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We study the following problem for Laplace equation in cylinder coordi-
nates 

(1) urT + -uT + uzz = 0, r > 0, z > 0, 
r 

(2) uz(r, 0) + g(r, u(r, 0)) = 0, r > 0, 

where the given function g is continuous, nondecreasing and bounded below 
by the power function of order a with respect to the second variable. 

By establishing a suitable recurrent sequence, we prove that, if 0 < a < 2, 
the problem (1), (2) has no positive solution. 

1. Introduction 
We consider the following Laplace equation in cylinder coordinates 

(1.1) urr + -ur + uzz = 0, r > 0, z > 0, r 
with nonlinear boundary condition 

(1.2) tt,(r, 0) + £f(r, u(r, 0)) = 0, r > 0. 

In [1], the authors have studied the problem (1.1)-(1.2) in case of 

(1.3) g(r,u) = I0-exv(-r2/r2
0) + uQ, 

where a, Jo, ro are given positive constants. The problem (1.1)-(1.3) is asso-
ciated with ignition by radiation. In the case of 0 < a < 2, the authors in 
[1] have proved that the problem (1.1)-(1.3) has no positive solution. 
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We consider Laplace equation (1.1) with the Cauchy conditions 

(1.4) u ( r , 0 ) = u0(r), uz(r,0) = -ui(r). 

Problem (1.1), (1.4) is an ill-posed problem in the sense of Hadamard [2]. 
In this article we want to indicate a relation between the Cauchy da t a 

UQ and u\ in the form 

(1.5) U l ( r ) + g(r, u0(r)) = 0, Vr > 0, 

in order to show tha t the problem (1.1), (1-2) has no positive solution. 

2. Hypotheses and statement of theorem 
First , we use the notat ion R+ = {x/ x > 0} and admit following hy-

potheses for the function g : i2+ x R+ —• R'. 
(Hi ) g is continuous, 
(H2) g is nondecreasing with respect to the second variable, i.e., 

(g(r,u) - g(r,v))(u - v) > 0, Vr ,u , v G R+, 

(H 3 ) 3 a > 0, 3Ci > 0: g(r,u) > Ctua, Vr ,u <E R+, 
(H4) 3ro > 0 such tha t the integral 

7s-ff(ros>0)ds 
J l + s 

exists and is positive. 

R e m a r k 1. The function g in (1.3) satisfies the hypotheses (II i)-(H4). 

The main result of this paper is as follows. 

T H E O R E M . Suppose that 0 < A < 2 and the function g satisfies the 
conditions (Hi)-(H4). Then the problem (1.1)-(1.2) has no positive solution. 

3. Proof of theorem 
Idea of proof is to establish a functional sequence {w n ( r )} such tha t : 

if the positive solution u(r, z) of the problem (1.1), (1-2) exists, then the 
sequence { u n ( r ) } is monotonic, increasing and bounded above by u ( r , 0 ) . 
Hence, l i m ^ o o un(r) exists (pointwise) for every r > 0 and we have 

(3.1) lim un(r) < u(r,0), Vr > 0. n—. 00 
Afterwards, we prove tha t there is such n t ha t un(r) = +00 for every r > 0 
or there is r > 0 (enough large) such tha t limn-Kx, un(r) = +00. Hence, the 
theorem is proved. 

Firs t , the problem (1.1), (1.2) is equivalent to 

(3.2) u(r,z) = A[ f f ( s , u ( s , 0 ) ) ] ( r , z ) , 
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where linear operator A is defined by formula 
+ 00 , 2ir T W 1 it 

(3.3) A[v(s)](r,z)= f sv(s)ds- J 
dt 

0 2w J \ / r 2 + s2 + z2 - 2rscost 

We substitute z = 0 in (3.2), (3.3) and use notation u(r,0) = u(r). Then 
we have 

(3.4) u(r) = i4^(i I t i( i))](r) 

with 
+ oo , 2jt dt T w j i. /I 

(3.5) A[g(s,u(s))](r)= J sg(s,u(s))da— J 
2ir J yjr2 + s2 — 2rscost 

We need some lemmas. 

LEMMA 1. (c/.[l]): 

(3.6) 7/0 < a < 1, we have: + ro)_0 ,](r) = +oo, Vr > 0, 

(3.7) If a > 1, we have: A[(s + r0)_Q,](r) > ^ J " ^ " Vr > 0, 
2 ( a - 1) 

(3.8) I f a = 2, then ¿[(a + r 0 ) _ 2 ] ( r ) > i - In ( 1 + — ) , Vr > 0. 
4 r \ r0 / 

Without loss of generality, we can suppose that ro = 1. 

The following lemma is necessary to construct functional sequence 
Mr)}. 

LEMMA 2 . Putting 

(3.9) mx = f 
o 1 + 5 

we have 

(3.10) A[g(s, 0)](r) > m, • (r + l ) " 1 , Vr > 0. 

P r o o f . Remark that 

(3.11) f d t > —L_ Vr, s > 0. 
2ir J \ / r -(- s — 2TS. cos t ~ r + s 
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We obtain 
+00 1 

(3.12) ¿ b ( i , 0 ) ] ( r ) > f sg(s, 0 ) — -
J r + s 0 

= _!_ (r+2Xl + s) , s.gjs, 0)^ 
r + 1 J r + 5 1 + 5 ' 

where (r + 1)(1 + s) > r + 5, for all r,s > 0. From (3.12) we obtain (3.10), 
which ends the proof of Lemma 2. 

Afterwards, we construct recurrent sequence as follows: 

(3.13) tti(r) = mi • (r + 1 ) _ 1 , r > 0, 
(3.14) u B + i ( r ) = i4[ff(a,ttn(a))](r), r > 0, n > 1. 

We suppose that the problem (1.1), (1.2) has positive solution u(r, z). 
Then, by proving recurrently and using the monotony of operator A, we 
have the following results: 

K } is an increasing sequence, i.e., 

(3.15) un(r) < u n + i ( r ) , Vn > 1, Vr > 0; 

{ u n } is bouned above, i.e., 

(3.16) «„(r) < u(r), Vn > 1, Vr > 0. 

Hence, {iin} converges pointwise satisfying the inequality 

(3.17) lim un(r) < u(r), Vr > 0. 71—•OO 

L E M M A 3. If g satisfies (H3) with 0 < a < 1 , then 

(3.18) u2(r) = +00, Vr > 0, 

and the problem (1.1), (1.2) has no positive solution. 

P r o o f . By hypothesis (H3) and (3.13), (3.14), (3.17), we obtain 

«(r) > u2(r) = A[5(5,tn(5))](r) > ^ [ C x < ( 5 ) ] ( r ) 

= C 1 m ^ [ ( 5 + l ) " a ] ( r ) = +oo 

for 0 < a < 1. 

L E M M A 4. If g satisfies (H3) with 1 < a < 2, then there exists N = 
N(a) > 1 such that 

(3.19) uN+1(r) = +00, Vr > 0. 

Hence we deduce that the problem (1.1), (1.2) has no positive solution. 
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P r o o f . By Lemma 3 and (3.7), we obtain 

(3.20) u2(r) > Cim?A[(s + l)~~a](r) > m 2 (r + l ) " * 2 , Vr > 0, 

with 
m? 

(3.21) A2 = a - 1 , m2 = Ci 

By recurrence, we can prove that, if 

(3.22) « n - i W ^ - i i r + l ) - ^ 1 , Vr > 0, 

and 

(3.23) aAn_i > 1, 

then 

(3.24) ttn(r) > mn(r + 1 ) " A - , Vr > 0, 

with 
m a 

(3.25) An = aAn_i — 1, mn = C\ . 
L\n 

From (3.25) we deduce that 

(3.26) = 1 - ( 2 - " 1 ) o ° " , Vn > 1. 
a — 1 

Since 1 < a < 2, we can choose a natural number N, depending on a , 
such that 

- ] n ( 2 - a ) ^ i n ( 2 - a ) 
In a In a ' 

i.e., such N that 

(3.27) 0 < aA,v < 1. 

On the other hand, using the hypotheses on function g and (3.6), we obtain 

«Ar+i(r) > y4[Cn#(s)](r) > CimaNA[(s + l ) " a A w ] ( r ) = +oo. 
LEMMA 5 . Putting a = 2 and 

, x i°> 0 < r < 1, (3 .28) V ^ = \ D k H l n r f - \ r £ 1 , " 

where the constant Dk is defined by 

we have 
(3.30) Mfc(r) > vk(r), Vr > 0, Vk > 2. 
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P r o o f . We prove the inequality (3.30) with k = 2. In effect, by (3.8), 
we have 

(3.31) ti2(r) > Cxvr\A[(3 + l ) - 2 ] ( r ) > Cxm\ln(l + r), Vr > 0. 
4 r 

Substituting k = 2 in (3.29), we have D2 = {Cim\)/A. From (3.28), 
(3.31) we deduce 
(3.32) u2(r) > ®j(r), Vr > 0. 

Suppose that (3.30) is true with k > 2, then it is clear that 
(3.33) u*+i(r) > 0 , Vr > 0, 
and for r > 1 
(3.34) ttfc+1 > CiA[«i(a)](r) > CM[t;2(*)](r) 

> J > c i D l f ; ( l n s ) 2 ' " 1 7 T T J s + r J s s + r 
r r 

> C M ^ r f - J * = C . D j d n ^ ' - . J sir + 5) r r 
Since CiDj* - In 2 = Dk+i, we have 

(3.35) t£fc+1(r) > ZJfc+i-Onp)2*"1, Vr > 1. r 
From (3.33) and (3.35) we have 

Uk+i(r) > Wfc+i(r), Vr > 0, 
which proves that Lemma 5 is true. 

R e m a r k 2. In the case of a = 2, this Lemma gives an estimate (3.30) 
simpler than in [1], where Vfc(r) is given in a form of functional series. 

From the result of Lemma 5, we can rewrite (3.30) for r > 1 in the form 

**( ') * **(••) = c ^ h T r ( ^ V l n 2 - l n r ) . 

Choosing r such that - Inr > 1, i.e., 

(3.36) r > exp[4/(C?m? • In 2)] = rx, 
we get 

lim Ufc(r) = +oo, Vr > r j , 
fc—•+oo 

hence the theorem is proved completely. 
Acknowledgement. The authors would like to thank the referee for his 
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