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A FIXED POINT THEOREM
FOR m-WEAK* COMMUTING MAPPINGS

1. Introduction

Let be Rt the set of non-negative reals, N the set of positive integers
and (X, d) a complete metric space. Consider the set F of all real functions
f: R* - R satisfying the following properties:

(i) f is upper semi-continuous,
(ii) f is non-decreasing in each coordinate variables,
(iii) f(t) < t for any t > 0.

THEOREM A [1]. Let S,T : X —» X be continuous. Then S, T have a
common fized point w if and only if there exist two self-mappings A, B of
X and a function f € F such that

(1.1) AX)UB(X)C S(X)NT(X),
(1.2)  both A and B commute with S and T,
(1.3) d(Az,By) < f(max{d(Sz,Ty),d(Sz, Az),d(Ty, By),
L[d(Sz, By) + d(Ty, Az)]}), 2,y € X,
Further, w is the unique common fized point of A, B, S,T.

2. THEOREM B [2]. Let A, B, S,T be four self mappings of (X,d) such
that
(2.1) A*X)c T*X) and B*(X) C §*(X),
(2:2) d(A%z, B%y) < f(max{d(S%z,T?y),d(5%z, A’z),
d(T%y, By), }1d(5%z, B’y) + d(Ty, A’2)}}), =,y € X,
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where f satisfies (i), (ii), (iii). If one of A, B, S,T is continuous and if A and
B weak*™ commute with S and T, respectively, then A, B, S,T have common
fized point z. Further, z is the unique common fized point of A, B, S,T.

The intent of the present paper is to improve Theorems A, B with the
use of concept of m-weak** commuting pair of mappings, by modifying and
extending the definition of weak** commuting mapping introduced in [4] as
defined below.

DEFINITION 1. Two self-maps A, S of (X, d) are called m-weak** com-
muting, if A(X) C $(X) and

(iv) d(A™S™z,S™A™z) < d(A™Sz,5A™z) < d(AS™z,5™Az) <
d(S™z,A™z) for all z € X, and m € N.

Clearly, two commuting mappings also commute m-weak**, but not ne-
cessarily conversely as it is shown in the following example.

ExaMPLE 1. Let X = [0,1] with euclidean metric d and let A, B, S and
T be defined, for all z € X, as Az = 35, Br = ﬁ,Sw: Fand Tz = §,
respectively. Then A(X) =[0,1] C [0,1] = S(X) and

d(A™S™z,STA™ )

_ x z
T @2n -1z +22m (2m — 1)2mg 4 227
_ g?(22m — 2mtl 1 1)
T [(2™ - D + 22m][(2m — 1)2mz + 22m]
< g(2mtl —2m 1)
= (2™ = Dz + 2mH[2(2m 1 — 1)z + 2m+1]
T T

= @ - Detort  an - Daganr - AATSE 54AT)

< z2(2™ - 1) _ T . T
= (.’E + 2m+1)(2mz + 2m+1) T + 2m+1 9mg 4 2m+l
(2™ - 1) < z?
(z +2m+H1) (22 +2m) ~ (z + 2™)(22 + 2™)
(2m — 1)z? _ T T

= m[(2m -z +2m] " 2™  (2m— 1)z 2™
Hence, we conclude that d(A™S™z,5™A™z) < d(A™Sz,5A™z) <
d(AS™z,S™Az) < d(A™z,S™z) for any ¢ € X. But, for any x # 0 we have

AS a:—z+2m+l >2mz+2m_|_1 = S"Azx.

= d(AS™z, 5™ Az) =

=d(A™z, S"z).
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3. THEOREM 1. Let A, B, S,T be four self-mappings of (X,d) such that
(3.1) A™(X)CT™(X), B™"(X)C S™(X),
(3.2) d(A™z,B™y) < f(max{d(S"z,T™y),d(S™z,A"z),d(T™y, B™y),
1[d(S™z, B™y) + d(T™y, A™z)], 1[d(S™z, B™y) + d(§™z, T™z)]}),
forallz,y € X, m € N, where f satisfies (i), (ii), (iii). If one of A, B,S,T
ts continuous and if A and B m-weak™ commute with S and T, respectively,
then A, B, S,T have unique common fized point z.

Proof. Let o be an arbitrary point of X and z;, o in X such that
A™zy = T™zy, B™z; = S™z;. This can be done, since (3.1) holds. Accord-
ing to Fisher [3], we can inductively define a sequence

(33) Amwo, Bmml,Am.'lIz, Bm.’B3, ven ,A"‘:z:zn, Bm$2n+1, e

such that A™z3, = T™p41, B™Ton41 = S™Zon42 for each integer n €
N U {0}. Employing the method of proof due to Singh and Meade [5], we
state that (3.3) is a Cauchy sequence and thus it converges to a point .
Suppose that S is continuous. Since the sequences {A™z3,} = {T™Z2n41}
and {B™z3,-1} = {S™z2.} converge also to z, we have that the sequence
{SA™z,,} converges to Sz. Besides, A being weak** commuting with §, we
deduce

d(A™S22s,52) < d(A™ST9n, SA™22,) + d(SA™ 22, S7)
< d(§™Tan, A" T2n) + d(S AT 220, 52)

which implies that {S™+1z;,,1} converges to Sz, as n — oo.
Now, using (3.2) and the fact that {§™+1z5, 1} converges to Sz, we have

d(A™ 8224, B z3041) < f(max{d(S™ 22, T™z3n41),
d(S™ 1 z5,, A" S22,), d(T™T2n 41, B™T2n41),
HA(S™ 1290, B 2an41) + d(T™ 22041, A™ST2,)],
(8™ 200, B™Zopy1) + d(S™F 200, T™22n41)]}),
Letting n — oco, we get
d(Sz,2) < f(max{d(Sz,z2),d(5z,5z),d(z,2),1[d(Sz,2) + d(z, §z)],
2d(Sz,2) + d(Sz,2)]}) < f(max{d(5z,2),0,0,d(Sz,2),d(5z,2)})
< f(d(2,2)) < d(Sz2)
which implies Sz = z, by property (iii), and so S™z = z. Now,
d(A™z, B"z3n41) < f(max{d(§™2z,T"zpn41),d(S™z, A™2),
d(T™Z2nt1, B™Tons1), 2[d(S™2, B™Tons1) + d(T™ 22041, A™2)],
Hd(5™z, B z3p41) + (5™ 2, T™23041)]})-
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Letting n — oo and using (iii), we have
d(A™z,z) < f(max{d(z,z2),d(z,A™z2),d(z,2), 1[d(z,2) + d(z, A™z)],
Hd(z,2) + d(2,2)]}) < f(max{0,d(z,A™z),0, 1d(z, A™z),0})
< f(d(A™z,2)) < d(A™z, z),
a contradiction, and therefore A™z = §™z = z. Since the range of T™ con-

tains the range of A™, let 2’ be a point in X such that T™2' = 2. Then
using (3.2), we have

d(z,B™7') = d(A™Z', B™2") _
< f(max{d(S§™z,T™2'),d(S™z, A™z2),d(T™2', B™2"),
3d(S™z, B™2") + d(§™z, A™2")], 1 [d(S™z, B™2') + d(S™2,T™2")]})
< f(max{d(z, z),d(z, z),d(z, B™2")),
zld(z, B™2") + d(2,2)), 3{d(z, B™2") + d(2, 2)]})

< f(max{0,0,d(z, B™z'), 1d(z, B™2')}) < f(d(z,B™2")) < d(z, B™2')
which implies z = B™2', by property (iii). Since B is m-weak** commuting
with T, we have B™T™z' = T™B™z' which implies B™z = T™z. Using
again (3.2) and (iii), we deduce B™z = T™z = 2. Since A m-weak™* com-
mutes with §, we have ™Az = AS™z and S™Az = A™*1z = Az. Now
d(Az,2) = d(A™ 'z, B™2)

< f(max{d(8™Az,T™z),d(§™ Az, A™2),d(T™z, B™ ),
Hd(S™Az, B™z) + d(T™z, A™H12)], L[d(S™ Az, B™2) + d(S™ Az, T™2)]})
< f(max{d(Az,z),d(Az, Az),d(z, z),
$ld(Az,2) + d(2, A2)), }[d(Az, z) + d(Az, 2)]})
< f(max{d(Az,z),0,0,d(Az,2),d(Az,2)}) < f(d(Az,z)) < d(Az, z)

which implies Az = z, by property (iii). Therefore Az = Sz = z. Using
(3.2), (iii) and m-weak** commutativity of B, T, one deduces Tz = Bz = z.
Therefore, z is a common fixed point of A, B, S,T.

Analogous proof can be given, if one supposes the continuity of 7" instead

of 5.

Now we suppose the continuity of A. Then the sequence {AS™z,,} con-
verges to Az. Since A m-weak™* commutes with .5, we have

d(Smszn, AZ) S d(SmAzzn,ASml'zn) + d(ASm$2n, AZ)
S d(Sm.’L‘zn, Aml‘gn) + d(ASmIEQn, AZ)
which implies that the sequence {S™Az,,} converges to Az, as n — 0.

Using (3.2) and properties (i), (ii), (iii), and observing that {A™*1z,,}
converges also to Az, one proves that Az = z. As above, one shows that
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T™z = B™z = 2. Since the range of §™ contains the range of B™, let 2"
be a point of X such that $™z" = 2. Using again (3.2), we have
d(A™2",2) = d(A™2",B™2) <

f(max{d(§™z",T™z),d(S™z",A™2"),d(T™2,B™z),

Hd(S™2", B™z) + d(T™z, A™2")], 3[d(S™2", B™z) + d(§™2",T™z)]})
< f(max{d(z,2),d(z, A™2"),d(z, z), [d(2,2) + d(z, A™2")],
1d(z,2) + d(z,2)]}) < f(d(z,A™2")) < d(z, A™2")
which implies A™z" = z, by property (iii). Since A m-weak** commutes
with §, we have d(A™S8™2",S™A™2") < d(S™2",A™2") = d(2,2) = 0 and
therefore ™z = S™A™Z" = A™S§™z" = A™z = 2. Since A m-weak** com-
mutes with S, we have A™Sz = SA™z and so A™Sz = §™*t1z = Sz. Now,
d(S5z,z) =d(A™Sz,B™2z)
< f(max{d(S™*'z,T™z),d(S™*2,A™52),d(T™ 2, B™2)

, 2[d(S™¥1z, B™2) +d(T™z, A™S2)), 2[d(S™ 1z, Bm2) + d(S™ 2, T™2)]})
< f(max{d(Sz,2),d(5z,52),d(2,2),3[d(52,2) + d(z, 5z)],
3d(8z,2) + d(8z,2))}) < f(max{d(Sz,2),0,0,d(5z,2),d(Sz,2)})
< f(d(82,2)) < d(5z,2)
which implies Sz = z, by property (iii) and so Az = Sz = z. Since B
m-weak** commutes with T, we have B™Tz = TB™z and T™ Bz = BT™z
which yields B™"Tz = T™*1z = Tz and T™ Bz = B™t1z = Bz, respec-

tively. Further
d(z,Tz) = d(A™z,B™Tz)

< f(max{d(§™z, T™*12),d(8™2, A™z2),d(T™ 2z, B"T2z),
2d(S™z, BmTz) + d(T™+1z, A™2)), 2[d(S™z, B™Tz) 4+ d(§™z, T™+12)]})

< f(max{d(z, T2),d(2,2), d(Tz T2), Hd(2,Tz) + d(Tz, 2)],

Hd(2,Tz) + d(2,T2)]}) < f(max{d(z,T%),0,0,d(z,Tz),d(z,Tz)})
< f(d(2,Tz)) < d(z,Tz)
which implies Tz = z, by property (iii). Similarly, we can prove that Bz = z
and so Tz = Bz = z, we have therefore proved that z is again a common
fixed point of A, B, S, T.
If the mapping B is continuous instead of A, then the proof that z is

again a common fixed point of A, B, S, T is similar. Using (3.2), the unique-
ness of z is easily proved.

EXAMPLE 2. Let X be the subset of R? defined by X = {F,G, H,1,J},
where F = (0,0), G = (1,0), H = (0,1), I = (3,0), J = (~1,0). Let



702 H. K. Pathak,V. Popa,V.V.S. N. Lakshmi

A,B,S5,T: X — X be given by
AF)=A(G)=G, AH)=F, A(l)=A(J)=4H,
B(F)=B(G)=G, B(H)=F, B()=B({J)=H,
S(F)=5(G)=G, SH)=F, SI)=S5()=43G,
T(F)=T(G)=G, TH)=F, T(I)=TJ)=4gG,
Further T3(X) = G = A3(X), $3(X) = G = B3(X).

By routine calculation one can easily verify the weak** commutativity
of pairs {A,S} and {B,T}. Then A, B, S,T satisfy condition (3.2) for all
z,y € X and G is the unique common fixed point of A, B, 5, T.

However A, B, S,T do not satisfy conditions (1.3), (2.2). For otherwise,
choosing z = G, y = J, we would have

d(A(G), B(J)) < f(max{d(5(G),T(J)),d(5(G), A(G)),d(T(J), B(J)),
3d(S(G), B()) + d(T(J), A(G))]}),
ie., d(G, H) < f(max{d(G,G),d(G,G),d(G, H),;[d(G, H) + d(G,G)]}),

hence, @ < f(max{0,0,@,lg}) and @ < f(l,fj‘), contradiction to
the required condition (iii). Similarly
d(A%(G), B*(V)) < f(max{d(5°(G),T*(J)), d(S*(G), A*(G)),
d(T*(G), B*(J)), 3[d(5*(G), BX(J)) + d(T*(J), A*(G))]}),

d(G, F) < f(max{d(G,G),d(G,G), d(G, F), %[d(G’, F)+d(G,&)})
or 1 < f(max(0,0,1,1)) = f(}), a contradiction.
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