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1. Introduction 
In this paper differential operators of the form 

are investigated, where P(dZl,..., dZn) is a polynomial in dZl,..., dZn having 
holomorphic coefficients with degree lower than m\ + . . . + mn and the expo-
nent of the power of the differential operator dZj occurring in P(dz^,..., dZn ) 
is at most rrij. On the complex hyperplanes { ( ¿ l , . . . , zn) € Cn|Z{ = t f j} 
holomorphic functions are given. We look for a holomorphic solution F of 
of the partial differential equation 

(2) d^...d^+P(dZl,...,dZn)f = u, 
where u is holomorphic. To the solution the initial conditions 

0* Ffa , . . . , Zn) \zj =Wj = <Pj(z 1, • • •, Zj-l, Zj+i,..., zn) 
are given. In a simply connected domain, existence and uniqueness will 
be proved, if these functions satisfy some compatibility conditions. In this 
case we will call these functions the Goursat conditions at the point w = 
(wi,... ,wn) of the solution F. Existence and uniqueness seems to be rea-
son enough to study Goursat problems. But also in many other contexts, 
Goursat problems play an important role. For example Vekua described in 
[1] general representations of solutions of elliptic differential equations in 
the plane by solving Goursat problems in C2 . The author proved that the 
construction of fundamental solution of certain elliptic differential opera-
tors in the plane can be reduced to solve initial value problems of ordinary 
differential equations, which can be regarded as special Goursat problems 
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of differential equations described above in C. This fundamental solutions 
occur in representations of the solutions by boundary integrals, which are 
a very useful tool to study boundary value problems. See [2], [3], [4]. Also 
a generalized Pompiu formula in Cn related to the differential operator (1) 
can be derived by solving the Goursat problem, see [5]. In studying formal 
hyperbolic differential equations, the Vekua-Riemann function plays a very 
important role (see [1]). The author has generalized the Vekua-Riemann 
function for the differential operator (1) in [6]. For this generalization, ex-
istence and uniqueness of the solution of the Goursat problem is very im-
portant. By the generalized Vekua-Riemann function a represantation of 
holomorphic functions by integrals over a Cartesian product of curves can 
be obtained. As a result one obtains a method of solving Goursat prob-
lems, if the Vekua-Riemann function of the considered differential operator 
is known. See [6]. Also how to solve an inhomogeneous differential equation 
in C2 with homogeneous Goursat conditions is shown by the author in [2]. 
Among others this result will be generalized. We will solve the differential 
equation (2) with homogeneus Goursat conditions at a point w. 

First special differential operators are considered, namely operators of 
the form Pi(dZl)... Pn(dz„), where the Pj(dZj) are polynomials with holo-
morphic coefficients, depending only on zj. We will write the differential 
operator (1) in the form 

p1(d2l)...pn(dZn) + p(dZl,...,dZn). 
The reason is, that this form can be reduced to the first case by an integro-
differential operator. By well known methods of functional analysis the ho-
mogeneous Goursat problem can be solved. In the last section we will con-
sider the inhomogeneous equation 

Pl(dZl)...Pn(dZn) + P(dZl,...,dZn)f = g 
with arbitrary holomorphic right side. It is shown, that a solution of the 
inhomogeneous equation with homogeneous Goursat conditions can be ob-
tained by solving a special, recursively defined Goursat problem of the ho-
mogeneous equation. 

2. A special Goursat problem 
We will solve Goursat problems for the differential operators of the form 

Pi(dZl)P2(dta)...Pn(dZn). 

The differential operator Pj(dZj) is defined by 

m j 

k=0 



Initial value conditions 987 

That means, we seek for a holomorphic solution F of the equation 

p1(dzi )p2(dZ2)... pn(dZn ) f ( 2 l , . . . , zn) = o 

with the initial conditions 

0* F(zi,...,zn)\Zj=Wj = < p f a i Z j - i , z j + i , . . . , z n ) 

for j = 1 , . . . , n and k = 0 , . . . , rnj, where m,j = deg (Pj (d Z j ) ) . The functions 
<Pj are holomorphic functions, defined in a cylindrical domain, which should 
fulfil some compatibility conditions. Because, if a solution F of the Goursat 
problem exists, one has 

dl
Zid*.F(zu...,zn) \z.=w.,z.=w.= dl

z.<p) \z,=w,= dk
z.<p\ \Zj=Wj, 

the functions <pj should satisfy the relation 

M i 
One easily shows, that every solution of the equation 

Pi(dzi )P2(dZ2)... pn(d2n ) / ( z x , . . . , zn) = o 

is a sum of solutions of the equations Pj(dZj)f = 0. Every solution of 
Pj(d2j)/ = 0 can be written in the form 

m j —1 

E M. 
k=o 

where for k = 0 , . . . , rrij — 1 the functions f j are a fundamental system of 
the ordinary differential equation Pj(-£-)f = 0 and the functions Aj are 
holomorphic functions, depending only on n — 1 variables with the property 
dZiA) = 0. 

In the following, we will denote by a solution of the ordinary differ-
ential equation Pj(dZj)f = 0 with the initial conditions 

f t ( w i ) = . . . = W t f } ( » i ) = o 
and 

= I-
The functions can be regarded as a fundamental system of the differen-
tial operator Pi(dZl)... Pn(dZn) beC&use every solution of the homogeneous 
equation has the form 

n my—1 

E E 
i=l k-0 
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First we will prove the uniqueness of the solution of Goursat's problem. 
For this sake, we assume, that the Goursat conditions at a point w are 
homogeneous. That means the functions <pj are all zero and we will prove, 
that the function, which is identically zero, is the only solution. This can 
be proved by induction. If the considered differential operator has only one 
factor, that means it has the form P ( j ^ ) , then according the theory of 
ordinary differential equations only the function / = 0 is a solution with 
homogeneous initial conditions. 

Now let F{z\,..., zn) be a solution of the differential equation 

)P<i{dZ2)... Pn(dZn ) / ( z x , . . . , zn) = 0 

with homogeneous Goursat conditions at a point w. Since 
n my—1 

^ = E E 4 / / 
¿=1 k=0 

for / = 0 , . . . , mi — 1 we have 
n m.j —1 

o = d'zlF \Z1=W1= e E d * M j f j ) 
¿=1 k=0 

n m.j—1 

4 + E E ^ ( 4 ) 1 * ™ = / ; * 
i-2 k=0 

because the functions A[ for / = 0 , . . . , m\ — 1 and the functions /j5 for j > 1 
don't depend on z\. So we get 

n m y - 1 

i=2 fc=0 

Because the right hand side of the equation is a solution of the differential 
equation 

p2(dZ2)...pn(dZn)f = o 
also for Z = 0 , . . . ,mi - 1 the functions A[ are solutions of the differential 
equation 

Therefore the solution F of the homogeneous Goursat problem is also a 
solution of this differential equation, having only n—1 factors. By assumption 
for each z\ the solution F is identically zero. 

Now we will prove the existence of the solution of Goursat problem. This 
proof gives also a method of computing the solution recursively. The proof 
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will be done by induction with respect to the number n of the factors of the 
differential operator Pi(dZl)P2(dZ2)... Pn(9Zn). If n = 1, the Goursat prob-
lem is the problem of finding a solution of a ordinary differential equation 
with initial conditions. So we assume n > 1. Let 

<Pj(zi, . . . , Zj_ 1, Zj+1, . . . , zn) 

be the Goursat^ conditions at a point w of the solution. First we will look 
for a solution F of the equation 

Pi(dZl )P2 (dZ2)... Pn(dZn )f(z1 , . . . , * „ ) = 0 

with the property 

d^F(z1,...,zn) |»1=tBl = <Pi(z2,...,zn) 

for 0 < k < mi — 1. Of course, the solution F is not uniquely determined, 
because we have not yet specified the Goursat conditions to 

dkz. F(z\ ,...,zn) \Zj=Wj for j > 1. 

For example a solution of this uncompleted initial value problem is given by 
m j - l 

F(zlt...,zn) = ^ <pi(zi1...,zj-i,zj+1,...,zn)ff(z1), 
k=0 

where for 0 < k < mi — 1 the functions fi(zi) are a fundamental system of 
the ordinary differential operator Pi(dZl) with the property 

and 

Now let be 

ti := dzJF \z^w< 

for i > 1 and 0 < j < m, - 1. Then we have 

By assumption of induction, we can find the uniquely determined solution 
G of the differential equation 

P2(dZ2)...Pn(dZn)f = o 

with the Goursat conditions 

The function F = F + G is the solution of the Goursat problem. 
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3. Another way of solving a Goursat problem 
Here we will learn, how to solve the Goursat problem in another way. Let 

us remember, that a solution of the differential equation P\(dZl).. .Pn{dZn) 
has the form 

n m,- —1 

(3) E £ A j f j 
j=1 i=0 

where for each j 6 {1 , . . . , n} and all i = 0 , . . . mj — 1 the functions / j are 
a fundamental system of the ordinary differential equation Pj(dZj ) / = 0. In 
the following, we assume, that these fundamental systems have the property 
dz.fj\zj-wj — f>k,ii where the delta is the Kronecker delta. Of course the 
functions A'- don't depend on zj. So we have 

n 771—1 

d = E E ^ f u ^ 
t=l, t^ j k=0 

or 
n m, — 1 

(4) A\ = v\- E E ^ u — -
k=o 

THEOREM 3 . 1 . Choose functions A which do not depend on zr and Zj 
and which fulfil the relation 

n mt — 1 d°M = <i + + E E 
k=l,k^j,k^r ¿=0 

If we set 
n mi, —1 

4 = 4- E E4U> 
k=l,k?j 1=0 

then the function defined by (3) is a solution of the Goursat problem. 

P r o o f . By this choice of the functions A1- we have dZrAj\Zr=wr = 
because 

n 77i jt —1 

fc=l«=0 

n m i - 1 

k-l,k^j,k^r »'=0 
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Therefore in (4) the expression d'z Af\Zi=Wi can be substituted by ay, . So 
the Goursat conditions are fulfilled. 

• Ik • 
Generally it does not seem to be very easy to find functions a-^, but if 

one solves Goursat problems in C2, the problem of finding such functions is 
reduced to find constants satisfying a very easy relation. 

4. A special inhomogeneous Goursat problem 

THEOREM 4 .1 . Let P(j^) be a linear ordinary differential operator with 
holomorphic coefficients, which are defined in a simply connected domain 
G containing the origin. We assume, that the leading coefficient is equal to 
one. Let f : GxG C be a holomorphic solution of the differential equation 
P(dz)f = 0 with the initial conditions dzf(w, w) = where fin-i,k is 
the Kronecker delta. If u : G —• C is a holomorphic function then 

U=: j f(z,0u(0d( 
o 

is a special solution of the differential equation P(dz)U = u with homoge-
neous initial conditions at z = 0. 

P r o o f . In consideration of the initial conditions of f , we have 

d2u = f(z,z)u(z)+ j dzf(z,0u(Qdc= j dzf(z,0<C)d<:. 
0 0 

By complete induction, one gets 

dk
zU = dk~xf{z, z)u(z) + f d*f(z, C M C K = J dk

zf(z, C)w(C) dC, 
0 0 

if k < n, where n is the degree of the operator P(dz), and 
z z 

d-U = dr1f(z,z)u(z)+ f d?f(z, C)tt(C) d( = u(z) + / d?f(z,()u(0dC 
0 0 

So, we get the result 
z 

P(dz)U(z) = u(z) + / P(dz)f(z,CH0d<: = u(z). 
0 

THEOREM 4 .2 . Let G{ C C be simply connected domains with 0 6 G{ 
and Pj(dZj) differential operators with holomorphic coefficients, defined on 
G{. As above we assume, that the leading coefficient is equal one. The prod-
uct Pi(dZl) ... Pn(dZn ) is defined on the cylindrical domain Gi X . . . X Gn. 
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Let be fi : GÌ X G,- —> C a holomorphic solution of the differential equa-
tion Pj(dZj)fj = 0 with the initial conditions dz. fj(w, w) = <5n_i^. If the 
function u:GlX...xGn —• C is holomorphic, then 

2» 
U(zu...,zn):= f ... f fl(zi,(l)...fn(znj(nM(U'--iCn)d(l-.-d(n 

0 0 
is a special solution of the differential equation P\{dZl)... Pn(dZn)/ = u 
with homogeneous Goursat conditions. 

P r o o f . This theorem is an easy conclusion of Theorem 4.1. 

5. The general homogeneous Goursat problem 
Now we will solve the general Goursat problem for the differential equa-

tion 

Pi(dZl)... Pn (d z„) + P(dZl,... A.)/ = o. 
First we will solve it locally. Afterwards we will think about analytic continu-
ation. Locally the existence and uniqueness of a solution of Goursats problem 
will be proved by an integro-differential equation and Banach's fixed point 
theorem. For this purpose a Banach space is needed. For i = 1 , . . . , n let be 
Ki C C compact circles. On K\ X /v2 X . . . x Kn we consider all holomorphic 
functions / for which all derivatives dz. for 1 < j < n and for 0 < k < mj 
are defined on A'i X A'2 X . . . X Kn. This means, that the derivatives also 
exist on the boundary. With the norm 

71 71 

11/11 := sup . ..dH;f(z) | z € A'i x . . .xKn, 0 < < mu < 
¿=1 i=l 

this function space becomes a Banach space. We will denote this Banach 
space by B and apply Banach's fixed point theorem in it. 

LEMMA 5.1. Let fi(zi,Ci) be a holomorphic solution of the differential 
equation Pj(dZj)f = 0 with the initial conditions 

MCM = fi(CuCi) = ••• = / r i _ 2 ( c i , c . ) = 0 and f?'-\Ci,Ci) = i-
We assume, that the functions fi(z{, (¡) are defined in a neighbourhood of 
circles K{. On K\ x . . . x Kn we define the operator 

H{g){zi,...,zn) := 
zi 2» 
J ... f fl(zi,Ci)...fn(zn,Cn)P(9Zl,...,dzH)gdCl...d(n. 

m wn 

The operator H : B —• B is a linear and bounded operator. If the circles 
Ki are small enough, then the norm of the operator H is smaller than one. 
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P r o o f . One easily computes, that 11(g) G B. Obviously H : B —• B 
is linear. If one applies differential operators d ^ . . . d ^ for 0 < ki < TUi, 
YZ=1 < rrii to H(g) one sees, that there exists a constant M with 
|#(fir)| < M[if||. The constant M depends on the diameters of the circles 
Ki. So if the diameters of the circles A', are small enough, the constant M 
is smaller than one. 

THEOREM 5.2 . To the Goursat conditions ip\ at the point w = (TT>i,... 
..., wn), locally in a neighbourhood Ki X . . . x A'n of the point w there exists 
in the Banach space B a uniquely determined solution of the differential 
equation 

Pi (dZl )...pn(dZn) + p(dZl ,...,dZn)f = o. 
P r o o f . The differential equation can be written in the form 

Pi (dZl)... Pn(d2n){/ + II ( / ) } = 0. 
Let G be a solution of the differential equation P\(dZl).. .Pn(dZn)f = 0 
with the Goursat conditions (p\, then F, which is a solution of the integro-
differentia! equation 

f + H ( f ) = G 
is a solution of the differential equation 

Pi (dZl )...Pn(dZn) + P(dZl,..., dZn )f = 0. 
Because d^H(f) \z.=w. = 0, if 0 < k < mj — 1, F fulfils the desired Goursat 
conditions. According the Banach fixed point theorem, the solution F exists 
and is uniquely determined in the Banach space B. 

THEOREM 5.3. If the domain D, on which the differential operator is 
defined, is simply connected, then there exists a unique determined solution 
of the Goursat problem. 

P r o o f . Because such a solution exists locally, it can be analytically 
continued along any path. Since the domain is simply connected, the con-
tinuation is unique. 

6. T h e general inhomogeneous Goursat problem 
Now we will solve a Goursat problem for the inhomogeneous equation 

p1(dZl)...pn(dZn) + p(dZl,...,dZn)f = g. 

Because we can solve Goursat problems for the homogeneous equation, it 
is enough to find a solution of the inhomogeneous equation with homoge-
neous Goursat conditions. In this context the solution of a special Goursat 
problem of the homogeneous equation is very important. The Goursat con-
ditions of this special Goursat problem are defined recursively at a point 
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w = (wi,.. .wn). It should be remarked, that the solution of the Goursat 
problem depends holomorphicaly on w. Now let us define the Goursat con-
ditions. If the differential operator is an ordinary differential operator, then 
we look for a solution F with the initial conditions 

F(w) = F'(w) = ... = F^n~2\w) = 0 and i ^ 1 " 1 ^ ) = 1. 

Let be n > 1 and the differential operator P\ (dZl)... Pn(dz„ )+P(dzj, • • •, dZn) 
written in the form 

TOi mn 

E - - E « « , 
t1=0 »„=0 

By F(z, w) we denote the uniquely determined solution of the homogeneous 
equation with following Goursat conditions. For 0 < j < mk — 2 

dikF\Zk=Wk=0 and d ^ F \Z k = W k= V k , 

where (pk is a solution of the differential equation 

mi mk+i 7n„ 

«1=0 tfc_i=0 u+1=0 i„ =0 Because the differential operator 
mi m/,-1 mn 

«1=0 i*_i=0ifc+1=0 «'„=0 
is a differential operator of the form 1 in C " - 1 , the Goursat conditions of 
<fk are known by recursion. 

Some abbriavations are useful. Let be 
2*1 zkr 

Ih «„/= / ••• J f d z k l . . . d z k r , 
Wkl wkr 

if ikl = ... = ikr — 1 and all the other indices are zero. Furthermore if 
exclusively = . . . = «¡s = 0 let be 

(5) " ^ , 0 U,i=0i, . ,*,,=0, • 
Corresponding with the recursively defined Goursat conditions of F, the 
functions defined by (5) satisfies the differential equation 

^ V a«l )•••!'*!-11 mix ,»Jt1+li.--«lt2-l.mi2',*2 + 1 ®*m-l'm'm iUm+l'"••*» * 

Zi • • •aZk1-l°Zki+i • • -Cza^-I 0**2+1 . . .U Z n J — U 
and have Goursat conditions defined above. That means, if ik = 1 
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k k where ji = ii, if / / k and jk = 0. We define functions <7^'"'^" by 

9k::::?;(*) •= ^ ^ • u^cmol^g,,...,*..=*«, 
for 0 < ki < rrii, where i i 1 , . . . iis are all those indices, which are zero. 

LEMMA 6 . 1 . For i = 1 , . . . , n k{ < mi we have 
f)ki i)k«a0'",°- - I • dkl dk*u>- • = a*1''"'!Cn(z) °Zl • • •°z»9i1,...,in ~ *«uzi • • •uznfti,-,«» - ...,,„ \*) 

and 
AMH QMJM HI,...,KJ1-I,0,KJL+I,...,KN _ 
°*n ' im i ' i i , - , i i - l . l , i i+l «» ~ 

1 

'ii 'im =° 
Moreover 

So 0 = 9-
P r o o f . By complete induction. 

THEOREM 6 . 2 . ZEI F(zi,... ,zn,(i,.. .(n) be a solution of the homoge-
neous equation 

m j 771 n 

«1=0 «„=0 
fulfilling the recursively defined Goursat conditions, described above. Then 

Z\ zn 

G(zi,...,zn) = J ... f F(z1,...,zn,(i,...(n)g((1,...Cn)d(1...dCn) 
W-l w„ is a solution of the inhomogeneous differential equation 

7711 77LN 

]C ••• S in9i\ • • - f y f = 9, 
«1=0 «»=0 

which fulfils homogeneous Goursat conditions at z = w. 

P r o o f . According Lemma 6.1 the function G has homogeneous initial 
conditions at the point w. 

If one applies the differential operator 
ROI,...,7N„ 

£ 
«1 , . . . , «„=0 

to the function 

G(zu...,zn) = J ... J F(zi,...,zn,(u...(n)g((1,...(n)d(1...d^n 

»1 W„ 
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one receives 

E ^ = ,0 
,1 

t i , . . . , tn=0 

E £ 
{fcl * m } C { l , . . . , n } « l v , » « : 1 - l i ' * 1 + l i — . » n = 0 
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