
DEMONSTRATIO MATHEMATICA 
Vol. XXVIII No 4 1995 

Nguyen Van Mau, Pham Quang Hung 

GENERALIZED c(R) PROPERTY 
A N D INTERPOLATION PROBLEMS INDUCED 

BY RIGHT INVERTIBLE OPERATORS 

Dedicated to Professor Janina Wolska-Bochenek 

Introduction 
The general interpolation problem induced by a right invertible opera-

tor with initial operators possessing the property (c) was introduced and 
investigated by Przeworska-Rolewicz [7]. In [5], we give some new general 
conditions for the general classical interpolation problem to be well-posed 
and we present its unique solution in a closed form. A necessary and suficient 
condition for the general interpolation problem to have unique solution was 
found in [3], [4]. The above listed results are based on the so-called property 
c(R) of a given system of initial operators [7]. However, for a right invert-
ible operator D with dim ker D > 2, not all the initial operators possess the 
property (c) (see [2]-[7]). 

In this paper, we introduce the generalized c(i?)-property of a given sys-
tem of initial operators for a right inverse R of D. Then we give the general 
interpolation formula for a system of initial operators possessing the gener-
alized c(ii)-property. 

1. Some characterizations of initial operators 
Let X be a linear space over a field T of scalars, where T = R or T = C. 

Denote by R(X) the set of all right invertible operators acting in X. For a 
D E R(X) we write 

nD = {ReL0(X): DR = I}, 

T D = {F € L 0 ( X ) : FX = ker D, F2 = F and 3 R € 1ZD, FR = 0}. 
In the sequel we assume that dim ker D > 0, i.e. D is not invertible. 
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DEFINITION 1. (i) Every operator R G 7ZD is said to be a right inverse 
of D. (ii) Every operator F G TD such that FR = 0 for an R G TZD is said 
to be an initial operator of D corresponding to R. 

Let R e K D . Then 

ker Dm = {z0 +Rzi +... + i2 m _ 1 z m _ 1 , zk G ker D, k = 0 ,1 , . . . , m - 1}. 

Elements of the form ZQ + Rz\ + ... + Rnzn are called ^-polynomials of 
degree n if zn ^ 0. 

DEFINITION 2 [7]. Let R G TZD- An operator Fo G FD possesses the 
property c(R) if there exists scalars ck such that 

(1) FoRkz — j^z for all z G ker£>, k € N. 

The set of all initial operators possessing the property c(i?) will be de-
noted by J~D,R-

For N € N+ we denote by 

(2) PN(R) = Hn{Rhz : z € ker D, k = 0 ,1 , . . . , N - 1}. 

The following result has been proved by Przeworska-Rolewicz in [7]. 

THEOREM 1. TD,R — FD if and only if dim ker D = 1. 

We now charcterize initial operators having the property c(R). 

LEMMA 1. Let dim ker D < oo. Then an initial operator FQ for D has the 
property c(R) for a right inverse R if and only if FoRkej = dkej, dk G J7, 
k G N, j = 1 ,2 , . . . , s, where ( e j , . . . , es) is a basis of ker D. 

The proof is an immediate consequence of Definition 2. 

DEFINITION 3. Let ReTZD and let Fk G FD {k = 1,2,..., n). Then the 
system (Fi,..., Fn) is said to have the generalized c(i2)-property if there 
are nontrivial subspaces Z\,..., Zs of ker D such that 

* 

(3) k e r £ = 0 Z i 
j=i 

and FkRizv = CkjvZv for all zv G Zv, ckju G T (u = 1 ,2 , . . . ,5 ; k = 
1 ,2 , . . . , n ; j = 0,1,2, . . . ) . 

Definition 3 and Lemma 1 together imply that every system (Fx, . . . , Fn) 
possessing the property c(R) has the generalized c(^)-property. 

The following example shows that there are systems of initial operators 
with the generalized c(i2)-property which do not have the c(i2)-property. 
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Example. Let X = C(R), D = d2/dt2, R = f* f0s. A basis of ker£>2 is 

{ l , i } , i.e. ei(t) = 1 , e 2 ( f ) = t. Consider opera to rs Fk given by 

(Fkx)(t) = x(0) + tx'(O) + i ( l + t)x"(k) + 1 ( 1 - t)x"(-k) (k = 0 , 1 ) . 

It is easy t o check t h a t Fk € TD, k e r D = Z\ © Z2, where Z\ = l i n { e i } , 

Z2 = l i n { e 2 } and 

k2i~2 k 2 ' - 1 

F k R 3 e i = j2j^yeu F k R 3 e 2 = (2j^Tye2'j = 1 ' 2 ' -

Hence, t h e sys tem ( f \ , F2) possesses the generalized c ( i ? ) -proper ty bu t does 

not have t h e c( i2) -proper ty . 

Let (Fi,F2, . . . , Fn) be a sys tem possessing the generalized c(JS)-proper ty 

wi th respect to a sys tem of nontr iv ia l subspaces ( Z \ , . . . , Zs) of ker D, i.e. 

( 4 ) FkRjzu = c k j L , z u f o r a l l z„ £ Z„, Ckju £ T 

(v = k = l , . . . , n ; j = 0 ,1 , . . . ) . 
Denote by 

(5 ) y i " ) = d e t ( c f c i _ l l / ) ^ . = 1 , 

( 6 ) Fi = ( F 1 , F 1 R , . . . , FiRn~1), i = 1 , . . . , n, 

(7) C ^ = (CjOi/, Cji j/, . . . , Cjn-lj/), i = 1 , . . . , ra. 

Lemma 2. For every v G { 1 , 2 , . . . , 5}, the system of vectors F i , . . . , Fn) 

defined by ( 6 ) i s linearly independent on Zv if and only if every system 

{ c j " \ . . . , v = 1 , 2 , . . . , s, where are defined by ( 7 ) , is linearly in-

dependent. 

P r o o f . Let { F i , . . . , F n } be l inear ly independent on Z„, i .e. the equal i ty 

n 
y : a.iFiZv = 0 f o r a l l zv € Zv, a,- £ T (i = 1 , 2 , . . . , n ) 

¿=1 

implies a j = a 2 = . . . = an = 0 . Let v be fixed ( 1 < v < s) and let 

E ? = i = 0 , i-e. E ? = i A c y v = 0 for j = 0 , 1 , . . . , n - 1 . Then 

n 

Y , (5iCijvzu = 0 fo r all zv € j = 0 , 1 , . . . , n - 1 , 

i=l 
i.e. 

n 

= 0 for all zv G Zv. 

t=i 
Hence /?,• = 0 fo r i = 1 , 2 , . . . , n. 
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Conversely, if . . . , c ^ } is linearly independent for some u 
€ { 1 , 2 , . . . t h e n {Fi,...,Fn} is linearly independent on Zv. 

C O R O L L A R Y 1 . Let { F i , . . . , - F n } be a system of initial operators on D 
having the generalized c(R)-property with respect to subspaces Z\,...,ZS 

ofkeiD. Let v £ { l , 2 . . . , s } . Then Vn^ ^ 0 if and only if the system 
{FiRk,...,FnRk} is linearly independent on Z„ for every k £ { 0 , 1 . . . , 
...n- 1}. 

In the sequel, we assume that the system of initial operators { F \ , . . . , Fn} 
possesses generalized c(i2)-property with respect to Z\,..., Zs C ker D. 

T H E O R E M 2 . V n ^ 0 if and only if the system { F i , . . . , F „ } is lin-
early independent on Pni/(R), where Pnv(R) — l in{z^, Rzu,... ,Rn~1zl/}, 
zv £ Zv. 

P r o o f . By Corollary 1, V"i^ ^ 0 if and only if for every k 6 {0 ,1 , . . . , 
.. .n — 1} the system {FiRk,..., FnRk} is linearly indepondent on Zv, i.e. 
the equality 

n 
^ aiFiRkzl/ = 0 for all zv G Zv, a{ € T 
i=1 

implies a,- = 0 for i = 1 , 2 , . . . , n. It means that 
n—1 n 

aiFiRkz" = 0 for a11 € T 
k=0 «=1 

if and only if 
n n—1 

^ ^ ( ^ A f c A ) = 0 , 
i'=l k=0 

i.e. 
n 

<*iFiyu = 0 for all yv e Pnu(R). 
j = 0 

2. General interpolation problem 
We shall consider the following problem: 
Given n finite sets I{ of non-negative integers with powers = r,, and 

let n + r2 + ... + rn = N. 
Find a D-polynomial u of degree N — 1 satisfying N conditions 

(8) FiDku = Uik (k e Ii, i = l,2,...,n), 
where Ujk € ker D are given. 

The above problem we shall call general interpolation problem. 
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Since 

( 9 ) u = zi + RZ2 + . . . + RN_1ZN, ZJ € k e r D, Re TID, 

we have to determine all elements Zj. 

DEFINITION 4 . The general interpolation problem is said to be well-
posed if it has a unique solution for every Uik G ker D. If either there exists 
Uik such that the problem has no solutions or the corresponding problem 
with Uik = 0 (k 6 Ii, i = 1, • • • ,n) has at least one nontrivial solution then 
this problem is said to be ill-posed. By the assumption, the system of initial 
operators Fi,...,Fn possesses the generalized c(/^-property with respect 
to subspace Zv, i.e. 

( 1 0 ) FiRkzrni/ = cikmi/zu f o r a l l zmv € Zv 

(i = 1 , . . . , n; k 6 /¿, m = 1 , . . . , iV; v = 1 , . . . , 5). We assume that elements 
of sets Ii are ordered r,-tuples (fci , . . . , kri) with Q < ki < ki... < kTi. 

Then (8) is of the form 

( 1 1 ) FiDk'u = uikj e z v . 

Rewrite (9) in the form 
5 N 

( 1 2 ) U = E E Rm~lzrnu, zmv € Zv. 
m=1 

Then 
s N 

FiDk'u = E E f i D k i R n - x z m v 

v—\ m=l 
s N 

— ^ ^ ^ ] ci(m — k—t)mi/Zv 
f=l m=kj -1 

These equalities and (11) together imply 
N 

(13) E C«'(m-Jfc,-l)77n/2mx/ = UiJfeyi/. 
m=kj —1 

Write: uikjV = ui„ for / = r0 + + . . . + rt- + k j - 1, r0 = 0. Then (13) is of 
the form 

N 

E dilmZmu = Ulu, 
m.—\ 

where are determined by coefficients Ci(m-k-i)mv from (13). 



980 N g u y e n V a n Mau, P h a m Q u a n g Hung 

LEMMA 3 . Let G^ = ( d ^ ) ^ , , where v € { 1 , 2 , . . . , a } . Then the 
system of vectors 

F\ki) = {FiDk', F{Dk'-\..., Fu FiR,..., FiRN~l~k>), 

i = l , . . . , n ; j = l,...ri 

i s linearly independent on Zv if and only if R a n k G^ = iV. 

P r o o f . S u p p o s e t h a t R a n k G^ = N , i .e . t h e s y s t e m d ) i s l inear ly 
i n d e p e n d e n t a n d 

n r; 

E a i j F i k ' ) z m v for all zmv e Zv, a 6 T . 
t=i j=l 

H e n c e , w e h a v e for a f i x e d m ( 1 < m < N ) 

n Ti 
E aHFiDhi Rm'lzmu = o for all zmv € Zv. 

¿=i j=l 

B y ( 1 0 ) , t h i s i m p l i e s 

N n Ti n Ti N 

E b m Y . i l a i i F i D k i R m ~ l z ^ = E E f l i i f i E ^ m D k ' R m - X Z m v 
m = l t'=l j=l »'=1 j = l m=1 

n Ti N 

= E E f l « f i E ^ m R m - k i - l Z m v 

¿=1 j=l m=kj— 1 
n Ti N 

= E E ^ E ^ m F i R m - k ' - X Z m v 
t=l j=l m—kj-X 

n Ti N 
= ^ ^ ^ ] aij ^ ] ^mci(m — kj—l)mvzmv 

i=l j=1 m=kj— 1 
T h e a r b i t r a r y cho ice b o t h z m „ 6 Z,/ a n d 6 m € T i m p l y t h a t 

E E m ^ O , 
¿ = i j = i 

i .e . a j j = 0 for i = 1 , 2 , . . . , n; j = 1 , 2 , . . . , r,-. 

Converse ly , s u p p o s e t h a t t h e s y s t e m {Ft- } (i = 1 , 2 , . . . , n; j = 1 , 2 , . . . 
. . . , r,-) i s l inear ly i n d e p e n d e n t o n Zv a n d t h a t 

n Ti 
E E M ! i = 0 , fly € T . 
¿=1 j=1 
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This means that 
n ri 

( 1 4 ) ^ Y j ^ a i j ^ m - k - ^ m u = 0 , m = l , 2 , . . . , i V . 
i=l j=l 

Since dimZ,, ^ 0, (14) is equivalent to 
n rj 

= 0, for all Zmv G Zv. 
¿=1j=l 

According to (10), these equalities can be written as follows 
n Ti 

^ ^ aijF\ki)zmt/ = 0 , for all zmv 6 Zv. 
j=i j=i 

Now our assumption implies that a,̂ - = 0 (i = 1 , 2 , . . . , n; j = 1 , 2 , . . . , r,), 
which was to be proved. 

THEOREM 3. Let u be fixed {y <E { 1 , 2 , . . . , n } ) . ThenViu) := d e t G ^ ) / 0 
i / a n d o n / y z / the system {FnCj; i = 1 , . . . , n; j = 1 , . . . , r j } , where 

Flki) = ( F i k j , F i k j R , . . . , F i k j R N - 1 ) 

is linearly independent on Pnu{R). 

P r o o f . Suppose that detG^") ^ 0. By Lemma 3, the vector operators 
— / Jr. . \ 

{J1,- } (i = 1 , . . . , n; j = 1 , . . . , r,-) are linearly independent on Zv. Hence, 
for every fixed index TO (1 < m < N) the operators Fikj Rm~x (i = 1 , . . . , ra; 
j = 1 , . . . , r,) are linearly independent on Zv. This means that the system of 
operators Fikj = F{Dk> (i = 1 , . . . , n; j = 1 , . . . , r,) is linearly independent 
o n Pn„(R). 

Conversely, suppose that Fik. (i = l , . . . , n ; j = 1 , . . . , r;) are linearly 
independent on P ^ ^ R ) . By Lemma 3, in order to prove that detG^) ^ 0 it 
is enough to show that the system {Ft- } is linearly independent on Let 

n rt 
X zmv = o, for all zmv e Zv\ a{j € T , 
t=i j=i 

i.e. 
n r; 

Y , Y , a i i F i D k i R m ~ X z " " > = 0 

«=i j=i 

for every fixed m (1 < m < N) and for all zm„ G Zv. Hence 
N n Ti 

E b m y £ ^ 2 a i j F i D k ' R m ~ 1 z m i , = 0, m—\ t=l j=l 
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SO 

n n N 
<LijFiDk' Y , hmRm~lzmv = 0 for all e Z„, bm € T. 

i=l j=l m=1 
This means that 

71 Ti 
aijFiDk' Rm~lx = 0 for all x e PNv(R). 

i=l j=1 

Thus, by the assumption on the system {F{Dk'} we get a,j = 0 (i = 1 , . . . , n; 
j = l,...,rj). 

Lemma 3 and Theorem 3 together imply the following 

T H E O R E M 4 . The general interpolation problem is well-posed if and only 
if the system of vectors {F{Dk>; i = 1,..., n; j = 1,..., r;} is linearly inde-
pendent on every set Pnu(R) (v = 1,..., s). 

T H E O R E M 5. I f V ^ = d e t G ^ / 0 for all v E {L,...,.s}, then the 
unique solution of the general interpolation problem is of the form 

(15) u = u (1) + . . . + u ( s ) , 

where 

N 

i—i 

N k= 1 

and vjyjk is the minor determinant obtained by cancelling in V^ the (j-1 )-st 
row and (k — l )-si column. 

P r o o f . Every solution of the general interpolation problem is of the form 
s N 

U = Y , E Rm~lzmu, 
t/=l m=1 

where z \ v , . . . , (v = 1 , 2 , . . . , 5) are to be determined by the system (13). 
By the assumption, the determinant V ^ of the system (13) is different from 
zero. Thus, by the Cramer formulae, the unique solution of (13) is of the 
form (15). 

As applications of Theorems 3-5, we shall give classical interpolation 
problems for right invertible operators 
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(a) Herrnite interpolation problem. If /,• = {0 ,1 , . . . , r< — 1}, then we 
have the following interpolation problem: Find a ^-polynomial u of degree 
N — 1 which for given n (n < N) different initial operators F\,..., Fn admits 
given values together with Dku up to order rj — 1, i.e. find a solution of the 
Hermite interpolation problem: 

FiD3u = Ujj, i = 1,...,»; j = 1,..., r,- — 1, 

where ri + + . . . + rn = N] U{j € ker D are given, u = z\ + Rz-i + ... + 
-1zpf for R e 7Z& and z\,...,zx are to be determined. 

THEOREM 6 . Suppose that D € R(X) and the system of initial oper-
ators {.Ft,..., .Fn} possesses the generalized c(R)-property with respect to 
suhspaces Z\,..., Zs of ker D. Then the Hermite interpolation problem has 
a unique solution if and only if the system of operators {F{D(i = 1 , . . . ,n; 
j = 1,..., rj — 1) is linearly independent on every Pn„(R). If this condition 
is satisfied, then the unique solution is determined by 

« = E E 
i/=i j=i 

Here 

'TV fc=0 

and is the minor determinant obtained by cancelling in 
V(Nu) the j-th 

row and the k-th column and elements uo»,..., uw-ii/ are defined by the 
equalities 

ugu = ui?I/ for q = 0,1,.. . ,7-x - 1, 
W(ri+9)i/= «iqv for q = 0 ,1 , . . . , r 2 - 1, 

«(r1 + ...+rn_1+<i)!/ = «n?i/ for g = 0, 1, . . . , Tn - 1. 

(b) Lagrange interpolation problem. If /,• = {0} for i = 1 , . . . , n, then we 
obtain the Lagrange interpolation problem: Find a /^-polynomial of degree 
n—1 which for given different initial operators Fi,...,Fn admits given values 

F{U — Ui, U{ € ker D are given, u = z\ + Rz-i + ... + Rn~1zn 

for R € TZd and zx, zi..., zn are to be determined. 

THEOREM 7. Suppose that D G R(X) and the system { F i , . . . F „ } pos-
sesses the generalized c{R)-property with respect to subspaces Z\,Zi,...,Zs 

of ker D. Then the Lagrange interpolation problem has a unique solution if 
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and only if the system { F j , . . . , Fn} is linearly independent on Pn(R). If this 
condition is satisfied, then the unique solution is of the form 

i/=i j=i 
where 

VN k=0 

and V^jl is the minor determinant obtained by cancelling in Vn^ the j-th 
row and k-th column. 

Acknowledgement. The authors wish to thank Professor Przeworska-
Rolewicz for her helpful comments. 
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