| DEMONSTRATIO MATHEMATICA
| Vol. XXIX No1 1996

Marian Hotlo$

ON RICCI-PSEUDOSYMMETRIC
DOUBLY WARPED PRODUCTS

1. Introduction

Let (M,g) and (M',¢’') be Riemannian manifolds whose metrics need
not be positive definite. If f : M — (0,00) and ¢ : M' — (0,00) are
smooth functions then the Cartesian product M = M x M’ with the metric
§ = ¢g9® fg' (more precisely, g = (por')r*g+ (fom)(x")¢, 7 : M - M
being the natural projection), is called a doubly warped product [5]. We
will use the notation My x; M’ for the manifold (M x M',¢g & fg'). If
f or ¢ is constant then we obtain a (singly) warped product [2] (or semi-
decomposable space [7]).

It is worth to noticing that a doubly warped product is the special case
of a so-called conformal product (g = hg® kg’, where h and k are functions
defined on M x M') investigated by Yano [11] and Wong [10]. Lorentzian
doubly warped products have been studied by Beem and Powell [1]. In this
paper we consider only essentially doubly warped products, i.e., such doubly
warped products which are not singly warped.

Let (M, g) be an n-dimensional (n > 3) Riemannian manifold. We denote
by V,R,R,S and K the Levi-Civita connection, the curvature tensor, the
Riemannian-Christoffel curvature tensor, the Ricci tensor and the scalar
curvature of (M, g), respectively.

A manifold (M, g) is said to be Ricci-pseudosymmetric [4] if at every
point of M the following condition is satisfied:

(%) the tensors K -5 and Q(g,S) are linearly dependent.

. K .
This conditions is trivially satisfied at points at which § = 9 (it easy to

¢
see that the tensor (g, S) vanishes at z if and only if S = %g at z). Thus
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the condition (*) is equivalent to the following relation

(1) R-5=10Q(g,5)

on the set U = {a: EM:S# %g at z}, where L is a function on U.

Obviously, any Ricci-semisymmetric manifold (R-S = 0, cf. [8]) is Ricci-
pseudosymmetric. Ricci-pseudosymmetric warped products have been stud-
ied by Deszcz [3].

The aim of the present paper is to study doubly warped products which
are Ricci-pseudosymmetric. Theorem 2.1 contains necessary and sufficient
conditions for a doubly warped product to be Ricci-pseudosymmetric.

In section 3 we consider some special cases. In particular, we give neces-
sary and sufficient conditions for a doubly warped product of two Einstein
manifolds to be Ricci-pseudosymmetric. Moreover, we prove that if in a
Ricci-pseudosyimmetric doubly warped product one from the two factors is
an Einstein manifold then this product must be Ricci-semisymmetric.

Throughout this paper, by a manifold we mean a connected paracom-
pact manifold of class C* or analytic. By abuse of notation, concerning
Riemannian manifolds we often write M instead of (M, g).

2. Preliminaries
Let (M,g) be a Riemannian manifold. For a tensor A of type (0,p).
p > 1, on M we define the tensor fields R- A and (g, A) by the formulas

(R-A)Xy,.., X X,Y) = (R(X,Y) - A)(Xq,...,X;) =
= -AR(X,Y)X1, X2,..., Xp) — -+ = A(X1, ..., Xp-1, R(X,Y) X))
and
Q(g,A)(X1,.. , X X,Y)= —((XAY) - A)Xy,..., Xp) =
=A(XAY)X1, Xy 0y Xp) + -+ AKXy .- X2, (X AY)XD)
respectively, where X;, X, Y € Z(M), =(M) being the Lie algebra of vector
fields on M, and R(X,Y) and X AY are derivations of the algebra of tensor

fields on M. These derivations are extensions of endomorphisms R(X,Y)
and X AY of Z(M) defined by

R(X,Y)Z=VxVyZ-VyVxZ -VixvZ
and
(XAY)Z =¢9(Z,Y)X —g(Z,X)Y
respectively, where X,Y,Z € Z(M). The Riemann-Christoffel curvature
tensor R is given by

R(X1, X2, X3, X4) = 9(R(X1, X2) X3, X4).
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Let (M, g) be an n-dimensional (n > 2) doubly warped product My x ; M’
(dmM =¢,1<g<n,dimM' =n-gq=3).
In a suitable product chart z!,...,z" for M we have

gijdz'dz’ = ¢gadz®dz’ + fg),pdzadzg,

where t,5,...=1,...,n,a,b,...=1,...,¢,0,08,...=q¢+ 1,...,n, g and
f are functions of (z°) only, g;,; and ¢ are functions of (z*) only.

We denote by Rspcq and S,; the components of the Riemann-Christoffel
curvature tensor R and the Ricci tensor S of (M, g), respectively. Moreover,
when 2 is a quantity formed with respect to g, we denote by 12 (resp. £2')
the similar quantity formed with respect to g (resp. g'). Analogically, if
some formula is indicated by (i), writing (i)’ we refer to the similar formula
obtaining from (i) by interchanging ¢ and g¢'.

In the sequel we shall use the following notation

(G’abcd = Gad9bc — GacGbd, Gaﬁ—y& gaégﬁ'y g;'yg;i&’
Tap = Vifa a y Tlor = ( a— o )7
2) b Zf( bfa— ff fb) ) 0= "5 1 ¢¢ ¢p
”‘(T) = gabTab, tT(T’) = g’aﬂT'ap,
(0= f((s-1)P-1ir(T)), [ O =¢((g—-1)P' - tr(T")),
0 o A f
where szabfa ¢a—‘a¢,a _627' "gbfa /4f2_ 4f2a
]
17:7¢] _ 1¢
9" adp/ad’ = yreR
We have the following formulas [6]:
A"y
Rabea = $Rabea + 4}.¢ abeds
_ A
Raﬁ'y6 = leaﬂ‘yé + 4;{ G,aﬂ’yéa

Raﬁcﬁ = fTacglp& + ¢T[36ga07

Rapes = 4_f(fbgac fagbc),

5 fa
Raﬁ’Yd - 4¢(¢ﬁga’y ¢Gg;3’y)a
Rapys =0,

!

= o
Sab = Sab - sTap + 790!7’
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~ o,
Saﬂ = T af + ¢gaﬁ7

n —
—Wfa(bﬁ-

The last relation implies that M cannot be Einsteinian.

Using these formulas, by an elementary but somewhat lenghty calcula-
tion, we see that the only non-zero components of Q(g,5) and R - S are
those related to :

(3) Q(g’ S)ubc& = f ¢6(fbgac + fagbc)

(3,) Q(g7 S)Gﬁ’)’d = fd(¢ﬁg¢{ry + ¢agb7),
(4) Q(3,5)abya = ¢!]bd(507 qTo )~ f9or(Sba—5Tba)+(0—0') g, gbd,
(5)  Q(3,5)abea = $Q(Y, S)abed — #5Q(g, T)abeds
(5") Q(g, S)aﬁvé = fQ(g' Sl)aﬁ"rﬁ - f‘IQ(glle)aﬁ'vts’
(6) (R’S)abcé - 4f¢(fasbc +beac feseagbc_ feSebgac
+ (q 2)(faTbc + beac) + s(feTeagbc + feTebgac))
- 4f2 ¢wT 6(fagbc + fbgac),

= 2L 0aSh + 0051y = 0°SLuthy - 8 SLodl
+ ( )(¢0Tﬁ‘y + ¢[3Ta ) (¢WT, agﬁ'y

-2
+ ¢“Tep90)) — n4¢2 [ Tea(Pa9py + ¢59'ay),

o o' -
(7)) (R-S)abya = ToySoa — TsaS5y + (g = 8) T Toa +

0'-0
¢

- S5t — )T S0 + G
- A’1¢fbfdg:ry)a
(8) (R S)abea = (R~ 8)abed — S(R - T)abea +

(6,) (R : S)aﬁ'vd =

!

f

deg:,., + é(sbe 8Tye)T, dgaw

———T 4, gbd

+

(4f¢)2 1f¢a¢’ygbd

Ao
4f¢
Af
4f¢

Q(g, B)abcda

(8) (R-S)apys = (R - Sapys — @R -Tapys + —7Q(g", B')apys,
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where Bab = S STab + fba ﬁ - S STaﬁ +

4f2 fa 4¢2 ¢a¢ﬁ

In the sequel we assume that M = My x; M’ (dimM = n > 3) is an
essentially doubly warped product (more precisely, we assume that df #

~ K —
0 and d¢ # 0 everywhere). Since § # ;g everywhere, so M is Ricci-

pseudosymmetric if and only if
(9) R-§=1LQ(95),
where L is a function on M.

THEOREM 2.1. A doubly warped product My x ; M' is Ricci-pseudosym-
metric if and only if the following relations are satisfied:

(10) [Tea = hfa, where h is a function of (z°) only,
(10" ¢“T. s = x¢s, where x is a function of (z*) only,
(11) hf+x¢+Lfp=0,
(12) Sos + (4= 2)Tos = (K + (g = tr(T))gan
(12) St + (s = 9Thp = S(K"+ (s = 2)tr(T"))ghp,
(13)  (n = 2)fToeTg = Toa(V = (n = 2)Lf¢) — hgoa(V + (n - 2)¢x)
+ 4f22 A“w (A1fgba — fofa),
(13") (n — 2)¢T, Ty = '7(—V (n = 2)Lf) — X9ory(=V — (n =~ 2)hf)
-24
o (8106, = but)

where V = g(K +(¢—2)tr(T))- 0 ~ %(K’ + (s =2)tr(T")) + O',

(14) SR Thaseat (5L - 267) Q0. Dt
Al
= mj (9,df ® df )abea,
12) #R- T),,p.,,5+( M 11806 e
1 Af

= 4¢2 4f Q( d¢® d¢)aﬁ’76

Proof. Assume that My x; M' is Ricci-pseudosymmetric manifold.
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Using (9), (6) and (3), we have

(15) - %(fasbc + beac - feSeagbc - feSebgac + (‘I - 2)(faTbc+
n—2
f

¢wT‘L6(fagbc + +fbgac) =
(n - 2)L¢6(fagbc + fbgac)'

Multiplying this equation by ¢ and antisymmetrizing the resulting relation,
we get

+beac) + s(feTeagbc + feTebgac)) -

((rbwTL&(b‘Y - d)wTL—yqs&)(fagbc + fbgac) =0
which implies
Tl sdy = ¢“Toy s
Thus we have (10'). Analogically, starting from the equation (R-5)apya =
L Q(§, S)ap~d, we obtain (10). Substituting (10) and (10’) into (15), we have

(16) fasbc + beac - feseagbc - feSebgac + (q - 2)(faTbc + beac)

(sh + (n - 2)¢(§ " L))(fagbc ¥ fogo) = 0.

Transvecting now this equation with f¢ and using (10), we get (11). Thus

¢ (} + L) = —h and (16) tales the form

(17) faSbc + bea.c - feSeagbc - feSebgac + (q - 2)(faTbc + beac)

_(q - 2)h(fagbc + fbgac) =0.
Contracting (17) with g*¢, in virtue of (10), we obtain
.
f®Sea = 5(1\' + (¢ = 2)(tr(T) - qh)) fa
which turns (17) into

fa (s,,,, +(g—2)The - 5(1\' +(g- 2)tr(T))gbc)

+fo (Sac + (q - 2)Tac - é([\ + (q - 2)[1‘(T))gac) = 0.

This equation immediately leads to (12).

Substituting into the equality (R - S‘)aqu = L Q(g,S)abvya the formulas
(4), (7), (12), (12') and then transvecting the resulting relation with f® (or
¢°), by (10), (10’) and (11), we easily obtain (13) (or (13')).

Finally, taking into account the equality (R - S)abca = L Q(§, S)asca and
using (12), we get (14).
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Now assume that relations (10)-(14’) are satisfied. Combining these re-
lations with formulas (3)-(8') we obtain our assertion. This completes the

proof.

Since V(A f) = 2(Vyfa)f?, so using (2) we get

[oTap = ——Vb( ff)

Now (10) immediately leads to the following

COROLLARY 2.1. Let My x; M' be a Ricci-pseudosymmetric manifold.

Then h =0 (x = 0) if and only zfd( }f) =0 (d (A;;¢> =0).

3. Main results

LEMMA 3.1. Let My x5 M' be a Ricci-pseudosymmetric manifold. If M
(resp. M'") is an Finstein rnanifold and dim M > 2 (resp. dim M' > 2), then
Algp =0 (resp. Ay f =0).

Proof. Assume that M is an Emstem manifold and ¢ > 2. Substituting
S = I—g into (12), we have T = —tr(T)g which implies R-T = 0 and
q

Q(g,T) = 0. Thus (14) takes the form % 4:;) (9,df ® df) = 0, whence
we immediately obtain Aj¢ = 0.

As an immediate consequence of Lemma 3.1 we get

COROLLARY 3.1. Let My x; M' be a Ricci-pseudosymmetric manifold.
If the metric ¢g ® fg' is positive definite then neither M nor M' can be an
Finstein manifold.

THEOREM 3.1. Let M and M' (dim M, dim M' > 2) be Einstein mani-
folds and f and ¢ be smooth positive functions on M and M', respectively.
If the doubly warped product My x ; M' is Ricci-pseudosymmetric then M
and M' are Ricci-flat, My x ¢ M' is Ricci-semisymmetric and functions f
and ¢ satisfy following equations
(18) vif= fdf®df, V7?4 = 714,@ dg,

(19) A f =0, 19=0.
Conversely, if M and M' are Ricci-flat manifolds and f and ¢ are positive

functions on M and M’, respectively, satisfying equations (18) and (19),
then My Xy M' is Ricci-semisymmetric manifold.
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Proof. Assume that M and M’ are Einstein manifolds and ¢,s > 2.
Using Lemma 3.1, we have (19), which by Corollary 2.1 implies A = 0 and
x = 0. This, in view of (11), leads to L = 0. As in the proof of Lemma

3.1, we obtain T = étr(T)g. This, by (10) and h = 0, gives T = 0 which
is equivalent to (18). Now it is easy to see that the covector field d(\/f) is
parallel. Thus R -df = 0 and f®S,, = 0 which implies A" = 0. In the same
way we get K' = 0.

Conversely, taking into account the formulas (6)-(8’), we see that R-§ =
= 0. This completes the proof.

THEOREM 3.2. Let M, x; M' be Ricci-pseudosymmetric manifold. If
M or M' is an FEinstein manifold whose dimension is greater than 2, then
My x; M' is Ricci-semisymmetric manifold.

Proof. Assume that M is an Einstein manifold and ¢ > 2. Using Lemma

3.1, we have Aj¢ = 0 which, in view of Corollary 2.1, implies x = 0. Thus,
h

by (11), L = —— and our assertion is equivalent to the equality h = 0.

Suppose that h # 0. We restrict our considerations to the open subset W
on which h # 0 (and also d ( ) #0).

The equation (13') taes the form

1fn

(20) (n—2)¢TL T = T, (-V + (n - 2)hf) - o i ¢a¢,,

aw'y

where V = g(K + (¢ -2)tr(T))- O - %(K' +(s—2)tr(T")) + O'.
Differentiating (20), we have

T. 8.(=V + (n - 2)hf) = 8, (%‘fi) 7 2 b

which, after standard calculation leads to

(21) T, = 4¢2 ¢a¢.,, ¢ = constant.
This turns (20) into
(22) ((=V + (n = Dhf) = A‘ff

Substituting (21) into (2) and differentiating the resulting relation covari-
antly, using Ricci-identity, we have ¢“R! = 0. Thus R'-T' = 0 and (14")

wa By
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ta':es the form

A ) 1 A '
( 4}f + hf)Q(g T)apys = 15 —#Q(g y 4} ® dp)opys-
This equation, in view of (21), leads to
(23) e(n — 2)(A}f + hf) ‘;‘ff.
Comparing (23) with (22), we have
_V=(n-22S
= i

But this relation, in virtue of definitions of V, O and P, can be written in
the form

K’ _fK (Alf )
24 +(g—-1 + 2h
(24) = -G s
The relation (23) implies Af = ¢; %, ¢y = constant. Substituting this

equation into (24), we have

oK' fK A
s T g T

If ¢ = 0, then we immediately obtain f =constant (because K =cons-

tant). If c2 ;é O then differentiating (25) and using the equality hf, =

feT,, = Bb( ) we get

(25) ¢y = constant.

EfaK — cohfs = 0.

1,!
This implies h = —\— and consequently, A =constant. Now, differentiating

) = ayn=0,a

(23), we have 9, ( lf) = 0 which implies (8, ( af

4f
contradiction. This completes the proof.

Remark. 3.1. Examples of Ricci-flat manifolds on which there ex-
ist functions satisfying the conditions (18) and (19) we can obtain taking
Waler’s metrics (see [9], pp. 51, 59).
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