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A FIXED POINT THEOREM 
FOR m-WEAK** COMMUTING MAPPINGS 

1. Introduction 
Let be R+ the set of non-negative reals, N the set of positive integers 

and ( X , d) a complete metric space. Consider the set F of all real functions 
/ : R+ R+ satisfying the following properties: 

(i) / is upper semi-continuous, 
(ii) / is non-decreasing in each coordinate variables, 

(iii) / ( f ) < t for any t > 0. 

THEOREM A [1]. Let S,T : X —> X be continuous. Then S, T have a 
common fixed point w if and only if there exist two self-mappings A, B of 
X and a function f € F such that 
(1 .1) A{X) U B{X) C S ( X ) D T ( A ' ) , 

(1.2) both A and B commute with S and T, 
(1.3) d(Ax, By) < f(mzx.{d(Sx,Ty),d{Sx,Ax\d(Ty,By), 

\ [d(Sx,By) + d{Ty,Ax)]}), x,y<=X. 
Further, w is the unique common fixed point of A, B, 5, T. 

2 . THEOREM B [2]. Let A,B,S,T be four self mappings of (X,d) such 
that 
(2.1) A2{X) C T2{X) and B2(X) C S2(X), 
(2.2) d(A21, B2y) < /(max{d(52x, T2y), d(S2x, A2x), 

d(T2y,B2y), \[d{S2x,B2y) + d{T2y, A 2 * ) ] } ) , x,y G X , 

Research Partially Supported by U.G.C. Grant, New Delhi, India 
1991 AMS (MOS) Subject Classifications: Primary 54 H 25, Secondary 47 H 10. 



698 H. K. P a t h a k , V. P o p a , V . V. S. N. L a k s h m i 

where f satisfies (i), (ii), (iii). If one of A, B, S,T is continuous and if A and 
B weak** commute with S andT, respectively, then A,B,S,T have common 
fixed point z. Further, z is the unique common fixed point of A, B,S,T. 

The intent of the present paper is to improve Theorems A, B with the 
use of concept of m-weak** commuting pair of mappings, by modifying and 
extending the definition of weak** commuting mapping introduced in [4] as 
defined below. 

DEFINITION 1. Two self-maps A,S of (X,d) are called m-weak** com-
muting, if A(X) C S(X) and 

(iv) d(AmSmx,SmAmx) < d(AmSx,SAmx) < d(ASmx, SmAx) < 
d(Smx,Amx) for all x 6 X, and m G N. 

Clearly, two commuting mappings also commute m-weak**, but not ne-
cessarily conversely as it is shown in the following example. 

EXAMPLE 1. Let X = [0,1] with euclidean metric d and let A, B, S and 
T be defined, for all x 6 X, as Ax = Bx = Sx = f and Tx = §, 
respectively. Then A(X) = [0, C [0, = S{X) and 

d(AmSmx,SmAmx) 

(2m-l)x + 22m (2m — l)2mx + 22m 

_ x2(22m - 2 m + 1 + 1) 
~ [(2m - l)x + 22m][(2m - l)2mx + 22to] 

x2(2m+1 - 2m - 1) 
- [(2m - 1)® + 2m + 1][2(2m _ 1 - l)x + 2m+1] 

= (2™ - l ) x + 2"»+! " 2(2m — l)x + 2 m + 1 = d ^ A m Sx ,SA m x) 

x2(2m - 1) x x 
~ (x + 2m+1)(2TOx -f 2m+1) ~ x + 2 m + 1 ~~ 2mx + 2m+1 

= d(AS-x, SmAx) = , om, < 35 - -(x + 2m + 1)(2x + 2m) ~ (x + 2m)(2x + 2m) 

< ( 2 m - l ) x 2
 = 1 * = d ( A m x S m x ) 

~ 2m[(2m - l)x + 2m] 2m ( 2 m - l ) x + 2TO v ' J ' 
Hence, we conclude that d(AmSmx, SmAmx) < d(AmSx, SAmx) < 
d(ASmx, SmAx) < d(Amx, Smx) for any x <E X. But, for any x ^ 0 we have 

ASmx = i—- > 7 = SmAx. 
x + 2m+1 2mx + 2 m + 1 
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3 . THEOREM 1. Let A,B,S,T be four self-mappings of ( X , d ) such that 

(3.1) A m ( X ) C T m ( X ) , Bm(X) C S m ( X ) , 

(3.2) d(Amx, Bmy) < /(rnax{d(Smx, Tmy), d{Smx, Amx), d{Tmy, Bmy), 

i[d(Smx, Bmy) + d(Tmy, Amx)},\[d(Smx, Bmy) + d(Smx, Tmx)]}), 

for all x,y 6 X , m £ N, where f satisfies (i), (ii), (iii). If one of A, B,S,T 
is continuous and if A and B m-weak** commute with S andT, respectively, 
then A,B,S,T have unique common fixed point z. 

P r o o f . Let XQ be an arbitrary point of X and XI, XI in X such that 
Amxo = T m x u Bmxi = Smx2. This can be done, since (3.1) holds. Accord-
ing to Fisher [3], we can inductively define a sequence 

(3.3) Amx0, Bmxu Amx2, Bmx3,..., Amx2n, Bmx2n+1,... 

such that Amx2n = Tmx2n+i, Bmx2n+i = Smx2n+2 for each integer n € 
N U {0}. Employing the method of proof due to Singh and Meade [5], we 
state that (3.3) is a Cauchy sequence and thus it converges to a point z. 
Suppose that S is continuous. Since the sequences {Amx2n} = {Tmx2n+i} 
and {Bmx2n-i} = {Smx2n} converge also to z, we have that the sequence 
{SAmx2n} converges to Sz. Besides, A being weak** commuting with S, we 
deduce 

d(AmSx2n, Sz) < d(AmSx2n, SAmx2n) + d(SAmx2n, Sz) 
< d(Smx2n, Amx2n) + d(SAmx2n, Sz) 

which implies that {5 ,m+1X2n+i} converges to Sz, as n —»• oo. 
Now, using (3.2) and the fact that {5 m + 1 x 2 n +i} converges to Sz, we have 

d(AmSx2n,Bmx2n+l) < / ( m a x { d ( 5 m + 1 x 2 n , r m x 2 r i + 1 ) , 

d(Sm+1x2n,AmSx2n), d{Tmx2n+1, Bmx2n+1), 

\[d(Sm+1x2n, Bmx2n+1) + d{Tmx2n+1,AmSx2n)}, 

^[d(Sm+1x2n,Bmx2n+1) + d(Sm+1x2n,Tmx2n+1)]}), 

Letting n —̂  oo, we get 
d(Sz, z) < / (max{d(52 , z), d{Sz, Sz), d(z, z), \[d(Sz, z) + d(z, Sz)], 
\[d{Sz, z) + d{Sz, z)]}) < f(max{d(Sz, z), 0 , 0 , d(Sz, z), d(Sz, *)}) 

< f(d(Sz,z))<d(Sz,z) 

which implies Sz = z, by property (iii), and so Smz = z. Now, 

d(Amz,Bmx2n+1) < f{max{d(Smz,Tmxn+1),d(Smz,Amz), 

d(Tmx2n+1, Bmx2n+l),\{d{Smz, Bmx2n+1) + d(Tmx2n+1, Amz)], 

±[d(Smz,Bmx2n+1) + d(Smz,Tmx2n+1)]}). 
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Letting n —» oo and using (iii), we have 
d(Amz, z) < /(max{d(z, z), d(z, Amz), d(z, z), z) + d(z, Amz)}, 

\{d{z,z) + d{z, z)]}) < /(max{0, d(z, Amz), 0 , \ d ( z , Amz), 0}) 
< f(d(Amz,z)) < d(Amz,z), 

a contradiction, and therefore Amz — Smz — z. Since the range of Tm con-
tains the range of Am, let z' be a point in X such that Tmz' = z. Then 
using (3.2), we have 
d(z,Bmz') = d(Amz',Bmz') 

< /(max{d(Smz, Tmz'), d{Smz, Amz), d(Tmz', Bmz'), 
\[d(Smz, Bmz') + d(Smz, Amz%\[d(Smz, Bmz') + d(Smz, Tmz')]}) 

< /(max{d(z, z), d(z, z), d(z, Bmz% 
\[d{z, Bmz') + d(z, z)], \[d{z, Bmz') + d(z, z)]}) 

< f(rnsix{0,0,d(z,Bmz'),id(z,Bmz')}) < f(d(z,Bmz')) < d(z,Bmz') 
which implies z = Bmz', by property (iii). Since B is m-weak** commuting 
with T, we have BmTmz' = TmBmz' which implies Bmz = Tmz. Using 
again (3.2) and (iii), we deduce Bmz = Tmz = z. Since A m-weak** com-
mutes with S, we have SmAz = ASmz and SmAz = Am+1z = Az. Now 
d(Az,z) = d(Am+1z,Bmz) 

< f(ma,x{d(SmAz, Tmz), d(SmAz, Am+1z), d(Tmz, Bmz), 
\[d(SmAz, Bmz) + d(Tmz, Am+1z)],\[d{SmAz, Bmz) + d(SmAz, Tmz)]}) 

< f(ma,x{d(Az,z),d(Az,Az),d(z, z), 
\{d(Az, z) + d(z, Az)],\[d{Az, z) + d(Az, z)]}) 

< f(ma,x{d(Az,z),0,0,d(Az,z),d(Az,z)}) < f(d(Az,z)) < d(Az,z) 
which implies Az = z, by property (iii). Therefore Az — Sz — z. Using 
(3.2), (iii) and m-weak** commutativity of B, T, one deduces Tz = Bz = z. 
Therefore, z is a common fixed point of A, B, S, T. 

Analogous proof can be given, if one supposes the continuity of T instead 
of 5. 

Now we suppose the continuity of A. Then the sequence {ASmx2n} con-
verges to Az. Since A m-weak** commutes with S, we have 

d(SmAx2n, Az) < d(SmAx2n, ASmx2n) + d(ASmx2n,Az) 
< d{Smx2n,Amx2n) + d(ASmx2n,Az) 

which implies that the sequence {SmAx2n) converges to Az, as n oo. 
Using (3.2) and properties (i), (ii), (iii), and observing that {Am+1x2n} 

converges also to Az, one proves that Az = z. As above, one shows that 
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Tmz = Bmz = z. Since the range of Sm contains the range of Bm, let z" 
be a point of X such that Smz" = z. Using again (3.2), we have 

d(Amz",z) = d(Amz",Bmz) < 

/(max{d( S m z " , Tmz), d{Smz", Amz"), d(Tmz, Bmz), 

\[d(Smz",Bmz) + d(Tmz,Amz")},\[d{Smz", Bmz) + d(Smz",Tmz)]}) 

< /(max{d(z, z), d(z, Amz"), d(z, z), \[d(z, z) + d(z, Amz")}, 

I[d(z,z) + d(z,z)}}) < f(d(z,Amz")) < d(z,Amz") 

which implies Amz" = z, by property (iii). Since A m-weak** commutes 
with S, we have d(AmSmz", SmAmz") < d(Smz",Amz") = d{z,z) = 0 and 
therefore Smz = SmAmz" = AmSmz" = Amz = 2. Since A m-weak** com-
mutes with 5 , we have AmSz = SAmz and so AmSz = Sm+1z = Sz. Now, 

d(Sz,z) = d{AmSz,Bmz) 

< / (max{d(S m + 1 z , Tmz), d(Sm+1z, AmSz), d(Tmz, £ r o z ) 
, f [d(S m + 1 z, flmz) + d(Tmz, AmSz)], i [ d ( 5 m + 1 z , Bmz) + d (S m + 1 z , T m z) ] } ) 

< f(max.{d(Sz,z),d(Sz, Sz),d(z,z), \[d(Sz,z) + d(z,Sz)], 

\[d(Sz, z) + d(Sz, z)]}) < / (max{d(5z , z), 0 ,0 , d(Sz, z), d(5z, z ) } ) 

< f(d(Sz,z)) < d(Sz,z) 

which implies Sz = z, by property (iii) and so Az — Sz = z. Since JB 
m-weak** commutes with T, we have 5 m T z = TBmz and TmBz = BTmz 
which yields BmTz = TT O + 1z = Tz and T m £ z = Bm+1z = Bz, respec-
tively. Further 

d(z,Tz) = d(Amz,BmTz) 

< f(ma,x{d(Smz, T m + 1 z ) , d(Smz, Amz), ei(Tm + 1z, 5 m T z ) , 
i [d(5 m z, BmTz) + d(Tm+1z, Amz)], i [d(5 m z, BmTz) + d{Smz, T m + 1 z ) ] } ) 

< /(max{d(z, Tz), d(z, z), d(Tz, Tz), \{d(z, Tz) + <f(Tz, z)], 
±[d(z,Tz) + d(z,Tz)]}) < /(max{d(z, Tz), 0,0, d(z,Tz), d(z,Tz)}) 

< f(d(z,Tz)) < d(z,Tz) 

which implies Tz = z, by property (iii). Similarly, we can prove that Bz = z 
and so Tz = Bz = z, we have therefore proved that z is again a common 
fixed point of A, B, 5, T. 

If the mapping B is continuous instead of A, then the proof that z is 
again a common fixed point of A, B, S,T is similar. Using (3.2), the unique-
ness of z is easily proved. 

EXAMPLE 2. Let X be the subset of R2 defined by X = {F,G,H,I,J}, 
where F = (0,0), G = ( i , 0 ) , H = (0,1), / = ( i , 0 ) , J = ( - 1 , 0 ) . Let 
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A(I) = A(J) = H, 
B(I) = B(J) = H, 
S(I) = S(J) = G, 
T(J) = T( J) = G, 

A, S ,T : X -»• X be given by 
A(F) = A{G) = G , A ( / / ) = F , 

B(F) = 5(G) = G, !?(//) = F, 
5(F) = 5(G) = G, S(II) = F, 
T{F) = T(G) = G, T( / / ) = -F, 

Further T 3 (X) = G = A3(X), 5 3 (X) = G = £3(A~). 
By routine calculation one can easily verify the weak** commutativity 

of pairs {A, 5} and {B,T}. Then A,B,S,T satisfy condition (3.2) for all 
x, y € X and G is the unique common fixed point of A, B, S, T. 

However A,B,S,T do not satisfy conditions (1.3), (2.2). For otherwise, 
choosing x = G, y = J, we would have 

d(A(G),B(J)) < f(ma.x{d(S{G),T(J)),d(S(G),A(G)),d(T(J),B(J)), 
±[d(S(G),B(J)) + d(T(J),A(G))}}), 

i.e., d(G,H) < f(max{d(G,G),d(G,G),d(G,H),][d(G,H) + d(G,G)}}), 

hence, < /(max{0,0, and ^ < / ( ^ r ) ' contradiction to 
the required condition (iii). Similarly 

d{A\G),B\j)) < f(ma,x{d(S2(G),T2(J)),d(S2(G),A2(G)), 
d(T\G), B\J)), | K 5 2 ( G ) , B2(J)) + d(T2(J), A2(G))]}), 

d(G, F) < /(max{d(G,G), d(G, G), d(G, F), ¿[<f(G, F) + d(G, G)]}) 
or j < /(max(0,0, j , | ) ) = f(\), a contradiction. 
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