ^ 6 = ¿ 2 1 7 d<t> ® 

This equation, in view of (21), leads to 

(23) + = 

Comparing (23) with (22), we have 

But this relation, in virtue of definitions of V, 0 and P, can be written in 
the form 

The relation (23) implies hf = c i = constant. Substituting this 

equation into (24), we have 

4>K' fK A\f 
(25) b C2——, C2 = constant. 

s q Af 
If c-i = 0, then we immediately obtain / =constant (because K =cons-
tant) . If C2 0, then differentiating (25) and using the equality hfb = 

faTab = we get 

- f a K - c2hfa = 0. 
9 

This implies h = and consequently, h =constant . Now, differentiating 

c2q 

(23), we have db = 0 which implies (db ( ^ j ^ j = —hfb) h = 0, a 

contradiction. This completes the proof. 
R e m a r ! : . 3.1. Examples of Ricci-flat manifolds on which there ex-

ist functions satisfying the conditions (18) and (19) we can obtain taking 
Walter 's metrics (see [9], pp. 51, 59). 
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