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ON GAUSSIAN RANDOM MEASURES
GENERATED BY EMPIRICAL DISTRIBUTIONS
OF INDEPENDENT RANDOM VARIABLES

1. Introduction

Let £,61,&,,... be a sequence of i.i.d. real random variables with the
law p. The associated empirical measures are defined by 1 > 8¢, , where
0, denotes the point mass at z € R. Various aspects of asymptotic theory
for empirical measures have been developed in the literature; see e.g. [3,
Section 3.2] (large deviations), [12] (central limit theory) and, in a more
general setup, [6] (hydrodynamic limits).

In this note we consider normalized fluctuations of empirical measures,
given by random signed measures

Xn = \/— Z(éfk H)-

It was pointed out by various authors (e.g., [8,9]) that, in general, we cannot
expect the weak limit of X, to exist as a randomn measure on R. Therefore,
larger spaces are considered; those play little role bellow and are used only
to make sense of the object considered; the reader not comfortable with the
space S’ of Schwartz distributions (see [13]), may safely substitute for S’
a separable Hilbert subspace H of &’. When X, are considered as random
variables taking values in the Schwartz space &', then it is known that X,
converge weakly to a random tempered distribution X (see [9]). The law of
X is a symmetric tight Gaussian measure I' on &’. Its covariance functional
C(f, g) for rapidly decreasing f,g € S is given by

(1) C(f,9) = E{(f(&) — Ef(£))(9(£) — Eg(£))}
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i.e., C(f,g) is equal to the covariance of the real random variables f(¢),
9(6)

Conversely, given a real random variable £, formula (1) defines a contin-
uous symmetric positive definite bilinear form on § which, therefore, is a
covariance functional of a Gaussian random element X with values in ', the
(topological) dual of S; the law of X is a symmetric tight Gaussian measure
I' on &'. In the terminology of [4], the map L : § 5 f — (X, f) is called
the centered noise random linear functional. Since the space M(R) of signed
measures of finite variation is a Borel linear subspace of the Schwartz space
S’, by the zero-one law of Kallianpur [10], Prob(X € M(R)) is either 0 or
1. Our main result answers when the probability is one. The result comple-
ments [5, Theorem 3.1], who consider the discrete case only; our proof is
also very elementary (writing a series expansion that trivially converges or
diverges).

THEOREM 1. Let £ be a real r.v. and let X be a Gaussian S'-valued r.v.
with the covariance given by (1). Then Prob(X € M(R)) = 1 if and only if
the following two conditions are fulfilled.

(2) & s discrete;

(3) Z V/Prob(§ = z) < oo.

Moreover, if (2) and (3) hold, then X takes values in the set M ,(R) of
measures absolutely continuous with respect to p.

Random variables X,, are measure valued and from Theorem 1 it is clear
that we can expect X, to converge weakly in M(R), i.e., M(R)-valued i.i.d.
random variables ¢, to satisfy the central limit theorem in the Banach
space M(R) of signed measures with bounded variation topology, only if
conditions (2) and (3) are fulfilled. This indeed is the case as shown by the
following corollary, (see Durst & Dudley {5, Theorem 3.1]).

COROLLARY 1. If £ satisfies (2) and (3), then r.v. &, satisfy the central
limit theorem in M(R).

Proof. Since p is discrete, M,(R) with the induced (total variation)
norm topology is isomorphic to the space f; of all absolutely summable
sequences. It is well known that ¢, is a Banach space of cotype 2 (see, e.g.,
(1, p. 188]). Therefore (cf., e.g., [1, p. 194]) to prove the theorem it is enough
to check that there is a Gaussian M ,(R)-valued r.v. X with the covariance
given by (1). Clearly, X from Theorem 1 satisfies the requirements. =



Gaussian random measures 735

Remark 1. Corollary 1 does not assume any integrability properties of
§; for related CLT results that assume conditions on tails of €, (see Gine &
Zinn [7]).

It is also of interest to point out that in general, distribution valued
r.v. X with the covariance (1) has a series expansion X = ) v,7,, where
v, are deterministic measures which are absolutely continuous with respect
to p and 7, are real i.i.d. N(0,1) r.v. This fact is a direct consequence of
the theory of reproducing kernel Hilbert spaces associated with a Gaussian
measure (see, e.g. [11]) and of the following result.

PROPOSITION 1. For each p, the reproducing kernel Hilbert space Hx of
X is contained in M ,(R).

In one of the proofs we shall use the following folklore result, which we
prove for completeness in a more general form than what is needed below.

ProvrosiTiON 2. If T'y, Ty are two tight Gaussian measures on a locally
convez space E such that their reproducing Hilbert spaces satisfy Hr, C Hr,,
then for each Borel subspace L of E,

I2(L) < Ta(L).

2. Proofs _
We shall use the following “abstract” results about Gaussian vectors.

(A) If v, are deterministic measures such that for i.i.d. N(0.1) r.v. v,
the series X = }_ vy, converges in the variation norm || - || on M(R), then
Prob(X € M(R)) = 1.

(B) (see [10]) If T is a tight Gaussian measure on a locally convex quasi-
complete space E, then for each Borel subspace L of E and every vector
v € E,T(L + v) is either 0 or 1.

(C) (see [2]) If Ty, T'; are two tight Gaussian measures on a locally
convex quasi-complete space E such that their reproducing Hilbert space
norms satisfy | - |r, < K| -|r,, then there exists a symmetric Gaussian
measure 'y and a constant ¢ > 0 such that

rz(CA) = Fl * Po(A)
for all measurable sets A.

2.1. Proof of Proposition 2

We claim that the inclusion Hr, C Hr, is a continuous embedding.
Indeed, let K; denote the unit ball of Hy,, i = 1,2. Both sets K’; are compact
subsets of E (c.f. [2]) and, since the embedding Hr, C E is continuous, their
intersection A = K;NK3, being closed in E, is closed in Hr, . Moreover, Hr,
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is the union of sets n&', n > 1. Indeed, Hr,; = |J,,5; 7K and for sequences
of non-decreasing sets A, and B, one has -

|J 4nnJ Br= | 4n 0 B..

n2>1 n21 n>1

By the Baire Theorem, K C noK C noK, for some ng, proving that the
embedding is continuous.
Since the inclusion Hr, C Hr, is continuous, therefore by (C) we have

(4) Ty(L)= [ I'y(L - z)To(dz).
E

By symmetry 'y (L ~2z) = Ty (L +z) and for z € L, sets L+z and L —z are
disjoint affine subspaces of E. Therefore from (4) it follows that I'; (L—=z) < 1
and by the zero-one law (for Borel affine subspaces) I'y(L—2z) = O for z € L.
This shows that T'y(L) = I} (L)[o(L) < Ty(L). =

2.2. Proof of Theorem 1

(Sufficiency) Suppose (2) and (3) hold. Denote by r,, the values of £ and
put p, = Prob(§{ = r,) = p(rn). Let (7,) be a sequence of independent
standard normal N(0,1) r.v. The series X = Y ,/pn(6r, — pt)yn converges
in the variation norm and hence X is an M ,(R)-valued Gaussian random
variable. A direct computation shows that for f € § we have E(X, f)? =

E(X /Pr(f(ra)—[ fap)1n)? = 3 pn(f(rn)— ] fdp)?, which matches (1). =

(Necessity) Suppose that either (2) or (3) fails. We shall show that this
contradicts Prob(X € M(R)) = 1.

Let 4o be a normal N(0,1) random variable independent of X and put
(5) Y =X +vop.
The covariance Y is given by
(6) EY, )= [ fPdp.

Since u is in M(R), therefore the events X € M(R) and ¥ € M(R) are
identical and hence Prob(X € M(R) = Prob(Y € M(R)). We shall show
that Prob(Y € M(R) = 0. If either (2) or (3) fails, then one can find disjoint
open intervals J,, such that

1(Jn) = p(Jn) = gn,
and

Z\/q—:oo.
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Let v, be a restriction of yu to Jy, i.e. v, are supported on J, and
[ fdva= [ fdu
Jn

for all bounded measurable f. Denote by |-| the associated Hilbert norm in
Hy. The formula
2
=) dign

(7) 1Y v

gives the explicit expression for the reproducing kernel Hilbert space of a
finite linear combination of measures (vy,). Indeed,

IZanun = sup{Zan f fdvp, . fES, f fldu < 1}
sup { Y anbn [ fadva: [ flau<1, Y0 <1}
sup{(zai( ffnd/t)z)l/z: J fﬁdusl}-
JIn
This proves (7), since -

sup{ [ fap)?: [ fldp< 1} = p(Jn) = gn.
Jn

Il

From (7) it follows that (\/—lq_:un)nZI is an orthonormal sequence in Hy.
Let Z = 71_—Vn7n, where (7,) are i.i.d. N(0,1) random variables. The

an
reproducing kernel Hilbert space of Z lies in the reproducing kernel Hilbert
space of Y, as its conjugate Hilbert space norm on § is smaller (Jensen’s
inequality). Applying Proposition 2 to E = 8’ and its linear subspace L =

M(R) we have
Prob(Z € M(R)) > Prob(Y € M(R)).

However, the variation norm || ) \/%un'yn” =Y ——\/lq——;|'yn| diverges, i.e., if
Cn is a ball of radius N in the variation norm in M(R), then Prob(Z €
Cn) = 0 for all N > 1. Therefore 0 < Prob(X € M(R)) = Prob(Y €
M(R)) < Prob(Z € M(R))=0. n

2.3. Proof of Proposition 1

Let Y be the Gaussian random measure on S’ defined by (5). Then the
reproducing kernel Hilbert space of X is contained in the reproducing kernel
Hilbert space Hy of Y, since the covariance (6) dominates (1). We shall show
that Hy is contained in M(R). To this end notice that by definition Hy
consists of the distributions T’ € S’ such that sup{(T, f) : [ f2du < 1} < 0.
Each such T is actually given by < T, f >= [ f(z)g(z)du(z) for some g €
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Ly(R,dp). Since p is a probability measure, therefore Ly (R, du) is contained
in L1(R,du) and hence each T is a u-absolutely continuous measure with
the density % =g.

Acknowledgement. We would like to thank A. Jakubowski, S. Kwa-

pient, and W. Niemiro for helpful comments and encouragement.

(1]

References

A. Araujo, E. Giné, The Central Limit Theorem for Real and Banach Valued
Random Variables, Wiley, New York 1980.

{2] C. Borel, Gaussian random measures on locally convez spaces, Math. Scand. 38
(1976), 265-284.
[3] J.D.Deuschel,D. W.Stroock, Large Deviations, Pure and Applied Mathematics
vol. 137, Academic Press, Inc, Harcourt Brace Jovanovich, Publishers, Boston, 1989.
[4] R. M. Dudley, Gaussian processes on several parameters, Ann. Math. Statist. 36
(1965), 771-788.
[5] M. Durst, R. M Dudley, Empirical processes, Vapnik-Chervonenkis classes and
Poisson processes, Prob. Math. Stat. (Wroclaw) 1 (1980), 109-115.
[6] A.De Masi, E. Presutti, Mathematical Methods for Hydrodynamic Limits, Lec-
ture Notes in Math. v. 1501, Springer, 1991.
[7] E.Giné, J. Zinn, Empirical processes indezed by Lipschitz functions, Ann. Probab.
14 (1986), 1329-1338.
[8] R. Holley, D. Stroock, Generalized Ornstein-Uhlenbeck processes as Limits of
Interacting systems, Lecture Notes in Math. v. 851, Springer, 1981, 152-168.
[9] K. 1té, Distribution- Valued Processes Arising from Independent Brownian Motions,
Math. Zeitschr. 182 (1983), 17-33.
[10] G. Kallianpur, Zero one laws for Gaussian processes, Trans. Amer. Math. Soc.
149 (1970), 199-211.
[11] H. H. Kuo, Gaussian Mecasures in Banach Spaces, Lecture Notes in Math. v. 463,
Springer 1975.
[12] D.Pollard, Empirical processes: Theory and Applications, NSF-CMBS Regional
Conference Series in Probability and Statics Vol. 2, Institute of Math. Statist. 1990.
{13] L.Schwartz, Théorie des distributions, Hermann, Paris 1966.
Wtodzimierz Bryc Wiodzimierz Smoleriski
DEPARTMENT OF MATHEMATICS SYSTEM RESEARCH INSTITUTE

UNIVERSITY OF CINCINATI

POLISH ACADEMY OF SCIENCES
NEWELSKA 6

PO BOX 210025
CINCINATI, OH 45221-0025, USA

bryc@ucbeh.san.uc.edu;

01-447 WARSZAWA, POLAND

Received August 30, 1994.



