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1. Preliminaries 
Let Lioc be the set of all measurable (complex-valued) functions Lebes-

gue-integrable on every finite subinterval of R = (—00,00). Denote by L°° 
the set of those functions / G Xioc for which 

| | / | | = ess sup |/(<)| <00. 
—oo<f <00 

Write / G Wa, 1 < a < 00, if / G Lioc and 

J ^ r + i i f j d t < 
—00 

If / G LXoc and if 

ll/l|2 = { J l / i O I ^ J ^ ^ O O , 
— OO 

the Fourier transform / is defined by 
(2) 1 « 

f(v) = l.i.m. - 7 = / f(u)e~tuvdu for a.e. v G R. 6-KX, yJI-K J 

-e 
In this case, the Parseval formula 

( 1 ) I I / I I2 = I I / I I2 
holds (see [1, p. 209]). 

Let Ep, 0 < a < 00, be the class of all entire functions of exponential 
type, of order a at most. Considering a function / G L\oc, introduce the 
quantity 

A „ ( / ) = inf I I / - F H f fz&a 
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called the best approximation of / by entire functions of class Ea. Obviously, 
Aa(f) is non-negative and, sometimes, equals infinity. Moreover, A„(f) > AT(f) for r > a > 0. 

Take into account the entire function D\, 0 < A < oo, given by 

„ . . sinAz D\(z) = for 0. 
z 

Suppose that / (E L\oc and write 

1 ->+oo 

S*[f)(z)=~ f f(u)Dx(z-u)du, 
7T J 

—»—oo 

whenever the improper Lebesgue integral on the right-hand side exists. This 
is the so-called Dirichlet (singular) integral of / at a point z — x -f iy 
(x, y € R). 

Put 

Vittim = / \Sx[f\(x) - f(x)\>d\}1/P 
n—m 

for positive numbers m,n,p (m < n) and x £ R. Let, by convention, 

Vn,m(x) = Vn,m[f\(z) = VW[f}(x) 
and 

rn,m(x) -
 Tn,m[f](x) = m{Vn+m,m(x) - Vn<m{x)}. 

It was proved in [3, Section 4] that under the assumptions / € W1 n W2, 
Acr(f) < oo for a > 0 and 0 < m < n < oo, the estimate 

(2) \\vW[f}\\ < K(p)An-m(f)\og^ 
holds with a certain constant K(p) depending only on p. Now, in case p = 1, 
an other result will be presented. It corresponds to the theorem on strong 
approximation by Fourier series formulated in [2, p. 29]. 

The symbols K, K\, K2 used below will mean positive absolute constants 
not necessarily the same at each occurrence. 

2. Basic estimates 
Consider a function / from W1 fl W2, with Aa(f) < oo for a > 0. 

L E M M A 1. Suppose that 0 < m < n < o o , m < q < oo. Thenfor x € R is continuous in A > 0 and 
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(3 ) sup { - J \Sx+q[f](x) - S , [ / ] ( x ) | d A | < KAn-m(f)\og —. 

P r o o f . Since / € W1, the Dirichlet integral 5 a [ / ] ( i ) is continuous in 
A > 0 (see Remark in [3, Sec. 2]). 

Given any £ > 0, let F be a function of class En-m such that 

Evidently F eW2 and, by Lemma 1 of [3, Sec. 3], 

(4 ) Sx[f - F](x) = Sx[f](x)~ F(x) for A > ra — m and x £ R. 

In view of (4) , 

J [/](*) - S,[f](x)\d\ 
n—m 

n 
= J | 5 A + J / - F ] ( * ) - 5 A [ / - F ] ( z ) | d A 

71 — 771 

= f - lim f { f ( x - t ) - F(x - t)}{Dx+q(t) - D\(t)}dt 
u 7T Q—*<x> ° n—m —Q 
n ^ Q 

= f - lim f { f ( x - t ) - F(x - t ) + f(x + t)~ F(x + *)} 
J ¿it e—Kx -J 

-e 

dX. 

dX 

x{Dx+q(t)-Dx(t)}dt 

Putting 

f f(x-t)-F(x-t)+f(x+t)-F(x+t) i,| ^ 1 
5 x ( 0 = | 0 ( 1 11 

otherwise, 
we obtain 

/ | 5 A + 9 [ / ] ( x ) - 5 A [ / ] ( x ) | d A 
— m 

1/q 1/m n r . 1 /9 i / m 

^ J ) \ f { * - t ) - F { x - t ) + f{x + t)-F{x + t)\ 
M.tm > n i / _ 0 1/q 

I sin(A + q)t — sin At 
dt }dX 

n J e 
+ f — lim f £fx(i){sin(A + q)t - sin At)dt J Air o—^ao J 2ir e->oo 

n—m — g 
dX 
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=: h + h + h-

Clearly, 

Ji < 
2 r i , . . 1p,|sin(A + o)i — sin Ail , . 
- J U A n . m ( f ) + e) J |—LJLll \ d t ^ d x 

n—m 0 

1/9 

t 

< - ( A „ _ m ( / ) + e) / { j qdt]dX = ~ ( A n - n ( f ) + e)m. 
n—m 0 

Analogously, 

2 n f 1 4 
/ J < - rUi4„-m(/) + E) f 7dt}dA = - ( A n - m ( f ) + e)mlog-2-. 

7T J I • ' I J T T TO 

n—m \/q 

By the Cauchy-Schwarz inequality and the Parseval formula (1), 

I ( I n I e 2 1 i/2 
— h < \ — f — lim f gx(t)(sin(X + q)t — sin Xt) dt dX> 
m \ m J 2 w e-+oc J J 

n—TO — e 

71 — 771 

OO 

/ W O P 
-oo 1 /m 

Consequently, 
l/m 

h < 4 ^ / T J ^ ( A n . m ( f ) + £)m. 

Summing up we get at once the desired assertion (3). 
L E M M A 2 . Let 0 < to < n < 00 and let 0 < 2 ^ < m. Then 

(5) 
TO 

[ / ] | |< A ' M n _ , ( / ) l o g - . 
r 

P r o o f . Clearly, for a.e. x € R, 
n+m n n+m—2p 

T n , m ( x ) - r n - ß < m - , ( x ) = ( f ~ J ~ J ) \ S X [ f } ( x ) - f(x)\dX 
n n—ß 71—ß 

n-\-m n n 

= ( I ~ I ~ j ) \ S x [ f ] ( x ) ~ f ( x ) \ d X . 
n+m—2ß n — fi n—ß 
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B y L e m m a 1, 

n+m—fi n 

( / " S )\S*[f\(*) - /(*)\dX = tiVn+m-U*) - VnA*)\ 
n+m—2fi n—n 

= | / ( | 5 A + m - „ [ / ] ( x ) - / ( « ) | - | S x \ f ] ( z ) - f(x)\)d\\ 
n—n 

< f i - - / | S , + m _ M [ / ] ( x ) - S A [ / ] ( * ) | d A 
ii. « 

2 (m — fx) 

n—fi 

< pKAn-^ftlug-

n+m n 

( J - f ) i s m x ) - / ( x ) j d x j 
n+m —ii n—fi 
n 

H e n c e 

< f \Sx+m[f](x) ~ SX[f](x)\dX 
n—fi 

2 m 
< f i K A n ^ ( f ) l o g — . 

M 

II < # J i i 4 B _ „ ( / ) j l o g 
2 ( m - u ) , 2m") 

/ i n J 

a n d t h e e s t i m a t e ( 5 ) is e s t a b l i s h e d . 

PROPOSITION . I f 0 < m < n < o o then 

[m) 

( 6 ) | | r n , m [ / ] | | < K £ An-m+„(f)-

i / = 0 

P r o o f . I n c a s e 0 < m < 2 L e m m a 1 g i v e s 

l k n , m [ / ] | | = m | | V n + m , w - V B i m | | n+m 

= || f - f\d\ - J\sx[f)-f\dx\\ 
n 

n 
< || / | S A + m [ / ] - Sx[f)\dx\\ 

n—TO 
1m 

< KmAn-m(f)log — < K\An-m(f). 
m 

T h e r e f o r e , w e m a y s u p p o s e t h a t m > 2 . 
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Following Stechkin ([2, p. 33]) take into account the positive sequence 
defined by 

m0 = m, ms = ma-\ - [ms_i/2] (s = 1 ,2 , . . . ) . 

Evidently, there exists a smallest index t > 1 such that 1 < ra( < 2 and 

m = mo > mj > . . . > m( > 1 , m ( _ i — mj = 1 . 

Since 
t 

Tn,m = ^{'"ii-m+m ) .],m J . i — ^n-m+m,,™,} 4" n̂—m+m( ,m( > 
5=1 

we have 
t 

||7n,m|| ^ ^ ^ l lTn-m+mj- i .TOj - j  — ^ n — m + m , , m , || "I" ||rn-TO+mt ,m< II-
s=l 

In view of Lemma 2, 

l l 7 " « — m + T O j _ i , T O , _ i  — T ' n - m + m . p m , || ^ ^ / ^ n - m + m j - i - / i ( f ) ~ 

f 1 

where fi = m s_i — m s > m s_i/4 (s = l , . . . , i ) . 
By Lemma 1, 

< 2 

Hence 

l|r«,m|| < if: 

\T~n—m+mt || — ^ill^n—m+2mi,m( ^n—m+m(,m( || 
•« Tl —T7l4"Wl< 

J \ S x + m i [ f ] ~ S x [ f ] \ d X < K A n . m ( f ) l o g 2 . 

—m m t n—in 

< 

i.e. 

t 

S i " 1 " - 1 ~ m ')^n-m+m s(/) + A n _ m ( / ) J 
5 = 1 

t -1 
n — m + m , 72 — 771 -}- 771 < I -^71 — T71V. / f 5 

5 = 1 

t-1 m, 

5 = 1 m , + 1 

mi 
= / i T 2 | J A n - m + „ ( f ) d v + A n - m ( f ) } . 

171 i 
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Further, 
mi m —1 M - l fc+l 
f An-m+v(f)dv < f An-m+„(f)di/ < X) / An-m+Mdv-

m, 1 fc=l k 
Consequently, 

H - i 
lkn,m|| < K 2 ^ i 4 B _ m + f c ( / ) , 

jfc=0 

which leads to (6), immediately. 

3. Main result 

Suppose that / £ W1 fl W2, A„(f) < oo for a > 0, lim,,-«, ^ ( Z ) = 0. 

THEOREM . I f 0 < m < n < oo then 

(7) 
f=0 

P r o o f . When 0 < n < 1, 

|| / I^aM -/|dA|| < A' ,A n _ m ( / ) . 
71 — 771 

Indeed, given any £ > 0 there is an entire function F € En-m such that 

\\f-F\\<An.m(f) + e. 

Thus, by Lemma 1 and Lemma 2' of [3, Sec. 3], 

J \Sx[f](x) - f(x)\d\ 
n—m 

= J \Sx[f-F){x) + F(x)-f(x)\d\ 
n—m 

2 n 
< Krn{An-m(f)+ e}]og — 

m 
+ m\F(x) - f(x)| for a .e . x G R. 

Consequently, 

|| / ISx[f] ~ /|rfA|| < KmAn.m(f)log£ + ¿n_m(/) < R ^ A ^ f ) , 
n—m 

and the estimate (7) follows. 
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In case n > 1 we construct, similarly to [2, p. 34], a finite sequence {n^} 
of positive numbers no = n, n\ > no,... Namely, assuming that ns < 2 n, we 
define n s + i as follows. Denote by va the smallest non-negative integer such 
that 

(8) A » . - m + „ . ( / ) < ^ » . - m ( / ) 

and set 

(ns + m if vs < m, 
ns + i/s if m < vs < 2n + m — ns, 
2n + m if vs > 2n + m — ns. 

When n s+i < 2n we continue the procedure; in case na+i > 2n we stop the 
construction and define / : = s + 1. 

Clearly, 

(9) n = no < n\ < . . . < rtt, 2n < rit < 2n + m 

and n s + i — ns > m for s = 0 , 1 , . . . , t — 1. By (8), 

(10) An.+1-m(f)<±An,-m(f) for 5 = 0 , 1 , . . . , i — 2. 

Moreover, if n s +i — ns>m(0<s<t — 1) then 

(11) ¿ ¿ n a - m ( / ) < ^ n a + 1 - m - l ( / ) 

(see [2, p. 35]). 
Since 

t - i 
Vn,m = ^ ^n,+1,771} "I" 7̂11,771? 

we have 
5=0 

i - i 
||K,m|| < Y , \\Vn.,m ~ Vnt+1,m\\ + \\Vnt,r. 

s=0 
In view of (2) and (9), 

0«. Afi J- 2 77), 
\\vn„n\\ < KAn>.m(f) log—^ < KAm-m ( / ) log TYl vn 

2[n]+l 
< 2KA2n.m(f)log 2 N + m + 2 < 2KA2n.m(f) £ - i 

m * m -t 1/=0 

u=0 u=0 
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Putting \ s = [ns +x — w e observe that 

(12) ||KJ+1,rn - Vn.,m\\ <I<jr A n ' - m ^ i f ) for 3 = 0 , 1 , . . . — 1. 
m + v i/=0 

Indeed, if ns+i — ns = m then 

Hence, by Proposition, 
v [ml [m] A m iivn.+1,™ - vB . .mii < ^ x ; * E \ m : : 

i/=0 i/=0 

In case n s +i — ns > m, Lemma 1 and (11) yield 

||V».+Ilm - K.,m|| < A ^ n j - m ( / ) l 0 g 2 ( n ^ n ° ] 

< K A n i . m ( f ) ~ if Xs = 0 , 
m 

and 

||Vn>+1,m - Vni,m\\ < 4 ^ B . + 1 _ m _ , ( / ) £ 
771 ~r 

i / = 0 

< 8 l / y An.-m+u(f) i f A > L 

~ ¿—t m i w ~ 
f=0 

Thus (12) holds. 
In view of (12), 

E - vn.,m\\ < A' E E \ x i ( f ) K 
s=0 4=0 i/=0 

Since Xs < ras+i — ns < 2n + m — n = n + m for s = 0 , 1 , . . . ,t — 1, we get 

[n+m] 

v=0 5: A, >i> 
Let p = min{s : As > f } . Then 

2 i4n.-m+v(/) = •A»F-m+v(/)+ An,-m+»(f) 
s:X,>f 5>p+l:A,>f 
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and, by (10), 

£ A n i . m + U ( f ) < J2 A n , - m ( f ) < 2 A n p + 1 _ m ( f ) 

s > p + l : A , > i / s > p + l 

( / ) < 2An-m+„(f). 

Consequently, 
[ n + m ] 

s 2 < E — — - M n - r n + v i f ) 

/ W [ 2 n ' \ A ( f \ 
< 3 ( É + 2 y n - m + A f ) 

m -f v i/=0 i/=[n]+l 

An—m+t>(/) 
m + v 

i/=0 

Thus 

UK,mil < Ki T A n - m + " i f ) + k 2 T 

and the proof of (7) is complete. 

R e m a r k . In case Ao(f) < oo, Theorem also holds when 0 < m = 
n < oo. 
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