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Cfl -SUBMANIFOLDS OF A NEARLY 
r-COSYMPLECTIC MANIFOLD 

Ci?-submanifolds have been defined and studied by Professor A. Be-
jancu ([1], [2]) and others. In this paper, we have defined and studied CR-
submanifolds of a nearly r-cosymplectic manifold. Certain interesting results 
have been stated and proved in this paper. 

1. Preliminaries 
Let M be (2n + r)-dimensional differentiable manifold of class C°°. 

Suppose there exists on M , a tensor field (f> of type (1,1), r(C°°) con-
travariant vectorfields and r(C°°) 1-forms Tf (r some finite integer and 
p = 1 ,2 , . . . , r) satisfying 

r 

(1-1) = 
P= 1 

where 

r o) 4tP = o, 
(1.2) { (ii) T) p o <fi = 0, 

I (Hi) = 

where p,q — 1 ,2 , . . . , r and 6$ denotes Kronecker delta. 
Thus in view of the equations (1.1) and (1.2) the manifold M will be 

said to possess an almost r-contact structure [5]. 
Suppose further that the manifold M is endowed with a Riemannian 

metric g satisfying 
r 

( 1 . 3 ) g ( X , Y ) = g ( X , Y ) - ^ V P W v P ( Y ) 

p=l 



32 R. N i v a s , K. K. B a j p a i 

and 

(1.4) g(tP,X) = r f ( X ) . 

Then we say that in view of the equations (1.1) to (1.4) the manifold M 
admits an almost r-contact metric structure. 

Let us call such a manifold as nearly r-cosymplectic manifold if <j> is 
killing, i.e. 

(1.5) (Vxcf>)(Y) + (VY<f>)(X) = Q 

for any the vectorfields X and Y on M; V denotes the Riemannian connec-
tion for the metric tensor g on M. 

On such a nearly r-cosymplectic manifold M , the vectorfields are 
killing i.e. 

(1.6) g(Vx{P,Y) + s(X,Vyip) = 0 

for p = 1, ' 2 , . . . , r and X, Y are arbitrary vectorfields on M. 
Let M be a submanifold of M such that the vectorfields £p are tangets 

to M . Let us denote the r-dimensional distribution formed by the vector-
fields by {£p}. We say that M is C#-submanifold of M if there exist 
d i f fe ren t ia te distributions D and D1 on M such that 

0 ) TM = {D}®{D^}®{tP}, 

where D,DL are mutually orthogonal and TM denotes the tangent bundle 
of M ; 

(ii) The distribution D is invariant by <f>, i.e. 

<j>(Dx) = Dx for every x in M , and 

(iii) The distribution DL is anti-invariant by 4>, i.e. <j>{Dx) C TX(ML), 
where TX(ML) denotes the normal space of M at x 6 M. 

Let us call such a submanifold M of almost r-contact metric manifold 
M as semi r-invariant Ci?-submanifold. We denote by P,Q the projection 
morphisms of TM to D and D1 respectively so that we have [2] 

r 

(1.7) X = PX + QX + ^2TI'{X)ZP 

P= L 

for all A' € r(TM), where T ( T M ) denotes the module of differentiate 
sections of the tangent bundle TM. Also 

(1.8) <f>V = BV + CV 
for all V 6 r{TML), where BV denotes the tangent part of <t>V and CV 
its normal part.. Let V be the Levi-Civita connection and V 1 the normal 
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connection in M induced by the Riemannian connection V on M. Then 
Gauss and Weingarten equations are respectively as 

(1.9) VxY = VxY + h{X,Y) 
and 
( 1 . 1 0 ) V X V = -AyX + V^V, 

where Ay is the fundamental tensor of Weingarten with respect to the vec-
torfield V in the normal bundle and '/i' is the second fundamental form of 
M. The operator Ay satisfies 

( 1 . 1 1 ) g(AvX,Y) = g(h(X,Y),V) 

for X,Y tangents to M and V normal to M. 

2. S o m e results 
In this section we shall establish some propositions on CiZ-submanifold 

M of a nearly r-cosymplectic manifold M. 

P R O P O S I T I O N 2 . 1 . Let M be a CR-submanifold of a nearly r-cosymplectic 
manifold M. Then we have 

(2.1) 2(Vx<f>)(Y) = VX4>Y - Vy<t>X + h(X,4>Y) 
- h(Y,<t>X)~ <f>[X,Y] 

for all X, Y 6 r(D). 

P r o o f . We have 

(2.2) {Vx<l>)(Y) = Vx(4>Y)-<t>VxY. 

In view of the equation (1.9), the above equation (2.2) takes the form 

(2.3) ( V ^ ) ( K ) = Vx(tY) + h(X, <j>Y) - cf>VxY. 

Interchanging A', Y in the above equation (2.3) we get 

(2.4) ( V y - M X ) = V y ( ^ y ) + h(Y,4>X) - <t>VyX. 

Since the structure tensor <f> is killing, in view of the equation (1.5), the 
above equation (2.4) takes the form: 

( 2 . 5 ) - ( V x * ) ( K ) = VY(<!>X) + h(Y, 4>X) - <F>VYX. 

Subtraction of the equation (2.5) from (2.3) yields 

2(Va^)(F) = Vx(<t>Y) - VY(4>X) + h(X,cf>Y) - h(Y,<f>X) - <t>[X,Y}. 

Since V is a Riemannian connection on the enveloping manifold M , the 
following proposition can be proved: 
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P R O P O S I T I O N 2 . 2 . We have for all X,Y 6 r{Dx) 

2(V.vO)(Y') = A+xY - A t y X + V^(4>Y) - V£(<i>.Y) -

P r o o f . We have from the equation (2.2) 

(2.6) ( V . v 0 ) ( n = V *(4>Y) - 4>V xY. 

In view of the equation (1.10), the above oqwation takes the form 

(2.7) (V.x4>)(Y) = -A+YX + VL
x{<pY ) - <p\xY. 

Interchanging À' and Y in the above equation and using the fact tha t <f> 
is killing, we obtain 

(2.8) - ( V A - M Y ) = -A+XY + VY(<t>X) - <f>VYX. 

Subtract ing (2.8) from (2.7) and using the fact tha t V is Riemannian 
connection on M, we get the required result. 

P R O P O S I T I O N 2 . 3 . We have for any X E r(D) and Y € r{DL) 

(2.9) 2 ( V X 4 > ) { Y ) = Vji(4>Y) - Vy(4>X) - A^X - h(4>X, Y) + <f>[X, Y}. 

P r o o f . By virtue of equations (2.5) and (2.7), the above proposition 
follows in a straightforward manner. 

P R O P O S I T I O N 2 . 4 . Let M be a CR-submanifold of a nearly r-cosymplectic 
manifold M. Then we have 

( 2 . 1 0 ) 2 ( V ^ ) ( £ P ) = <t>[Çp, X ] - Vip(<f>X) - h(<j>X,£p), 

where p = 1 , 2 , 3 , . . . , r and for any X € I\D). 

P r o o f . We can write 

(2.11) ( V x t H t p ) = V x ( t f p ) ~ W x t r -

By virtue of the equation (1.2)(i), the above equation takes the form 

(2.12) ( V * 0 ) ( i p ) = x£p-

A l s o = - { v i p ( W - </>v i px} 
or 

( 2 . 1 3 ) - ( V i p t f > ) ( X ) = - { V i p ( 0 X ) + h{<f>X,tP)} + 

In view of the equation (1.5), we can write the above equation in the 
form 

(2.14) (Vxmp) = - V { p ( W - h(<j>X,Zp) + 4>VipX. 

Addition of (2.12) and (2.14) yields 
2(VxmP) = 4>[ZP,X) - Vip(<W - h{4>X,tP) 

for <j> = 1 , 2 , . . . , r and X 6 f(D). 
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P R O P O S I T I O N 2 . 5 . For any X e r(DL) we have 

(2.15) 2 ( V . v = A * x t P + - <f>VxtP - V ^ X ) . 

P r o o f . From the equation (2.12) we have also 

= -{-A+xtp + Vl(<t>X)} + 4>VipX. 

Since the structure tensor <f> is killing, the above equation becomes 

(2.16) (V X 0) (£ P ) = - Vfp(<j>X) + <f>VipX. 

Adding the equations (2.12) and (2.16), we get 

(2.17) 2(V,-0)(£P) = A*xtF + <f>V6rX - <t>Vxtp - V ^ X ) . 

l!,v virtue of the equation (1.9), the above equation (2.17) takes the form 

2(Vv0) t fp ) = AtxZv + <WirX - <t>VxtP - Vt,(4>X) 

! p - 1, 2, . . . , r. This proves the proposition. 

3. Totally r-contact umbilical CiZ-submanifold of a nearly r-
cosymplect ic manifold 

We say that C'/i-submanifold M of the nearly r-cosymplectic manifold M 
as totally r-contact umbilical submanifold if there exists a normal vectorfield 
// such that 

(:U ) h(X,Y) = g(<j>X, 4>Y)H + £ ¿ M X ) / ^ ) - //(r)/i(X,iP)} 
P = I 

for any X, Y 6 r{TM). If H = 0, we say that M is totally r-contact geodesic 
submanifold of M. One can easily verify the following lemma. 

L E M M A 3 . 1 . On a nearly r-cosymplectic manifold we have 

(3.2) = 
P=l 

for any X £ r(TM). 

THEOREM 3.2. Let M be a proper CR-submanifold of a nearly r-cosymple-
ctic manifold M. If M is totally r-contact umbilical it is also totally r-contact 
geodesic. 

P r o o f . For any X € r(D), we have from Lemma 3.2 

g((Vx4>)<f>X,H) = 0. 
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Making use of the equation (1.1), (1.3), (1.9) and (1.10), we obtain 

( 3 . 3 ) g((Vx<fi)<fiX,H) = g(V x<f>X,4>H) - g ( V x X , H) 

= g(X,VxH)-g(<t>X,Vx<t>H). 

Making use of the equation (3.1), we get 

( 3 . 4 ) g(4>X,At„X) = g(h(X,4>X),<f>H) = g(X ,<t>X)g(H,<f>H) = 0. 

Thus from (3.2), (3.3), and (3.4), it follows that 

( 3 . 5 ) g ( X , X ) g ( H , H ) = 0 f o r a n y X e T(D). 

Since M is proper CiZ-submanifold, from (3.5) it follows that H = 0. Hence 
M is totally r-contact geodesic. 
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