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ON LOCALLY SYMMETRIC SETS 

Introduction 
Locally symmetric sets were considered by S. Marcus, among others, in 

papers [3] and [4]. This notion was useful in investigating the problems con-
nected with continuity and symmetric differentiability. In the paper we give 
various theorems on the structure of locally symmetric sets. These results 
will be used to examine a symmetric generalization of the derivative of a set 
and a function as well as to study symmetric continuity. 

1. Points of local symmetry of sets 

DEFINIT ION . A point x will be called a point of local symmetry of a set 
A if there exists a positive number d such that, for each number h satifying 
the condition |/i| < d, the implication 

(1) x + h€A=> x-h€A 

holds. 

The set of all points of local symmetry of the set A will be denoted by 
the symbol 5(j4). 

1.1. I f B = R\A, then S(B) = S(A). 
(R will always denote the set of all real numbers). In particular, 5(0) = 
S(R) = R. 

1.2. S(ADB)D S(A)DS(B), 
S(AUB) D S(A)C\S(B), 
S(A \ B) D S(A) n S(B). 

More generally, if Aj C S(Bj) for j = 1 , 2 , . . . , n, then 
n n n n 

and 
j=i 3=1 
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In particular, if A C S ( B j ) for j = 1,2,...,n, then 

n n 

y i C 5 ( f | 5 i ) and. A C 5 ( [ j B^j. 
3 =1 3=1 

Equalities in the above inclusions may not liold, for example, for A = Q 
(Q will always denote the set of all rational numbers) and B = R\Q because, 
then, 5(A) = S(B) = Q and 5 ( A n 5 ) = 5 (AU5) = R. Whereas, for A = Q 
and B = Q, we have S ( A \ B ) = R ^ Q = S(A n B). 

1 . 3 . 5 ( A ) C S[S(A)]. 

P r o o f . Let x G 5(A). Then there exists a positive number d such that 

(2) V|/l|<(/(x + h e A < = > x - h e A ) . 

Consider an arbitrary fixed number h where |/t| < d. If x + h G 5(A), 
then there exists a number dh> 0 such that 
( 3 ) V| f c| <dh(x + h + k e A ^ x + h - k e A ) . 

We may, of course, assume that the number dh is so small that [x + h — 
dh, x + h + dh] C {x — d, x + d), that is, |/i| + dh < d. Putting successively 
in (2) h + k and h — k instead of h, we obtain 

x + h + k € A x - h - k £ A and x + h - k e A x - h + k e A. 

Hence and from (3) we have 

V|fc|<dh(x - h - k e A x - h + k e A), 

which yields x — h € 5(A). We have demonstrated that 

V|h\<d[x + h € 5(A) =• x - h g 5(A)], 

i.e. that x G 5[5(A)]. • 
Inclusion 1.3 cannot be replaced by the equality since, for instance, for 

the set A = {0,1,1/2,1/3,. . .} , we have 5(A) = R\{0} and 5[5(A)] = R. 
1.4. 5(A) n A C 5[5(A) n A] and 5(A)\A C 5[5(A)\A]. 
P r o o f . Let, for example, x € 5(A)\A. Then x ^ A and there exists a 

number d > 0 such that condition (2) is satisfied. 
Consider an arbitrarily fixed number h where 0 < |/i| < d. If x + h G 

5(A)\A, then x + h ^ A and, in virtue of (2), x — h £ A. Moreover, there 
exists dh G (0, d — |/i|) such that 

V|A;|<dh (x + h + k G A <=> x + h - k G A). 
Replacing successively in (2) h by h + k and h — k, we have the equivalences 
x + h + k G A x — h — k G A and x + h — k G A <==$• x — h + k G A from 
which we now infer that, for \k\ < dh,we have x—h—k G A x—h+k G A, 
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i.e. that x - h € 5(A) . Since x - h g A, therefore x - h £ 5 ( A ) \ A provided 
|/i| < d. In consequence, x £ 5[5(A)\A] . 

1.5. 5 (A) C 5(Int A). 

P r o o f . Let x £ 5(A) . Then there exists a number d > 0 such that, for 
|/i| < d, the equivalence 

(4) x + h £ A x - he A 

holds. If now x + h £ Int A, then there exists an interval (a, b) such that 
x + h £ (a,b) C A. From condition (4) we deduce that x — h £ (2x — b,2x — 
a) C A. For |/i| < d, we have shown the implication k + h £lnt A x - h £ 
Int A which gives the relation x £ 5(Int A). 

1.6. If a set A is nowhere dense, then the set A fl 5 (A) (the more so, 
the set A fl 5(A)) is countable. 

P r o o f . Let B — A. The set B is closed and nowhere dense. Without loss 
of generality we may assume that the set B is contained in some interval 
(a, 6) where b — a < oo. 

Denote by (oi , 6i), (02^2) • • • components of the set (a, b)\B, and by D 
the set of all numbers of the form (am + an)/2, (bm + bn)/2, (am + bn)/2 
where m,n = 1 , 2 , — 

Since BNS(A) C [(B\D)C\S(A)]UD, and the set D is at most countable, 
the assertion of 1.6 will be proved when we show the equality 

(5) ( B \ D ) n 5(A) = 0. 

Let x £ ( B \ D ) fl 5(A) . The point x is not isolated in the set A since, 
in the contrary case, x = 6m , x = an and x = (bm -f an)/2 £ D. Being an 
accumulation point of the set A, thus of the set B, x is a limit from at least 
one side, say from the right, of some subsequence (a^n) of the sequence (an) . 
Since x £ 5 (A) , therefore, for n sufficiently large, we have (2x — 2x — 
akn) D A = 0 because (a k n , bk J n A = 0. 

It is easily seen that the interval (2x — bkn, 2x — akn) is, for a sufficiently 
large n, some interval ( a m , b m ) . Hence am = 2x — bkn and x = (am+6fcn ) /2 £ 
D, which contradicts the relation x g D. We have justified relation (5) and, 
thereby, the assertion is proved. 

1.7. If a set A is measurable (in the sense of Lebesgue),then the set 5 (A) 
is measurable. 

P r o o f . It can easily be seen that 5(A) is the set of all those points at 
which the symmetric derivative DIA(X) = 0 and, at the same time, 5 (A) = 
{x : the finite D1A{X) exists}, where 1A is the characteristic function of 
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the set A. In virtue of a theorem from paper [1] (see e.g. Theorem 2.3), the 
set ¿"(A) is therefore measurable. 

We shall now give two examples in which the set 5(A) is non-measurable 
or of cardinality continuum and measure zero. 

1.8. There exists a set A C R for which the set 5(A) = A is non-
measurable. 

P r o o f . Denote by H a (Hamel) basis of a linear space R over the field 
Q of rational numbers, such that 1 £ / / . Every real number a has exactly 
one representation of the form 

a = y^ qh • h 
hen 

where the number of coefficients qh £ Q different from zero is finite. Let us 
adopt 

A = j a = I* " h '• ?i = 
h£H 

It can easily be proved that the sets A and R\A are dense and non-
measurable, A being a linear subspace of the space R. Hence we infer that 
5(A) = A. 

1.9. There exists a Borel set A of cardinality continuum and measure 
zero, such that 5(A) = A. 

P r o o f . In paper [2] (see also [6]) the author built (Lemma 3) an example 
of a linear space A C R over the field of rational numbers which is a Borel 
set of cardinality continuum and measure zero. Since 5(A) = A, therefore 
5(A) is a Borel set of cardinality continuum and measure zero. 

2. Locally symmetric sets 

DEFINITION. A set A C R is called locally symmetric if each point of the 
set A is its point of local symmetry, i.e. if A C 5(A). 

2.1. The intersection of a finite number of locally symmetric sets is a 
locally symmetric set. 

Indeed, if the sets Ai, A 2 , . . . , An are locally symmetric, then Aj C S(Aj) 
for j = 1 , 2 , . . . , n and, in virtue of Theorem 1.2, we have Hj=i Aj C 
5(f lJ=i Aj) , that is, the set f ) J = 1 Aj is locally symmetric. 

2.2. The intersection of infinitely many locally symmetric sets need not 
be a locally symmetric set. There also exist locally symmetric sets whose 
complements are not locally symmetric sets. Similarly, the union and the 
difference of two locally symmetric sets need not be locally symmetric sets. 
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Indeed, putting An = ~ + ra~3) u (~n~ 3 , n~ 3 ) , we 
obtain open, thus locally symmetric, sets for which fl^Li An = {0,1,1/2, 
1 /3 , . . . } is not a locally symmetric set. 

The sets Q and A — {qy/2 : q € Q) are locally symmetric, whereas the 
set Q U A has only one point of local symmetry - zero. The set R\Q is not 
locally symmetric, either. 

2.3. For any set A C R, the sets 5(A),5(A) DA and 5(A)\A are locally 
symmetric. 

The above assertion follows from Theorems 1.3 and 1.4. 
2.4. For each set A C R, the locally symmetric set 5(A) is the union of 

two locally symmetric sets 5(A) D A and 5(A)\A. 
2.5. If a set A is locally symmetric,then A n Ad where Ad stands for the 

derivative of the set A is a locally symmetric set. 

For the set A = (0,1), the derivative Ad = [0,1] is not locally symmetric 
set. 

Theorem 2.5 is a corollary from more general Theorem 2.8. 

2.6. If A C 5(B) n 5(C), then A C S(B\C). In particular, for A = 
B\C or A= B, we have B\C C S(B\C), that is, the set B\C is locally 
symmetric. 

2.7. Every locally symmetric set is the union of two locally symmetric 
sets: of a dense-in-itself set and a dispersed (thus countable) one. 

P r o o f . The locally symmetric set A = B U C where B is the largest 
dense-in-itself subset of A, and C = A\B. Suppose that, for some point x 
of the set A and each number a > 0, there exists a number ha £ (—a, a) 
such that x -f- ha € B and x — ha £ B. Since, for some d > 0, the set 
A i\ (x — d, x + d) has its symmetry centre at x, therefore the symmetric 
reflection B' of the set BC\(x — d, x + d) with respect to a: is a dense-in-itself 
subset of A. From this we obtain the relation x — hd € B' C B contradictory 
with the condition x — hi B . Consequently, the set B is locally symmetric 
and, what is more, A C S{B). Since A C 5(A) and A C S(B), therefore, in 
virtue of Theorem 2.6, we have A\B C A C S(A\B), which means that the 
set C is locally symmetric. 

Let W be a condition (predicate function) defined for certain real num-
bers. The symbol W{x) will mean that a number x satisfies the condition W. 

DEFINITION . We say that a set A C R satisfies the condition W locally 
symmetrically if and only if 

V^a^oViAK^Vn* + h)=> W(x - ft)]. 
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Every locally symmetric set satisfies locally symmetrically, among other 
things, the following conditions: 

(1) A point is an accumulation point of a set. 
(2) A point is an isolated point of a set. 
(3) A point is a condensation point of a set. 
(4) A point is an (outer) density point of a set. 
(5) A point is a boundary point of a set. 

2.8. If a set A C 5(A) satisfies the condition W locally symmetrically, 
then the sets 

{x € A : W(x)} and {x e A W(®)} 
are locally symmetric. 

P r o o f . Let us adopt B = {x 6 A : W(a;)}. For each a; € A, some dx > 0 
and each h where \h\ < dx, we have the implications 

x + h€A=>x-heA and W(x + h) W(x - h) 
from which 

x + h€B=>x-h€B. 
We have shown that A C S(B), whence we get the inclusion B C 5(2?). 
Consequently, the set B is locally symmetric. Since A C 5(A) and A C S(B), 
therefore, in virtue of Theorem 2.6, A\B C A C S(A\B), which means that 
the set {x 6 A W(x)} is locally symmetric. 

2.9. If a set A is closed or open, then the set 5(A) is the union of two 
locally symmetric sets: of an open set and a countable one. 

P r o o f . Let A be a closed set, B = (R\A ) U Int A and C = S(A)\B. 
Then 5(A) = B U C, and B is a open subset of 5(A). Moreover, C = 
5(A) n A \ Int A. By Theorem 1.5, C = [5(A) n A] n [5(Int A)\ Int A]. Hence, 
according to 2.3 and 2.1, the set C is locally symmetric. The inclusion C C 
A\ In tA = Fr A implies that C is nowhere dense, and, by the inclusion 
C c C n 5(C), on the ground of Theorem 1.6, the set C is countable. 

The case when A is an open set reduces to the above one by help of 
Theorem 1.1. 

2.10. Every locally symmetric and measurable set A is the union of an 
open set B = Int A and a locally symmetric set C of measure zero, disjoint 
from it. 

P r o o f . The characteristic function 1a of the set A is measurable. It is 
easily seen that 5(A) = {x : D1A(X) = 0} = {x : DIA(X) exists and is 
finite} where Df(x) denotes the symmetric derivative of the function / at 
the point x. 
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Put 
E = {x : 1'A{x) exists and is finite}. 

We have 
E = {x: = 0} C 5(A). 

In virtue of Theorem 2.3 of paper [1], the set S(A)\E has measure zero: 

m[5(A)\£] = 0. 

Put B = A n E and C = A\E. Then A = B U C and B n C = 0, the set 
B being open. Indeed, if x € B = A fl E, then l>i(x) = 1 and = 0. 
Hence it appears that 1 a ( 0 = 1 in some neighbourhood U of the point x. 
Thus the set U C A fl E = B, and the set B is open. Of course, B = Int A. 

Since A C S{A), therefore 0 < m[A\(A fl E)] < m[S(A)\E] = 0, which 
means that m(C) = 0. 

Now, we shall demonstrate that the set C = A\ Int A is locally symmet-
ric. Let x eC. Then x € A C 5(A) and x Int A. The condition x € 5(A) 
implies the existence of a number d > 0 such that, for each h satisfying the 
condition |/i| < d, the equivalence x + h € A x — h € A holds. Hence we 
deduce that if x + h € A\ Int A, then x — h € A\ Int A = C. In consequence, 
i G 5(C) , which yields C C 5(C) . 

As a corollary we obtain the following theorem: 

2.11. Every measurable and boundary locally symmetric set is of measure 
zero. 

Theorem 1.9 implies that there exist Borel locally symmetric sets of 
cardinality continuum and measure zero. We shall now show 

2.12. There exists a non-Borel locally symmetric set of cardinality con-
tinuum and measure zero. 

P r o o f . Let A be the set from the proof of 1.9. Then A is a linear 
space over the field Q. Moreover, A is a set of cardinality continuum and 
measure zero. Denoting by B a basis of the space A, we ascertain that it 
is of cardinality c (continuum). So, it contains 2C subsets of cardinality c. 
Any two distinct subsets of those ones determine distinct linear subspaces 
of A. Hence it appears that A contains 2° linear subspaces of cardinality c. 
Among them there are, of course, non-Borel linear subspaces. Let C be such 
a subspace. Then the set C is of measure zero, of cardinality continuum 
and non-Borel, with that C = 5(C) , whence it appears that C is a locally 
symmetric set. 

2.13. A set A is locally symmetric if and only if the set A\ Int A is locally 
symmetric and contained in the set 5(Int A). 
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P r o o f . The necessity of the condition follows from Theorems 2.6 and 1.5. 
To prove its sufficiency, let us assume that the set A\Int A C 5(A\Int .A), 
and A\ Int A C 5(Int A). Then, for any point x from the set A\ Int A, there 
exists a neighbourhood U such that x is the centre of symmetry of the sets 
U H (A\ Int A) and U (~1 Int A. Thus x is the centre of symmetry of the set 
U D A. We have demonstrated that A\ Int A C 5(A). Since Int A C 5(A), 
therefore A C 5(A), q.e.d. 
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