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The authors continue their earlier investigations (cf. B[l]-[5], PR[l]-[4]) 
on shifts induced by right invertible operators. The purpose of the present 
paper is to study limit properties and infinitesimal generators of families 
of functional shifts induced by a right invertible operator D and its per-
turbations. Functional shifts, introduced and studied recently by the first 
of the authors, generalize in a sense classical notions of translations and 
semigroups. 

Conditions for a family of functional shifts defined on a locally bounded 
complete linear metric space to be a commutative semigroup (with respect 
to the superposition of operators as a structure operation) are established. 
Moreover, there are given conditions for perturbed families of functional 
shifts to have the limit property. If these conditions are satisfied then in-
finitesimal generators of perturbed families are determined by means of in-
finitesimal generators of the original family of functional shifts. 

We shall recall some definitions and theorems (without proofs) which 
will be used in our subsequent considerations. 

Assume that X is a linear space over the field C of complex numbers. 
Denote by R(X) the set of all right invertible operators belonging to L(X), 
by %D - the set of all right inverses of a D £ R(X) and by TD - the set of 
all initial operators for D, i.e. 

nD = {R € Lo(X): DR = /}, 
TD = {Fe L0(X) : F2 = F, FX = ker D and 3ReKDFR = 0}. 

In the sequel we shall assume that ker D {0}, i.e. D is right invertible 
but not invertible. The theory of right invertible operators and its applica-
tions can be found in PR[1]. 
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We admit that 0° = 1. We also write : N 0 = {0} U N . For a given 
operator D £ R(X) write 

oo 
(1) S={JkeTDi. 

¿=i 

The set S is equal to the linear span P(R) of all D-monomials 

S = P(R) = l i n { R k z : z £ ker D, k £ N 0 } 

independently of the choice of a right inverse R of D (cf. PR[1]). 
In the sequel, K will stand either for a disk Kp = {h £ C : \h\ < p, 0 < 

p < +00} or for the complex plane C. Denote by H(R') the space of all 
functions analytic on the set K. Suppose that a function / £ H(K) has the 
following expansion 

00 

(2) f(h) = ] T akhk for all h £ K. 
k=0 

DEFINITION 1 (cf. B[2]). Suppose that D £ R{X) and kerZ? ^ {0}. A 
family Tk = {Th}h€K C Lo(X) is said to be a family of functional shifts for 
the operator D induced by a function / £ H(K) if 

00 

(3) Thx = [f(hD)]x = ] T akhkDkx for all h£l(, x £ S, 
k=0 

where S is defined by Formula (1). 
We should point out that , by definition of 5 , the last sum has only a 

finite number of members different than zero. 

PROPOSITION 1 ( cf. B [ 2 ] ) . Suppose that D £ R ( X ) , ker D / { 0 } , F is an 
initial operator for D corresponding to an R £ TZd and Tj< = {Th}hei< C 
L0(X). Let f £ H(K) (i.e. f is of the form (1)). Then the following condi-
tions are equivalent: 

(i) Tk is a family of functional shifts for the operator D induced by the 
function /; 

(ii) ThRkF = Y , U o a i h j R k ~ j F f°r aU h e ^ € N 0 . 

PROPOSITION 2 (cf. B[2]). Suppose that D £ R(X), keri? ^ { 0 } and 
T j j i = {Tfth}h€i< 2S a family of functional shifts for the operator D induced 
by a function f £ H(K). Let F be an initial operator for D corresponding 
to an R £ TZd- Then 
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(i) For all h G I(, z G ker D, k G N 0 

k 

( 4 ) T f , h R k z = J 2 ^ j R k - j z ; 
j=o 

(ii) The operators Tfth (h G K) are uniquely determined on the set S; 
(iil) If X is a complete linear metric space, S = X and T/th are contin-

uous for h G K then Tfth are uniquely determined on the whole space; 
(iv) For all h G K the operators Tjth commute on the set S with the 

operator D. 

The listed properties and other informations about shifts for right in-
vertible operators can be found in B[l]-B[4] (cf. also PR[1]-PR[4]). 

Proposition 1.2 of B[3] implies 

PROPOSITION 3 . Suppose that all assumptions of Proposition 2 are sat-
isfied and / (0) = ao ^ 0. Let 

(5) Fh = r1(0)FTfth forheK. 

Then F^ is an initial operator for D corresponding to the right inverse 

(6) Rh = R- FhR for h G K. 

It is well-known that the set H{K) is a commutative ring with the fol-
lowing algebraic operations 

(f + ff)(h) = m + g(h), (ag)(h) = ag(h), (fg)(h) = f(h)g(h), 

where / , g e H(I(), a G C, h G K. 
Let T(K) be the set of all families of functional shifts for an operator 

D G R{X) induced by the members of H{K), i.e. 

(7) T(K) = {TgJ<:geH(K)}. 

Define the following operations 

(8) T!yK + TgJ< = Tf+gtK, aTgJ< = Tag>K, TftKTgiK = TigiK, 

where f,g(z H(K), a G C. 

T H E O R E M 1 (cf. B [ 2 ] ) . Suppose that D G R(X) and T(K) is defined by 
Formula (7). LetTs(K) = T(K)\S, where S is defined by Formula (1). Then 

(i) The set Ts(K) is a commutative ring with the operations defined by 
Formulae (8); 

(ii) The rings H(K) and T$(K) are isomorphic. The mapping 

T:f=>Tf,K\s 

is a ring isomorphism of H(K) onto Ts(K). 
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THEOREM 2 (cf. B&PR[1]). Suppose that D G R(X), kerD ^ {0} and 
T j j i = {Tf,h}h€i< is a family of functional shifts for the operator D induced 
by a function f £ H(K). Let F be an initial operator for D corresponding 
to an R G TZd- Suppose, moreover, that f{h) ^ 0 for h G K and T i / f t x = 
{T1/fth}heK eT(K). Then 

(9) Rlz = f(0)Ti/fthRnz for all n 6 N , he K, z e ker£), 

where the operators Rh (h G K) are defined by Formula (6). 

Now we assume that X is an F-space over C, i.e. a complete linear metric 
space over C according to the Banach definition. In the sequel K will stand 
for the disk Kp (0 < p < +oo) . Let a set Q C K contains the origin. The 
function / € H(K) has the expansion (1) and l i m s u p , ^ ^ y/\an\ = p~x. 
Define for an operator D £ R(X) the following sets (cf. B[4]): 

(10) S{
f
n)(D) = 

oo 
= G X : ^ akhkDk+nx is convergent for all h G i ? | (n G No); 

(11) SI(D) = s f ) ( D ) ] 

(12) S?(D)= D S(
f
n\D)-

neN0 

(13) So(D)= n S?(D). 
g€H(I<) 

(14) Ea = ( J Ex, where Ex = ker(D - XI), A = {A G C : \Q C A'}. 

PROPOSITION 4 (cf. B[4]). Suppose that D G R(X) and ker D ^ {0}. 
Then 

S, Ea C Sk(D) C Sn{D) C C Sf(D) C d o m D , 

where the set S is defined by Formula (1). 

Let X be a locally bounded F-space. Recall (cf. Rolewicz R[l]) that 

• for a p, 0 < p < 1, there is a p-homogeneous F-norm equivalent to the 
original one (Aoki-Rolewicz theorem); 

• for every p, 0 < p < po = l o g 2 / l o g c ( X ) , where c(X) is the modulus of 
concavity of the space X, there is a p-homogeneous F-norm || || equivalent 
to the original one (Rolewicz theorem). 
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P R O P O S I T I O N 5 . Suppose that X is an F-space with a p-homogeneous 
norm || || (0 < p < 1), D G R(X) and ker D ^ {0}. Let 

(15) Xx(D) = {x G X : lim sup S/\\Dnx\\ < 1 
n—• oo 

if p < -foo and, { D n x } is bounded if p = +oo}. 

ThenXi(D) C Sf(D). 

P r o o f . Let x G X\ and / € H(K) be arbitrarily fixed. Let pi = 
l imsup n _ 0 0 y | |Z»nx| | for p < +oo. Let M > 0 be such that ||£>nx|| < M 
for all n G No, p = +oo. 

For all ra e N 0 , /i € K we have | | a n / i n D n x | | = \an\P\h\nf\\Dnx\\. Hence 
for h G K 

lim sup \/\\anhnDnx\\ < pi < 1 for p < +oo 
71—tOO 

and 
lim sup ^J\\anhnDnx\\ = 0 for p = +oo. 

n—<-oo 
This implies that the scalar series l a n | p | ^ | n p | | f n ;E | | is convergent for 
all h such that |/i| < p < +oo (for all h G C if p = +oo, respectively). Since 
X is a complete linear metric space with an invariant metric fi(x, y) defined 
by the equality: fi(x,y) = ||a; — y|| for all 6 X, we conclude that the 
series X^^Lo anhnDnx is absolutely convergent for all h G K. • 

N o t e 1. Suppose that all assumptions of Proposition 5 are satisfied. 
Then S C X\(D) but the inclusion Ea C Xi(D) does not hold. However, 
{0} ^ Ex = ker (D - XI) C Xx(D), A € C , if and only if |A| < 1. Moreover, 

DIX^D)] C X1(D)-1 RIX^D)] C Xx(J3), where R G TZd-

Indeed, let x G S be arbitrarily fixed. Then there is an N G N such 
that Dnx = 0 for all n > N. This implies that x G X\ (D). Suppose now 
that A G C. Let x G ker(X> - A I ) \ {0} be arbitrarily fixed. We have 
Dnx = Xnx and ||JDnx|| = |A|"P||x|| for all n G N. Since 0 < p < 1, we 
conclude that x G X\(D) if and only if |A| < 1, i.e. E\ G X\(D) if and only 
if |A| < 1 (0 < p < +oo). Clearly, Dx G whenever x G Xx(D). Let 
R G TZd be arbitrarily fixed. Since DnRx = Dn~1x for all x G X, n G N , 
we conclude that Rx G X\{D) for all x G X\(D). 

The following lemma, which is well-known for Banach space (cf. Hille 
and Phillips HP[1]), holds also for locally bounded F-spaces (cf. Rolewicz 
E[l]). 

LEMMA 1. Let X be a locally bounded F-space and let D G R(X). The 
series anhnDnx is absolutely convergent for all x G Xi(D), h G K 
to a holomorphic function f{hD)x : K —• X in every concentric circle of 



840 Z. B inderman .D. P r z e w o r s k a - R o l e w i c z 

radius less than p. The function f(hD)x is strongly continuous and strongly 
differentiate in I(, uniformly with respect to h in any compact subset of K. 

Lemma 1 immediately implies 

PROPOSITION 6. Suppose that all assumptions of Lemma 1 are satisfied. 
Define for f £ H(Ii) the following families of operators: 

oo oo 
f{hD)x = anhnDnx; f'(hD)x = £ nanhn~x Dn~xx 

n=0 n=l 
for all x € Xx (D), h € K. Then 

(i) the families f(hD) and f'(hD) are well-defined, the function 
oo 

f'(h) = Y^nanhn~l (h £ I<) 
n=1 

is the derivative of the function f and f € H(K); 

(ii) if 0 € O C K is a limit point of J1 then 

lim r[f(hD) - f(0)I]x = f'(0)Dx for all x <E Xx(£>); 

(iii) if Q C K is an open set then 
4rf(hD)x = f'(hD)Dx for all x 6 X^D), h G Q. 
ah 

LEMMA 2. Suppose that D E R(X), ker D {0} and R e UD• Then 
R(SUEa)CSj(D), 

where the sets S, EA, SJ(D) are defined by Formulae (1), (14), (11), respec-
tively. Moreover, 

-^f(hD)Rx = f'(Xh)x for all x € S U EA, HE Q. 

P r o o f . The equality S = P(R) and Proposition 4 together imply that 
R(S) C S C SK{D) C SF(D). Let x E E A \ S be arbitrarily fixed. Then 
there is a A G A \ {0} C C such that x e Ex = ker(D - A/). For h € K we 
have 

oo oo 

f(hD)Rx = ^ QnhnDnRx = a0Rx + ^ anhnDn~lx = 
n=0 n=l 

oo oo 

= a0Rx + 2 anhn\n~lx = a0Rx + A - 1 ^ an(Xh)nx = 
71= 1 71 = 1 
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This implies that Rx G Sf(D) and 

lira — L — [ / ( ^ D ) _ f(hD)]Rx = f'{\h)x ( h G K ) . -
hi—*h hi — h 

Similarly, as Definition 1, we have 

D E F I N I T I O N 2 . (cf. B [ 4 ] ) . A family T f , n = {Tfth)hen C L0(X) is said 
to be a family of functional shifts for an operator D G R ( X ) induced by a 
function / <E H(K) if 

( 1 6 ) Tf<hx = f(hD)x f o r a l l h G Q, x G S f ( D ) , 

where the operator f(hD) is defined by Formula (3) and the set S¡(D) is 
defined by Formula (11). 

N o t e 2. (cf. B[4]). Suppose that D G R{X), kerD ^ {0} and T f t i i = 

{Tf,h}hen is a family of functional shifts for D induced by a function / G 
H(K). If x G A G A, then 

T f i h x - f(Xh)x f o r a l l h G Q. 

Theorem 3.1 of B[l] and Note 2 together imply 

P R O P O S I T I O N 7 . LetTf^n, Tf>tn be families of functional shifts for the 

operator D G R ( X ) induced by the functions f , f G H ( K ) , respectively. 

Then 

( i ) if ho G f2 C K is a limit point of Q then 

o r n : ^ » - ^ ) 1 = Tr,h0Dx = D T r M x for all xeSl>EA; 
n3h—*ho uq — tl 

( i i ) if Q C K is an open set then 

- ^ T f i h = T f , i h D = DTf.,h on S U EA for all h e i 2 , 

where S, EA are defined by Formulae ( 1 ) , ( 1 4 ) , respectively. 

N o t e 3. (cf. B[4]). Suppose that all assumptions of Note 2 are satisfied 
and Tfth are continuous for h G ft. Let F be an initial operator for D 
corresponding to an R G TZd- Then 

(i) if R is continuous then 
oo 

AR(D) = { x £ X : x = Y , RnFDnx} C Sf(D); 
n = 0 

(ii) if D is closed then 

A(D)= ( J AR(D)cSf(D). 
ReKD 
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DEFINITION 3. Let 0 € ft C K be the limit point of the set ft. A 
family TQ = {Th}H^n C LQ(X) has the limit property on a set Y C X if 
lim/^o j(Th — To)x exists for every x G Y. If it is the case, then the operator 
A defined as 

(17) Ax = lim ^(T,, - T0)x for x € Y = dom A 
h—•O fl 

is said to be an infinitesimal generator for the family TQ. 

Note that the infinitesimal operator A (if exists) is well-defined. Clearly, 
if X is a locally convex F-space, then any strongly continuous semigroup 
TQ — {TH}HEN of linear operators is a family with the limit property and 
its infinitesimal generator satisfies Condition (17). 

Proposition 7 leads us to the following 

COROLLARY 1. Suppose that T^Q is a family of functional shifts for D 
induced by a function f 6 H(K) and 0 £ ft is a limit point of ft. Then this 
family has the limit property on the set SUEA and f'(0)D is its infinitesimal 
generator. 

Proposition 6 implies 

COROLLARY 2. Suppose that all assumptions of Corollary 1 are satisfied 
and X is a locally bounded space F-space (in particular, a Banach space). 
Then the family Tjtn has the limit property on X\(D) and f'(0)D is its 
infinitesimal generator, where the set X\(D) is defined by Formula (15). 

On the other hand we have 

T H E O R E M 3 . Suppose that K = C , ft C K is the interior of a spinal 
semi-module (i.e. an additive semigroup which contains a ray from the origin 
and an open set intersected by this ray) containing the positive real axis and 
Tjtn = {Tfth}hen is a family of functional shifts for a D 6 R(X) induced 
by a function f € H(C), / ^ 0. Then Tjtn is a commutative semigroup with 
respect to the superposition of operators on the set S U EA, i.e. 

T f ^ T f f a X = Tfth2Tfthlx = Tj^+hiX for all x £ S U E,i, hi,h2 G ft, 
if and only if there is an a € C such that f(h) = eah. If it is the case then 

(18) lim \(Tj,h ~ TJJ0)x = aDx for all x e S U EA, 
h-*-0 fl 

i.e. the operator aD is the infinitesimal generator of semigroup Tjtn on 
SUEA. 

P r o o f . Sufficiency has been proved in B[2], B[4]. Necessity. Suppose that 
Tftn is a semigroup. It follows from properties of functional shifts considered 
on the set S U EA (cf. B[4]) that in this case the function / should satisfy 
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the functional equation: f(t + s) = f(t)f(s) for all t, s e ft. It is well-known 
(cf. Hille and Phillips HP[1], Lemma 17.3.1) that either / = 0 on i? or there 
exists a complex number a such that f{h) = eah for all h £ ft. This implies 
that f(h) = eah for all h £ C . Proposition 7(i) implies the equality (18). We 
therefore conclude that aD is the infinitesimal generator of the semigroup 
under consideration. • 

Evidently, Theorem 3 holds also in the case when either ft = K or 
ft C K contains the interior of a spinal semi-module containing the positive 
real axis. 

In a similar manner we obtain the following 

T H E O R E M 4 (cf. B[4]). Suppose that all assumptions of Theorem 3 are 
satisfied and the operator D is closed. Then the family TJ^Q is a commutative 
semigroup with respect to the superposition of operators on the set Sn(D) 
defined by Formula (13) if and only if there is ana £ C such that f(h) = eah 

for all he K. 

T H E O R E M 5. (cf. B[5]). Suppose that all assumptions of Theorem 3 are 
satisfied and the operators Tfth (h £ ft) and R £ TZD ore continuous. Then 
Tftn is a commutative semigroup with respect to the superposition of oper-
ators on the set AR(D) defined in Note 3 if and only if there is an a £ C 
such that f(h) = eah for he K. 

Propositions 5 and 6 immediately imply the following 

T H E O R E M 6 . Suppose that X is a locally bounded F-space and all assump-
tions of Theorem 3 are satisfied. Then TJ Q is a commutative semigroup with 
respect to the superposition of operators on the set X\(D) defined by For-
mula (15) if and only if there is an a £ C such that f{h) = eah (h. E K) and 
Formula (18) holds on Xi(D). If it is the case then aD is the infinitesimal 
generator of the semigroup Tj^n-

N o t e 4. In a similar way, as in Definition 2 (Definition 1, respectively), 
functional shifts may be defined as operators induced by an analytic function 
/ : Kp —• R , where Kp = ( - p , p ) , 0 < p < -foo. The particular case, when 
K = R , ft C K is either R or R + , f(h) = eh, has been considered in 
PR[l]-[4]. Clearly, also in that case results analogous to Theorems 3, 4, 5, 6 
can be obtained. 

For perturbed operators we get 

T H E O R E M 7 . Suppose that Tfj< is a family of functional shifts for D 6 

R(X) induced by a function f £ H(K), the operator A £ L0(X) maps SuEA 
into itself, ReTZo and 

(19) Tf,h = T/th(I + RA) - TftoRA for all h £ ft C K. 
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If the origin is the limit point of Q then 

(20) lim {T'th - T'f0)x = /'(0)(£> + A)x for all x G S U EA, 

i.e. the family Tj has the limit property on the set SuEA, its infinitesimal 
generator is f'(0)(D + A) and T'j K acts in the following manner: 

T'fhx = [f(hD) - / ( 0 ) ] ( 7 + RA)x + f(0)x for all x G S U EA, he Q. 

P r o o f . Suppose that the family T'j n is defined by Formula (19). Then 
T'ffl — Tfto- Let x G S U be arbitrarily fixed. By Proposition 7 and 
Lemma 2, we get 

& 0 L { T ' F ' H " T ' F > O ) X = & H T J ' H ~TFFI + { T F ' K ~ = 

= & VT>* ~ + f e I~ T ^ R A x = 
= f'(0)Dx + f'(0)DRAx = f'(0)(D + A)x. 

Let now x G SnEA be arbitrarily fixed. By definition and our assumptions, 
for all h € K we have 

T'Lhx = Tfth(I+RA)x - TffiRAx = f(hD)(I+RA)x - f(0)RAx -
= [f(hD) - /(0)](/+ RA)x + /(0)x. • 

N o t e 5. Suppose that D G R(X), R G TlD, A G L0(X) and the 
operator I + RA is invertible. Recall that D° = D + A G R{X) and R° = 
( 7 + RA)_1R G HD (cf. f<ir instance PR[1]). Recall also that the sum of a 
closed operator and a continuous operator is again closed. So that, if D is 
closed and A is continuous, then D° is closed. 

Proposition 6 and Note 1 together imply the following 

P R O P O S I T I O N 8 . Suppose that X is a locally bounded F-space over C , 
Tftn is a family of functional shifts induced by a function f G H(K), 0 G 
Q C K is a limit point of Q, A G Lo(X) maps the set X\(D) defined by 
Formula (15) into itself and the family T'j n is defined by Formula (19). Then 
Formula (20) holds on X\(D), i.e. Tfyn has the limit property on X\(D) and 
its infinitesimal generator is f'(0)(D + A). 

C O R O L L A R Y 3 . Suppose that all assumptions of Theorem 7 are satisfied 
and /'(0) ^ 0. Let T'} K be defined by Formula (19). Then the family TjK = 
Tl/f.i0T'fK has the limit property on Si) EA and its infinitesimal generator 
is D + A. Moreover, 

2 » = 1^rA[f(hD)-m](I+RA)x + mx} for x G SUEA, h G K. 
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P r o o f . By our assumption, 1 / / ' 6 II(K), which implies / ' (0) / 0 and 
TI/FFIX — 77^0)x for x € 5 U Ea. This, and Theorem 7 together imply that 
the family T j K has the limit property on 5" U EA and that its infinitesimal 
generator is y ^ y / ' ( ° ) ( j D + A) = D + A. m 

PROPOSITION 9 . Suppose that 0 € ft C K is a limit point of ft, Tj(n)tij 
is a family of functional shifts for a D G R{X ) induced by a function € 
H{K) and / ( " + 1 ) (0) # 0 for an arbitrarily fixed n £ N 0 . Then the family 

( 2 1 ) = J i ^ Q f / < • > . « (» € No) 

has the limit property on S U EA and its infinitesimal generator is D. 

P r o o f . Let n G No be arbitrarily fixed and let a family of operators be 
defined by Formula (21). Then for all x € S U Ea we get 

lim -T^hx = lim r w I,wnATn«) h - TfW 0)x = 

= /(»+')(0) n l T - o 1{TI"'* - r / ' -» .« ' x = 

= T ^ W / " ^ 0 ' = D x - • 
PROPOSITION 1 0 . Suppose that all assumptions of Proposition 9 are sat-

isfied and the families Tf(k)in (k = 0 , 1 , . . . , n; n € N o ) are given. Then 

(i) the family 

has the limit property on the set S U Ea and its infinitesimal generator is 
Dn+1. 

(ii) if ft C K is an open set then 

T(n) _ i 1 d n rp \ 
' ' " ' x f l ^ m h « 1 ' * ) ^ 

P r o o f . Let n e No be fixed and let the family T^q be defined by 
Formula (21). Let a family of operators be defined by Formula (22). 

(i) Our assumptions and Proposition 9 together imply that for all x € 
S U EA, H € ft we have 

fe " = l(f'(n)<h ~ f f ^ ) D n x = D{Dnx) = Dn+ix. 
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(ii) Clearly, for all h e Q, 

_ * ™(n) _ rp p.n 
i,h ~ y(n+l)(0) f'h ~ /(n+l)(Q) /<n)'/l " 

This implies (cf. B[l]) 

rp(n) _ 1 dn 

M - /(n+l)(0)d/^ 

T H E O R E M 8 . Suppose that 0 G Q C K is a limit point of i? , Tftn is a 
family of functional shifts for a D G R(J\f) induced by a function f G If (K) 
and l / / ( i ) G J i ) /or j = 0 , . . . , n ( n G No). Suppose, moreover, that 
R G li-D, the operators Ao,..., G Lo(X) are continuous and .Ao, • • • j -An 
map S U iiyi into itself. Let the families T j ^ 6e defined by Formula (22) and 
let 

n 

(23) A(Z>) = £ 
j=o 

Then 

(i) the family 

(24) A / f „ ( 0 ) = -±-A0Tf,nR + £ AjTfa1* 
J y > j=i 

has the limit property on S U Ea and its infinitesimal generator is A(D); 
(ii) the family Aftn(D) acts in the following manner 

AfAD)x = j^A0f(hD)Rx + £ -l^.Ajf^\hD)D^x 
3 = 

for x G S U EA, h£ Q. 

(iii) if the operator 

(25) A ( I , R ) = Y , A j R n ~ i 
j=o 

is invertible (respectively, right invertible) then A(D) G R(X) and Ra(d) — 
RN[A(I, R)]'1 e 1ZA(d) (respectively, Ra(d) = RhRa, where Ra€ Ha(i,r))-

P r o o f , (i). Similarly, as in the proof of Propositions 9 and 10 (cf. also 
the proof of Theorem 7), by Lemma 2, for all x G S U Ea we have 

1 n n 

lim j-[AFTH(D)-AFFI{D)]x = AoDRx + Y] AJDjx = V AJDJx = A(D)x. 
J=1 3=0 
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Point (ii) follows from our assumptions, Point (i) and Formula (16). The 
proof of Point (iii) can be found in PR[1], where we have used the identity: 
A(D)RN = A(I, R). M 

Similarly, we can prove the following 

THEOREM 10. Suppose that 0 € O C K is a limit point of Q, Tftn is a 
family of functional shifts for a D € R{X) induced by a function f € H(K) 
and l// ( j ) € H(K) for j = 0 , . . . ,n (n 6 No). Suppose, moreover, that 
R € Hd, the operators Aa,...,An 6 LQ(X) are continuous and Ao,...,An 

map S U EA into itself. Let the families T j ^ be defined by Formula (22) and 
let 

n 

(26) A{D) = Y , D i A > -
j=o 

Then 

(i) The family 

( 2 7 ) AJ,K(D) = Y^TF,„RAO + ¿T/O-D.^i 

has the limit property on S U Ej\ and its infinitesimal generator is A(D); 
(ii) If the operator 

n 

(28) A(I,R) = 
j=o 

is invertible (respectively, right invertible) then A(D) 6 R(X) and RA{D) — 
[A{I,R}]'1 RN E TZA(D) (respectively, RA(D) = RARN, where RA£ HA(I,R)). 

P r o o f . The proof of (i.) is going on the same lines, as the proof of Point 
(i) in Theorem 9. Point (ii) can be found in PR[1], where we have used the 
identity: A(D) = DnA(I, R). m 

COROLLARY 4 . Suppose that all assumptions of Theorem 9 (or Theo-
rem 10) are satisfied and the operators AO,...,AN are stationary, (i.e. are 
commuting with D and R simultaneously). Then A(D) = A(D), A(I,R) = 
A(I,R), the family AJTN{D) = AFTN(D) defined by Formula (24) (or For-
mula (27)) has the limit property on the set S U Ea and its infinitesimal 
generator is A(D). 

P r o o f . By our assumptions, A(D)TFTH, = TJ^A{D) for all h € K. More-
over, A(D) = A(D). This, and the equalities A(D)Rn = A(I,R) = A(I,R) 
together imply our conclusion. • 
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Observe that families of operators, which appear in Theorems 7, 8, 9, 
Propositions 8, 9 and Corollaries 3, 4, are not families of functional shifts if 
the operators A,AQ, ...,An are not operators of multiplication by scalars. 
Nevertheless, these all families have the limit property. Theorem 3 and 7 
show that, in general, Theorem 4.1 and Corollary 4.1 in PR[3] (on pertur-
bations of functional shifts in the case f(h) = eh) do not hold. 

We shall give now some examples of functional shifts. 

E X A M P L E 1 . Let K = Q = C, X = / / (C ) (with the topology of uniform 
convergence on compact sets). Let D = j-t. Then S = X. Let 

n 
f{h) = Y,*khkea>\ 

k=0 
where ao , . . . , a n , ao = 0, a\,..., an G C \ {0} and oo,...,an

 are not nec-
essarily commensurable. Clearly, for all x G X 

00 hn 

(ehDx)(t) = J ] -¡x^(t) = x(t + h). 
„ 71« 

n = 0 

Thus functional shifts induced by the function / are of the form: 
n 

(TJiHx)(t) = akhkx(k\t + akh) for x € H(C), t, h £ C. 
fc=0 

Indeed, Formula (8) implies that 
n oo / L\n n 

(:Tf,hx)(t) = a*hkE>k ( E ^ T - D U x ) = £ + *kh). 
k—0 n=0 ' k=0 

In particular, if 

f(h) = a cos ah + b sin /3h, (a, b € C, a , /3 G R-), 
then 

(TJthx)(t) = i[(a - ib)x(t + iah) + (a + ib)(x(t - iah)]. 

E X A M P L E 2. Let X and D be defined as in Example 1. Then R = / ' G 
7ZD and the operators / — AR are invertible for all A G C. Let A = R. 
Clearly, A satisfies all assumptions of Theorem 4. For all x G X we have 
(.R2x)(t) = f*(t - s)x(s)ds and T f f l x = /(0)x = a0x. The family T'f I( 

defined by Formula (1.17) is then of the form 

(Tf,kx)(t) = 
= {[Tf,k + (TJiK-Tffi)R2}x}(t) = 
= [f(hD)x + f(hD)R2x - f(0)R2x)(t) = 
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oo 
= [ £ ea*hDDk(x + R2x) - a0R2x\ ( t ) = 

oo 
= \a0R2x + aiheaihDRx + ea'hD(D2x + Dk~2x - a0R2x\ ( f ) = 

k=2 
t+cri/i oo 

= a i h f x ( s ) d s ] - J 2 a k h k [ x ^ ( t + akh) + akh) + x ( k - 2 \ t + akh)J. 
0 k=2 

The infinitesimal operator for the family T'j K is 

f'(0)(D + A) = a , ( ^ + / ) . 

o 

If ai = / ' (0) / 0 then the family T£ K = a^xT'J K has the limit property 
and its infinitesimal operator is D + A = ^ + f0 • 

E X A M P L E 3 . Let X and D be defined as in Example 1. Assume that the 
function / € X can be represented in the form: / = e9 , where g(h) = eah 6 
I , a 6 C . Then functional shifts induced by the function / are of the form 

( T f i h x ) ( t ) = T + f o r x G X , t , h e C . 
' n! 

n = 0 

E X A M P L E 4. Let X and D be defined as in Example 1. Assume that the 
function / G l can be represented in the form: / = e9, where g(h) = h2, 
i.e. f(h) = eh . Then functional shifts induced by the function / are of the 
form 

°° h2n 

( T f , h x ) ( t ) = £ —x< 2 n > ( 0 for x e x , t , h e c. 
71 = 0 

In particular, 

„,h2D2 ^ n , i „h2D2 • • 1. e'1 ^ cosi = - [cos(f- / i )+cos( i+/ i ) ] ; eh u s ini = -[s\n(t-h)-sm(t+h)]. 
z z 

E X A M P L E 5. Let X = H ( K ) , where K = {h e C : \h\ < 1}. Let 
Dx = jftx+dx, where d 6 / i f \{0}. Clearly, D € R ( X ) . By an easy induction, 
we get 

Dnx = ( ? ) dn~kx(V for x e X , ne N . 

k=0 ^ ' 

Let f(h) = for h 6 K. Then functional shifts induced by the function 
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/ are of the form 

Indeed, for all x £ X and h 6 K we have 
oo 00 n s \ 

TJtkx = f(hD)x = = E E U ) r t ( / t ) = 
n=0 n=0 fc=0 ^ ' 

00 00 00 , 00 / j\ \ 

= E ( E = E ( E (m
k ) 

k=0 n=k k=0 V m=0 ^ ' ' 
c o 00 00 

= E [ E hmdm]hkxW = (1 - dh)-^hkx^ = 
fc=0 m=0 Jt=0 

1 / h \ h
 (fc) 1 / h d\ 

~ \ - d h f ^ \ \ - d h ) X ~ 1 -dhf\1 -dhdt)X' 

EXAMPLE 6. Let X be the space of all sequences { xn] such that xn £ C 
for n € N. Let D be the operator of the forward shift: D{xn} = {a;n+i}. It 
is easy to verify that D G R(X) and that the operator R defined as follows: 

= {x n_i}, where 
•En—k — Oif & > n, is a right inverse of D. Moreover, 

the space X equipped with the topology of coordinatewise convergence is 
an F-space and X = AR(D) (cf. PR[2]). Let n 

f(h) = ^ ak€h where a j , . . . , an 6 C. 
k=l 

Then functional shifts induced by the function / are of the form 
n 00 hm 

Tf,h{Xn} = Eflfc E iiXn+km} for {xn} G X . 
k= 1 771 = 0 
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