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Introduction

The general interpolation problem induced by a right invertible opera-
tor with initial operators possessing the property (c¢) was introduced and
investigated by Przeworska-Rolewicz [7]. In [5], we give some new general
conditions for the general classical interpolation problem to be well-posed
and we present its unique solution in a closed form. A necessary and suficient
condition for the general interpolation problem to have unique solution was
found in [3], [4]. The above listed results are based on the so-called property
¢(R) of a given system of initial operators [7]. However, for a right invert-
ible operator D with dim ker D > 2, not all the initial operators possess the
property (c) (see [2]-[7]).

In this paper, we introduce the generalized ¢( R)-property of a given sys-
tem of initial operators for a right inverse R of D. Then we give the general
interpolation formula for a system of initial operators possessing the gener-
alized ¢(R)-property.

1. Some characterizations of initial operators

Let X be a linear space over a field F of scalars, where F = Ror F = C.
Denote by R(X) the set of all right invertible operators acting in X. For a
D € R(X) we write

Rp={R € Ly(X): DR =1},
Fp={F€Ly(X): FX =kerD, F* = F and 3R € Rp, FR = 0}.

In the sequel we assume that dimker D > 0, i.e. D is not invertible.
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DEFINITION 1. (i) Every operator R € Rp is said to be a right inverse
of D. (ii) Every operator F' € Fp such that FR = 0 for an R € Rp is said
to be an initial operator of D corresponding to R.

Let R € Rp. Then

ker D™ = {zp+ Rzi + ...+ R™ '2pn_1, zx € ker D, k= 0,1,...,m —1}.

Elements of the form z; + Rz + ...+ R™z, are called D-polynomials of
degree n if z, # 0.

DEFINITION 2 [7]. Let R € Rp. An operator Fy € Fp possesses the
property c¢(R) if there exists scalars ¢, such that

(1) FoRFz = %‘;—z for all z € ker D, k € N.

The set of all initial operators possessing the property ¢(R) will be de-
noted by Fp g.
For N € Nt we denote by

(2) Py(R)=1in{R*z: z€kerD, k=0,1,...,N —1}.
The following result has been proved by Przeworska-Rolewicz in [7).
THEOREM 1. Fp r = Fp if and only if dimker D = 1.
We now charcterize initial operators having the property ¢(R).

LEMMA 1. Let dim ker D < o0o. Then an initial operator Fy for D has the
property c(R) for a right inverse R if and only if FyRFe; = diej, di, € F,
keN,j=1,2,...,s, where (ey,...,es) is a basis of ker D.

The proof is an immediate consequence of Definition 2.

DEFINITION 3. Let R € Rp and let Fy € Fp (k=1,2,...,n). Then the
system (Fy,...,F}) is said to have the generalized c(R)-property if there
are nontrivial subspaces Z3,...,Z; of ker D such that

3) ker D = @ Z;
j=1

and FyRiz, = ckjvzy for all 2, € Z,, ¢k, € F (v = 1,2,...,8 k =
1,2,...,m; j=0,1,2,...).

Definition 3 and Lemma 1 together imply that every system (Fi,..., F,)
possessing the property ¢(R) has the generalized ¢(R)-property.

The following example shows that there are systems of initial operators
with the generalized ¢(R)-property which do not have the ¢(R)-property.
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EXAMPLE. Let X = C(R), D = d?/d?, R = [} J5’. A basis of ker D? is
{1,t}, i.e. e1(t) = 1, ez(t) = t. Consider operators F} given by

(Fiz)(t) = 2(0) + t2'(0) + 5(1 +)z" (k) + 5(1 —t)z"(=k) (k=0,1).

It is easy to check that Fi, € Fp, ker D = Z; & Z;, where Z; = lin{e,},
Z; =lin{ez} and

2j—2 , 251
2 =2 2),61, FyRle; = 2 =1 1),62,

Hence, the system (F}, F7) possesses the generalized ¢(R)-property but does
not have the ¢(R)-property.

F.Rie; = j=1,2,...

Let (Fy, F3, ..., F;,) be a system possessing the generalized c(R)-property
with respect to a system of nontrivial subspaces (Z,,...,Z;) of ker D, i.e.
(4) FiR'z, = cxj2, forallz, € Z,, cxj, € F
(v=1,...,8k=1,...,n;7=0,1,...).

Denote by
(5) Vrgy) = det(ck,’ —lu);cl,jzlv
(6) F.=(F,FRR,...,RR*™), i=1,...,n,

(7) CSV) = (ciOV’cilw'"acin—lu)ai = 11"'7""

LEMMA 2. For every v € {1,2,...,3}, the system of vectors R,..., Fn)
defined by (6) is linearly independent on Z, if and only if every system
{c(") e v =1,2,...,5, where cg") are defined by (7), is linearly in-
dependent

Proof. Let {f’l, . fn} be linearly independent on Z,, i.e. the equality

Za,-f‘,-z,,:O forall z, € Z,, a; € F (i=1,2,...,n)

i=1
implies oy = ay = = = 0. Let v be fixed (1 < v < s) and let
> lﬂ,()—O ie. E,_lﬂ,c,],,—Ofor]—Ol .,n— 1. Then

Eﬂicijuzu =0 forall 2, €2, =0,1,...,n—1,
i=1
ie.
n -~
Zﬂ,-F;z,, =0 forall z, € Z,.

i=1
Hence ; =Qfor:=1,2,...,n
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Conversely, if {cg'/) yee ,cslu)} is linearly independent for some v
€{1,2,...,s}, then {Fy,..., F,} is linearly independent on Z,.

COROLLARY 1. Let {Fy,...,F,} be a system of initial operators on D
having the generalized c(R)-property with respect to subspaces Zy,...,Z;
of kerD. Let v € {1,2...,5}. Then Vi # 0 if and only if the system
{FiRk,...,F,R*} is linearly independent on Z, for every k € {0,1...,
...n—1}.

In the sequel, we assume that the system of initial operators {Fy, ..., F,}
possesses generalized ¢( R)-property with respect to Zy,...,Z; C ker D.

THEOREM 2. V) # 0 if and only if the system {Fi,...,F,} is lin-
early independent on P,,(R), where P,,(R) = lin{z,,Rz,,...,R"12,},
z,€7Z,.

Proof. By Corollary 1, V,g") # 0 if and only if for every k € {0,1,...,
...n — 1} the system {Fy R¥,..., F, R¥} is linearly indepondent on Z,, i.e.
the equality

n
Z o;F;R¥2, =0 forallz, € Z,, a; € F
i=1

implies a; = 0 for ¢ = 1,2,...,n. It means that

n—1 n
Z Aoy Za,-FiR"z,, =0 forall \p, € F
k=0 =1

if and only if

iaiﬂ-(nf v BFz,) =0,
i=1 k=0

i.e.

n
> aiFiy, =0 forally, € Po,(R).

=0

2. General interpolation problem

We shall consider the following problem:

Given n finite sets I; of non-negative integers with powers #I; = r;, and
let Mmtreot...4+1, =N.

Find a D-polynomial u of degree N — 1 satisfying N conditions

(8) FiD*u=wy (kel, i=1,2,...,n),

where u;, € ker D are given.
The above problem we shall call general interpolation problem.
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Since
9) u=z+Rzun+...+ RN a2y, zj€kerD, R€ Rp,
we have to determine all elements z;.

DEFINITION 4. The general interpolation problem is said to be well-
posed if it has a unique solution for every u;; € ker D. If either there exists
1, such that the problem has no solutions or the corresponding problem
with u;x = 0 (k € I;, 7 = 1,...,n) has at least one nontrivial solution then
this problem is said to be ill-posed. By the assumption, the system of initial
operators Fi,..., F, possesses the generalized ¢(R)-property with respect
to subspace Z,, i.e.

(10) F,R*2p,, = citmpz, forall zp,, € Z,

(i=1,...,mk€el;,m=1,...,N;v=1,...,s). We assume that elements

of sets I; are ordered r;-tuples (ky,...,k,) with 0 < ky < k2... < k;,.
Then (8) is of the form

(11) FiD%u = uy, € Z,.

Rewrite (9) in the form

(12) U= R™ zus 2Zmu € Z,,.
v=1m=1
Then

s

F‘kaj Rm_lzmu

M=

F,D*iy =

<
E‘
3

B
Wi

Ci(m—k—-1)mv2v-

Il
x

v=lm

i —1
These equalities and (11) together imply

N
(13) Z Ci(m—k; —1)myZmv = Uik;vp-

m=k; -1

Write: wir,, = uy forl =ro+r14+...+ i+ kj— 1, 70 = 0. Then (13) is of
the form

}N: (v)

v
dlm Zmy = W,
m=1

where df:? are determined by coefficients ¢;(m_k—1)m, from (13).
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LEMMA 3. Let GV = (df;)){j’mﬂ, where v € {1,2,...,s}. Then the
system of vectors
F®) = (FiD%,F:D%™,...,F, FiR,..., ;RN 17h),
i1=1,...,n; j=1,...7
is linearly independent on Z, if and only if Rank G(*) = N,

Proof. Suppose that Rank G(*) = N, i.e. the system dg;) is linearly
independent and

zzauF( i), Zmy forall z,, € Z,, a;; € F.

i=1 j=1
Hence, we have for a fixed m (1 < m < N)

no T
z EaijFkaj R™ 'z, =0 forall z,, € Z,.

i=1 j=1
By (10), this implies

Zb EZa,J F,D% R™ 12 ZZ%F Zb D% R™ 1z

i=1 j=1 i=1 j=1
I
= E E aijFi E mem—kj—lsz
i=1 j=1 m=k;~1
n T N

:ZZ(LU Z meRm—kj—lzm,,

i=1 j=1 m=k; -1
N

= ZZG’U Z bmct(m kj =1)myZmy-

i=1 j=1 m=k;
The arbitrary choice both z,,, € Z, and b,, € F 1mply that

Z Zawd(") =0,

i=1 j=1
ie.a;j=0fori=1,2,...,n;5=1,2,...,7;

Conversely, suppose that the system {f’i(kj)} (i=1,2,...,m;5=1,2,...
.,7;) is linearly independent on Z, and that

EZa,Jd(") 0, a;jé€F.

=1 j=1
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This means that

noor;

(14) Zzaijci(m—k-l)mu =0, m=1,2,...,N.

i=1 j=1
Since dim Z, # 0, (14) is equivalent to

n T
E Eaijci(m—k—l)muzmu = 0, for all Zmy € Zy.

i=1 j=1

According to (10), these equalities can be written as follows

n T

SN a8z, =0, forall 2, € Z,.

i=1 j=1
Now our assumption implies that a;; = 0 (s = 1,2,...,n; 5 = 1,2,...,7),
which was to be proved.

THEOREM 3. Let v be fized (v € {1,2,...,n}). Then Vi) = det GV #0
if and only if the system {Fy;;i=1,...,n;5 = 1,...,7:}, where

) = (Fit;» Fie B, ..., Fe, RN 1)
is linearly independent on Py, (R).

Proof. Suppose that det G(*) # 0. By Lemma 3, the vector operators
{F‘-(k")} (i=1,...,n;7=1,...,7;) are linearly independent on Z,. Hence,
for every fixed index m (1 < m < N) the operators Fi, R™ 1 (i=1,...,m;
j=1,...,r;) are linearly independent on Z,. This means that the system of
operators Fyx, = F;D% (i=1,...,n; j = 1,...,7;) is linearly independent
on Py,(R).

Conversely, suppose that Fix; (i = 1,...,n; j = 1,...,r;) are linearly
independent on Py, (R). By Lemma 3, in order to prove that det G(*) # 0 it
is enough to show that the system {f‘,-(k’ ) } is linearly independent on Z,,. Let

Z Eaijﬁ(kj)zmu =0, for all Zmy € Zu; aij € ].‘,
i=1 j=1
ie.
n T
> ai;FiD%R™ 2, =0
i=1 j=1
for every fixed m (1 < m < N) and for all z,,, € Z,. Hence

n T

N
Y bm Y ) aF;DYR™ 'z, =0,
m=1

i=1 j=1
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SO
n o N
YN aiFiD¥ Y b R™ 2, =0 for all 2, € Z,, by € F.
i=1 j=1 m=1

This means that

n T
> e F;D5R™ 2 =0 forall z € Py, (R).
=1 j=1
Thus, by the assumption on the system {F;D*i} weget a;; =0 (i = 1,...,n;
j = 1,...,1',').
Lemma 3 and Theorem 3 together imply the following
THEOREM 4. The general interpolation problem is well-posed if and only
if the system of vectors {F;D*; i =1,...,n;j = 1,...,r;} is linearly inde-
pendent on every set Py, (R) (v =1,...,s).

THEOREM 5. If VJE,”) = detG™ # 0 for all v € {1,...,s}, then the
unique solution of the general interpolation problem is of the form

(15) w=uM 4. 4l
where
N
o« = 3V (R0,
ji=1

N
1 () pk—
VRN(R) = —5 S (-D)FHV) R
VN k=1
and Vjs,".)k is the minor determinant obtained by cancelling in VIS,") the (j-1)-st
row and (k — 1)-st column.

P roof. Every solution of the general interpolation problem is of the form

s N
~1
)

v=1m=1
where z1,,...,2n, (v = 1,2,...,s) are to be determined by the system (13).
By the assumption, the determinant V,g,") of the system (13) is different from
zero. Thus, by the Cramer formulae, the unique solution of (13) is of the
form (15).

As applications of Theorems 3-5, we shall give classical interpolation
problems for right invertible operators
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(a) Hermite interpolation problem. If I; = {0,1,...,7; — 1}, then we
have the following interpolation problem: Find a D-polynomial u of degree
N -1 which for given n (n < N) different initial operators Fy, ..., F;,, admits
given values together with D*u up to order r; — 1, i.e. find a solution of the
Hermite interpolation problem:

F,-Djuzuij, 1=1,...,n; 3=1,...,7; - 1,

where ry + 72+ ...+ 7, = N; u;; € ker D are given, u = z1 + Rz + ...+
RN-1zy for R € Rp and 2,...,2y are to be determined.

THEOREM 6. Suppose that D € R(X) and the system of initial oper-
ators {Fy,...,F,} possesses the generalized c¢(R)-property with respect to
subspaces Zy,...,Zs of ket D. Then the Hermite interpolation problem has
a unique solution if and only if the system of operators {F; D7} (i = 1,...,n;
j=1,...,r; = 1) is linearly independent on every Py,(R). If this condition
is satisfied, then the unique solution is determined by

s N-1
u=3 3 V(R)uj,.
v=1 j=1

Here

N-1
) (py = 1 k+iy (V) pk
VN‘;' (R) - V(,,) E(_l) +JVN';'I¢R
N k=0
and Vlf,"-)k is the minor determinant obtained by cancelling in V]S") the j-th
row and the k-th column and elements ug,,...,un-1, are defined by the
equalities
Ugy = U1q forg=0,1,...,7 -1,
Uiry4q)r = U2qp for ¢g=0,1,...,70 -1,

Urytoodrardqy = Ung forg=0,1,...,r, — L.

(b) Lagrange interpolation problem. If I = {0} for i = 1,...,n, then we
obtain the Lagrange interpolation problem: Find a D-polynomial of degree
n—1 which for given different initial operators F},..., F}, admits given values

Fiu=wu;, wu;€kerDaregiven,u=2z+ Rz +...+ R 1z,
for R € Rp and 21,2 ..., 2, are to be determined.
THEOREM 7. Suppose that D € R(X) and the system {Fy,...F,} pos-

sesses the generalized c(R)-property with respect to subspaces Z,,2,,...,2Z,
of ker D. Then the Lagrange interpolation problem has a unique solution if
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and only if the system {F1,..., F,} is linearly independent on P,(R). If this
condition is satisfied, then the unique solution is of the form

s n-1
u=Y S V¥ (R)uj,
v=1 j=1
where

n-1
v 1 ] v
VO (R) = —7 2 (—1)+V) RE
VN’ k=0

and Vé;’}C is the minor determinant obtained by cancelling in V,SV) the j-th
row and k-th column.

Acknowledgement. The authors wish to thank Professor Przeworska-
Rolewicz for her helpful comments.

References

[1) Ch. Hermite, Sur la formule d’interpolation de Lagrange, J. Reine Angew. Math.
84 (1978), 70-79.

[2] W.Karwowski, D. Przeworska-Rolewicz, Green operators for linear boundary
value problems with a right invertible operator DN, Math. Nachrichten, 152 (1991),
21-34.

[3] Nguyen Van Mau, Interpolation problems induced by right and left invertible op-
erators and its applications to singular integral equations, Demonstratio Math., 20
(1990), 191-212.

[4] Nguyen Van Mau, Boundary value problems and controllability of linear systems
with right invertible operators, Dissertationes Math., CCC XVI, Warszawa 1992.

[5] Nguyen Van Mau and Pham Quang Hung, On the general classical interpo-
lation problem, Journal of Science, special issue on Mathematics, Hanoi University
-1993, 2-6.

[6] D.Przeworska-Rolewicz, Algebraic Analysis, PWN - Polish Scientific Publishers
and D. Reidel Publishing Company, Warszawa/Dordrecht, 1988.

[7] D. Przeworska-Rolewicz, Property (c) and interpolation formulae induced by
right invertible operators, Demonstratio Math., 21 (1988), 1023-1044.

[8] D. Przeworska-Rolewicz and S. Rolewicz, Equations in linear spaces, Mono-
grafie Matematyczne 47, PWN - Polish Scientific Publishers, Warszawa 1968.

[9] M. Tasche, A unified approach to interpolation methods, J. Integral Equations, 4
(1982), 55-75.

UNIVERSITY OF HANOI
DEPARTMENT OF MATHEMATICS
90 Nguyen Trai, Dong da,

HANOI, VIETNAM

Received June 6, 199/4.



