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1. Introduction and assumptions 
This article is a generalization of the paper [1] and deals with an ap-

proximation method for solution of integral equation. This method consists 
in replacing the examined equation by a system of numerical equations (see 
[3], [4]). 

We apply this method to the equation 

(1) f ( t ) = J K \ ; T f t l
( a ) ] dr + N[t, rt)] (t € L), 

with respect to function <p. We prove the uniqueness of the solutions of (1) 
and the uniqueness of the corresponding numerical equation and give an 
error estimation of the approximate solution. 

We admit the following assumptions: 
I. Let 

v 
(2) L = ( J Lk C Z, 

k= 1 
where Z denotes an open complex plane and each of the set Lk, k = 1 , . . . 
is a given ordinary, smooth, open or closed directed arc (in the usual sense). 
The arc Lk (k = 1 , . . . ,p) is discribed by 

(3) Lk:z = zh(s), lk,i <s< lk, 2, 

where s — lk,i denotes the length of the arc Zk(lk,\), zk(s) C Lk with the 
beginning at zk(lk,l) = xk(lk,l) + »• Vk(lk,l) and the end at zfe(s) = + 
* • Vk(s). 
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We assume that the end points of the interval (lk,i, h , i ) , k = 
satisfy the condition 

(4) /i,i > 0, l j A < lji2 < lj+1A < lj+h2 

for j = 1 , . . . ,p — 1. Assume that the function 
v 

(5) * = ( U ^ M ) 
fc=i 

defined by 

(6) 2(5) = z f c(s) 

for s e (h,1,h,2), k = l,...,p, is "one to one" in the set U L i ( ' m > ^ , 2 ) -
II. a is a given real number satisfying the condition 

(7) 0 < a < 1. 

III.l . Functions K = K(t,r,u) : L x L x Z Z <m& N = N(t,u) : 
L x Z —> Z, satisfy Lipschitz condition with respect to variable u, i.e. there 
exist positive constants kj< and k^ such for arbitrary elements t € L, r 6 L, 
u € Z and u' G Z the following conditions are satisfied 

(8) \K(t,T,u) - K(t,T,u')\ < kK • |u - u'|, 

(9) | iV( i ,u ) - JV( * ,u ' ) | < k N - \ u - u ' \ . 

These functions are continuous with respect to t = z(st) € L,T = z(sT) 6 L, 
i.e. for every u £ Z functions /^[^(¿i), u], iV[z(5i),u] are continuous 
with respect to 

p p v 
{susT) g ( ( J ^ m j M ) x (\J(ik,i]ik,2}), st e 

fc=l k=1 fc=l 

111.2. The following inequality holds 

(10) 0 < 7 < 1, 

where 

(11) 7 = kK-b + kN, 

(12) b = suV(y f ' , , V 

111.3. For every R > 0 there exist positive constants M(K,R) and 
M(N,R) such that for arbitrary elements t G L, r 6 L, and u € {11 € 
Z : |u| < R} the following inequalities hold 

(13) \K(t,r,u)\<M(K,R), 

(14) \N(t,u)\ < M(N,R). 
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From the assumptions III.l and III.3 we infer that for every R > 0 and 
8 > 0 we have 

(15) u(K,R,6) = sup [sup( sup |A'[z(s),r,u] - A'[z(s'),r,u]|)] < + o o 
|U|<H R£L | S - S ' | < 5 

and 

(16) u(N,R,S) = sup ( sup |iV[z(s),u] - jV[z(s'),u]|) < +00 
|«|<K |s-s'|<£ 

satisfying the conditions 

(17) lim u>(K,R,6) = 0, v ' <5—>0+ 
(18) lim w(N,R,6) = 0. 

2. Existence and uniqueness of the solution of the equation (1) 
Let C{L) denote a set of functions <p : L —• Z defined as follows: y € 

C(L) iff the function <po z, being a superposition of the functions <p and z, is 
continuous at each point of the set ^,2)- The set C(L) is a linear 
space with the usual addition and multiplication by a complex number. 
Denote the norm of <p £ C(L) by 

(19) IMI = sup|y>(t)| 
t€L 

and let \\<p — g f | | be the distance between g, ip € C(L). So the set C(L) is a 
Banach space. 

For an arbitrary function ip £ C(L) let 

(20) (A<p)(t) = J dT + N[t, <p(t)] (t E L). 

Note that if <p G C(L), and g e C(L) and the assumptions I, II and III.l 
are satisfied, then Ay £ C(L), Ag € C(L) and 

\\A<p-Ag\\<T\\<p-g\\, 

where 7 is given by (11). 
Basing on the Banach-Cacciopoli theorem (see [2], p. 197-199), we have 

the following 

T H E O R E M 1. If the assumptions I, II, III.l and III.2 are satisfied, then 
the equation (1) has in C(L) exactly one solution <p. This solution can be 
obtained by taking limit of the sequence of successive approximations 

(21) 
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uniformly convergent on the set L, where 

(22) y m + 1 (t) = J K [ t : T
T ^ T ) ] dr + N[t,<pm(t)} (t e L) 

L ' ' 

for m = 0 , 1 , 2 , . . . , and <po G C(L) is arbitrary but fixed. 

3. Approximate equation and its solution 
Let n i , . . . , n p be fixed positive integers. Consider a partition of the 

s e t U L i C m ; ' ^ ) into intervals pk,i = (sk,Q;sk>i), Pk,i = (sfc,,-i;sk i i), 
i = 2 , 3 , . . . , nk, k = l , . . . , p , having no common points, defined by the 
conditions 

h,\ = Skfi < Sk,l < sk,2 < • • • < Sk,nk-1 < sk,nk-lk^i k= 1, . . . ,p. 
Denote P V nk 

C = (J(/fc,i;'*.2> = u U ^ . « ' 
k=1 k=1¡=1 

n = ni + n2 + ... + np, 

Sn= max [ max (skti - skii_1)]. 
fc6{l,...,p> t€{l,...,n fc > 

Let Cn(C) denote the set of all functions : C -* Z defined by 
P nk / _ _ v 

(24) W ) = £ ! > « ( * ) • ( ' • + 3 • Z k A 

where z ^ j G Z for j = 0 , 1 , . . . , nk, A; = 1 , . . . , p and 

(i = l,...,nk, k = 
The set Cn(C) is a complex Banach space with the norm 

HlMIn = SUp|l/>n(s)| 

and usual operations. 
As the approximate equation of (1) we take the equation 

P nk , 
(25) { ¡ ^ h -

fc=l ¿=1 1 

P K[z{sk>i-i ), Z(ST), ^n(Sr)] • z'{sT) 
\z(sT) - z i s ^ l * 

( P h;. 

• E / 
^ j=1 ij.i 
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S -
+ iV[z(sJM_i),Vn(Sfc,t-l)]} + 

{ EP K[z(skj),z(sT),j>n(sT)] • z'(sT) ^ 
, _ 1 ; J \z(sr)-z(skti)\" ^ J — 1 <j,i 

+ N[z(sk 

with respect to function V>n 6 Cn(C). If the function V>n is given by (24) then 
equation (25) is equivalent to the following system of numerical equations 

V K[z(sk,i),z(sT),tpn(sT)] -z'(sT) ^ 

u J — F m ^ K F — 
j—1 'j,i 

+N[z(sk>i),i>n(skti)], i = 0 , 1 , . . . , NFC, k = l , . . . , p 

with unknowns complex numbers zkii, i = 0 , 1 , . . . , nk, k = 1 , . . . ,p, where 
in place of ipn(s) we have to put the right-hand side of the equality (24). 

For an arbitrary function V'n £ Cn(C) denote by (A n i> n ) ( s ) the right-
hand side of the equality (25). Let us note that if € Cn(C), hn € Cn(C) 
and the conditions I, II, III.l, are satisfied then Anipn 6 Cn (£) , Anhn 6 
Cn(£) and 

\(Antpn)(s) - (Anhn)(s)\ < 
P NK 

fc=i¿=i 
- ^ K . b + k N ) - U n - h n \ \ n + 

.¿k,i - Sfc.i-l 

+ 3 *fc'i~1 • (ki< • b + kN) • Un - hn||n 
Sk,i — Sfc,!-! 

V NK 

7 • ll^n ~ M n • ( ^ E ^ ' ' ^ ) = 7 ' ~ hn^nm 

k=1¿=1 

Hence 

H^nV'n - Anhn ||n < 7 • ||y>„ - hn\\n. 

Basing on the above mentioned Banach-Cacciopoli theorem we have the 
following 

THEOREM 2. If the assumptions I, II, III.l and III.2, are satisfied then 
the equation (25) has in Cn(C) exactly one solution ipn, being the limit of 
the sequence of successive approximations 

(26) 
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uniformly convergent in the set C, where 

P nk , _ 
(27) tfn.m+l W = (An^n,m)(s) = 2 E **.'•(*) • *'' ' 

k=1 «=1 I a*.j 

p l'-*K{z(sk,i-i),z(sT),il>n>Tn(sT)]-z'{sT) 
asT+ {EI 

P K[z(skij), Z(ST), j>n,m(sr)] • ¿'(¿T) ^ + 

• E / 

i)]}} 
/or m = 0 , 1 , 2 , . . . , and V>n,o G Cn(C) is an arbitrary but fixed element. 

4. Error estimation of the approximate solution 
Let the assumptions I, II, III. 1, III.2 be satisfied and let the first elements 

<po and V'n.o of sequences (21) and (26) satisfy the condition 

(28) V = = 
c€Z «€£ 

Because of uniform convergence of these sequences we have that there exists 
a number Rn > 0, such that for arbitrary s 6 C and TO £ { 0 , 1 , 2 , . . . } the 
following inequalities hold: 

(29) < Rn, 
(30) |^n,m(«)| < Rn-

Then error estimation of the approximate solution is given by the following 

THEOREM 3. Let the assumptions I, II, III.l, III.2, III.3 and conditions 
(22), (27)-(30) be satisfied. Then 

(31) Sup|V>n(*)-¥>[̂ )]|< 

T— • • K^) ' Rn) + b' > Rn, K) + , Rn, «„)], 1 — 7 i — Ktf 

where 
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(32) d(6n) = 

max 
fce{i,...,p> 

( f it' 

£ f 
V ! ! 

2(5) - *(a')la Iz(s) - z(s")\Q 

P r o o f . To prove Theorem 3 we give estimation of sup s 6 £ IV'n.mi^) — 
Vm [*(«)] I-

For this aim we use (22), (27) and the equalities 

K[Z(Sk,l), z(ST), VVto^ t ) ] K[z(s),z{sT),<pm{z{sr))] _ 
\z(sT) - z(skt,)\° \z{sT) - z(s)\° 

K[z(sk,i), z(sT),i>nfm(sT)] - K[z(s),z(sT),tl)n<m{sT)} 
\z(sT) - z{sk>l)\" + 

K[z(s),z(sT),tpn>m(sT)] - K[z{s),z(sT),(pm{z{sT))\ 
\ZM - z(5 f c l ,)h 

+ " W O - * ) ! • ) ' 

N[z(sk,i),ip 
= N[z(sktt),if>n,m(3k,i)] - N[z(s),tl>n<m(skil)]+ 

+ J \ T [ « ( i ) , ^ n , m ( « * , / ) ] - W * ) , V>n,m(s)] + 

+N[Z(S), Vn.mW] - JV[2(s),V>m(z(5))] 

for / = i — 1, i, i = 1 , 2 , . . . , nk, k = 1 , 2 , . . . ,p. Basing on the conditions 
(8)-(16) and on the equality 

P nk 

£ E * i M ( s ) = l 
fc=l«=1 

for 5 € C, we have the following estimation 

| ^ n , m + l ( « ) - V > m + l [ * ( « ) ] | < b-u(K, Rn,6n)+ 
+d(6n) • M(K, Rn) + U>(N, Rn, 6n) + (kK • b + kN) • sup |^n,m(i) - Vm[*(*)]| + 

sec 
V 

fc=l¿=1 
Sk'* S \lpn,m(Sk,i-l) ~ V>n,7n(«)l + 

-Sfc.i - 5jk,t-l 

If s € Pk,i» * = 1 , 2 , . . . , nfc, fc = 1 , . . . ,p, then in virtue of (24) we have 

*l>n,m(sk,i-l) ~ 1>n,m(s) = 
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sk,i ~ S S - Sfc.i-l 
— Zk,i-1 Zk,i-1 ZkA = 

Sk,i ~ Sk,i-1 Sk,i ~ 1 

= 7 ^ 1 ' ~ Zk,i) = 1 ' ~ Ì>n,m(sk,i)], $k,i ~ Sk,i-1 - Sk,i-1 
j* — $ 

tpn,m(sk,i) ~ Ì>n,m{s) = " [Ì>n,m(Sk,i) ~ Ì>n,m («fc.i-l )]• 
•Sfe,« -

Hence 

(33) SUp\ i p n ,m+ l ( s ) - (pm+l [¿(s)]| < 

< 7 • sup |V>n,m(s) - Vm[«(«)]| + b • , tfn) + f/(<5„) • M(/tT, Rn) + 
sec 

+u(N,Rn,6n) + kN • max \^n,m(Sk,i) ~ Ì>n,m(Sk,i-l)\ 
te{l , . . . ,n*} 

p} 

fo r m = 0 , 1 , 2 , 

Now w e shal l g ive t h e es t imat ion of 

max \lpn,m(Sk,i) - lJ>n,m(Sk,i-l)\' 
t£{l ,...,nk} 
ke{i p} 

Taking in to account ( 27 ) , w e h a v e 

1pn,m+l(Sk,i) ~ 1pn,m+l(Sk,i-l) = 

E
V l ' f f K{z{Sk,i),z{sT),^m(sT)} - K[z(sk,j-l),z(sT), l/fn,m(sT)] 

•K[z(sk,i), z(sT), ^n,m{sT)\^z'(sT) dsT + 

71,771 

(sfc.i)] - Nlzis^i-i),^ 

+iV[z(5fc),_i),V'n,m(-Sfc)j)] - N[z(sk,i-l), 4>n,m(Sk,i-\)]-

Hence w e h a v e t h e inequa l i ty ntm < b • u ( K , Rn, Sn) + d(Sn) • M(K, Rn) + u(N, Rn, Sn)+ 

+kN • max \Ì>n,m(Sk,i) ~ Ì>n,m(Sk,i-ì)\ 

1 P> 
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for m = 0,1,2, By means of (28) and 0 < k ^ < 1 we have 

( 3 4 ) m a x 1 1 p n , m ( S k , i ) - 1) | < 
«e{l,—,nk} 
k€{l 

< z-^-r- • Win) • M(Ii\ Rn) + b- u(K, Rn, 6n) + u ( N , Rn, ¿n)] 
1 - KN 

for m = 0,1,2, Basing on (33) and (34) we have 

sup |V>n,m+l(s) - Vm+lb(s)]| < 7 • SUp |V>n,m(s) - VmKs)] | + 
sec sec 

+ 7-^7— • [d(Sn) • M(K, Rn) + b • w(/v, Rn, Sn) + u(N, Rn, 5n)] 
1 - k N 

for m = 0,1,2 Hence, because of (28) and the assumption (10) we obtain 
the inequality 

S U p \ ^ n , m { s ) - Vm[2(5) ] | < 
sec 

< ^ ~ • -—-r~ • [d(Sn) • M{K, Rn) + b • w(/v, Rn, Sn) + u(N, Rn, ¿„)] 
1 — 7 1 — KN 

for m = 0,1,2, Passing to the limit in the last inequality we get (31), 
what completes the proof. 

R e m a r k . It is possible to admit that in the inequalities (29), (30) we 
have 

Rn = |c| + t—— • [b • sup | f f ( i , r , c ) | + sup|W(i,c) | + |c|], 
1 - 7 (t,r)eLxL teL 

where c is a complex constant from condition (28). Indeed, we have 

llVmll = ||V0 + Vl -<r>0 + ¥>2 - Vl + • • • + Vm - Vm-lll < 

< M + \\<P\ - Voll + 7 • \\<P\ - voll + • • • + 7 m _ 1 • llvi - Voll < 

<\c\ + T l - . - poll < M + Y ^ • (llvill + llvoll) < 

< |c[ + [6 - sup |A'(i ,r ,c) | + sup|iV(*,c)| + |c|], 
i - 7 ( t , r ) e L x L teL 

and similarly 

H K m | | » < H + 7 - i—-[6- sup \K(t,T,c)\ + sup |iV(i,c)| + |c|], 1 - 7 (i,r)eLxL teL 
for m = 1 , 2 , . . . and an arbitrary, defined in p. 3 partition of the set 
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If R is an arbitrary, fixed positive number and c € {u G Z : |u| < i?}, 
one can admit that 

Rn = R+ • [6 • M(K, R) + M(N, R) + R]. 

If limn_»oo 6n - 0, then l i m ^ o o d(6n) = 0. Hence we obtain 

COROLLARY. If the assumptions I, II, III.l, I I I . 2 , I II .3 are satisfied and 
l i m ^ oo fin = 0, then limjj—KX) sups€ jC IV'n(-s) - v K 5 ) ] ! = 0. 
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