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L,-ALMOST PERIODIC FUNCTIONS

Let X¢ be the set of functions defined on the whole real axis and taking
finite real values.
Let us put for z € Xp

La(t7 4; :L') = sup M
unua€(t—b,046) U1 — U2
uy Fug
where § > 0,0 < a < 1.
We say that ty € (—00,+00) is an o-singular point of  if Ls(t,6;2) =
+o00 for every 6 > 0.
Let us write

for t € (—o0, +00),

X§ = {z € Xy : there are no a-singular points of z}.

X¢' is a linear set.

Let us put for z € X§'

Lo(z)= sup {Jz(t)|+ lim L,(,6;2)}.
—00<t<00 50

A sequence (z,,), where z, € X§ forn = 1,2,...,is called L,-convergent
to zg € X¢ iff for an arbitrary € > 0 there exists N > 0 such that forn > N
Lo(zn — 20) < €. The limit zg of the sequence (z,) which is L,-convergent
is uniquely defined.

We say that £ € X, satisfies the condition (L) iff for every ¢, €
(—00, 00) there exists a neighbourhood of tp for which the function L4(+, 1;z)
is bounded.

Let us write

X¢ = {z € Xo : z satisfies the condition (Lqa)}.
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We say that z € X§ is an L,-bounded function iff Ly(z) < 0.

A set E C (—o0,00) is called relatively dense iff there is a positive
number ! such that in every open interval (y,v + 1), v € (—00, o) there is
at least one element of the set E.

Let z € X’g‘. If for € > 0 thereis Lo(z —z,) < €, where z,(t) = z(t + 1),
then the number 7 € (—o0,00) is called L,,e-almost period of the function
z. Let us denote by E,{¢;z} the set of L,,e-almost periods of z.

A function z € XS‘ is called almost periodic in the sense of Holder
(Lq-a.p.) iff for each € > 0 the set E,{¢;z} is relatively dense. For a = 1
we obtain an almost periodic function in the sense of Lipschitz (L-a.p.).

Every Ly-a.p. function is a Bohr’s a.p. function (see (1)). Note that for
every z € X§ we have Loi(z) < Lon(z) providing that 0 < o < o < 1,
and so every L,n-a.p. function z is also Ly-a.p.

THEOREM 1. If z is an Ly-a.p. function, then z is L,-bounded.

Proof. For any t € (—o0,00) there exists an L,,e-almost period 7 €
(—t,—t+1), where ! = l(¢) is such that for § > 0 we have

Lo(t,6;z) < La(t, 652 —z.) + sup Lo, 6;2)
o<ti<i
< Lyt bz —2.)+ M,

such ! exists because of the relative density of the set F,{¢;z}. From the
above we obtain

La(z) < La(x - zr) + sup |I(t)| + M < oo,
~ocoLt<oo

because z is bounded and z satisfies the condition (L, ), what completes the
proof.

Let us observe that any L-a.p. function z is also V-a.p.(see [3]).

To prove this, fix z and € > 0 and choose the relatively dense set
E;{€/10;z}. For every 7 € E;1{e/10;z} and for every t € (—o0,00) we
have

£
2+ 1)~ 20 < =
and
€
'1_0'.
Hence there exists a positive integer n’ = n'(e,t) such that

: <
lim Ly(t, 6 — 2,) <

(1) Ll(taan’;z_‘z‘r) < ";"
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where §,, < 5/4. For any function z € Xy denote by

n-1
Voz = sup ) 1z (uig) — 2(wi)l,
1=0

where P:a =uy < u; < ... < up = b, the Jordan variation of z on the
interval (a,b). From (1) it follows that for every t € (—o0, 00)

2
viti(z —z,) < 35(1 + 6p0).

Therefore

Ve-z,)= sup {a(t+7)—2(t)]+ V(e -2)} <o,
—00<t< 00
i.e. Ev{e;z} D E1{c/10;z}, where Ey{e;z} is the relatively dense set of
V,e-almost periods of z. Hence z is V-a.p.

Now we will build a V-a.p. function that is not L-a.p. Let us put

z =1z + 2z,
where
21(u) = arcsin(u — 4k) for u € (4k - 1,4k + 1),
W= 1 arcsin(—u + 4k +2) for u € (4k + 1,4k + 3),

z2(u) = {a,rcsin(\/iu —4k)  for u € {(4k — 1)/v/2,(4k + 1)/V/2),
BU T | aresin(v2u + 4k +2)  for u € ((4k + 1)/v2, (4k + 3)/v2),

k=0,+1,42,...

Because V-a.p. functions z; and z; are V-continuous (see [3]), so the
summ z; + 25 is V-a.p. For tg = v/2/2 we have L,(t,1;z) = 400, and so =
is not L-a.p.

We say that 2 € X§ is an L,-continuous function iff for an arbitrary
€ > 0 there exists § > 0 such that for every h € (—00,0), |h| < 8, we have
Ly(z—z,) < ¢, where z;,(u) = z(u+h). For & = 1 we have an L-continuous
function.

THEOREM 2. If the derivative z' of z € X} is uniformly continuous and
bounded on the whole real azis, then z is L-continuous.

Proof. Choose M > 0 such that |z'(u)] < M for every u € (—o0,00),
and observe that |z(u+h)—2z(u)| < Mh. Because z’ is uniformly continuous,
so, for an arbitrary ¢ > 0, there exists §' € (0,¢/(4M)) such that for every
u € (—00,00) and |h| < §' we have

z(uth)—z(u)
h

' 2
z'(u)| < 7
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Hence we obtain

Li(z—zp) < sup Jz(t+h)—z(t)|+ sup lim Li(t,6;2 —zp)
—oo<t<oo —00<t<oo 60
and

sup |a(t+h) - a(t)] < MIk| < 2,
<t<oo 4

Li(t;z —zx) < sup |z'(u+ h) - 2'(u)]

—oo<u<oo

+2  sup z(ut hiz —z(w) _ z'(u)| < Z—s

—oo<uLoo
for every t € (—00,00), where 0 < § < é'/2 and |h| < §’. Therefore Lq(z —
zp) < € for every |h| < 6’ what gives the L-continuity of z.

THEOREM 3. If z is such an L-a.p. function that the derivative z’ is
continuous, then x is L-continuous.

Proof. For arbitrary 7 € E;{¢/6;z} choose ! = I(¢) that for every
h € (—o0,00) we have

Li(z — zp) < ‘s sup |z(t+h) —z(t)| + lim sup Li(t,6;x — zp).
3 —ococt<oo 6—0 o<t<i

(such an I = I(e) exists because of the relative density of E;{e/6;z}). Be-
cause z is a Bohr’s a.p. function, so z is uniformly continuous, i.e. there
exists 6’ > 0 such that

sup |e(t+h)—2(t)] < < for |h| < 6.
<t<oo 6

Because z’ is uniformly continuous on the interval (—1,/+4 1), then there
exists 6" > 0 such that for every u € (—1,/ + 1) we have

|z'(u + k) — z'(uw)] < % for |h| < §”.
Then for |h| < §p = min(é’,6"”/2) we have L;1(z — zp) < €. This means that
z is L-continuous and ends the proof.

For z € X let us denote by
z(u+t+v)— x(u
@ palu,) = 2
where u € (—00,00), v € (-1,1)\ {0},0< a < 1.

THEOREM 4. Assume that x is such an Ly-a.p. function for which the
function p, given by (2) is continuous with respect to u € (—o00,0), uni-
formly continuous with respect to v. Then = is L,-continuous.
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Proof. For any 7 € E,{¢/6;z} and for |h| < &', where §' = é'(¢) > 0,
pick I = l(¢) such that we have

Lo(z —24) < <Z + lim sup L4(t,8;z — zp)
6—0 o<t<l

(such ! = l(g) > 0 exists because of the relative density of E,{¢/6;z}). Since
the function p, is uniformly continuous on the interval (—§,/ + &), where
0 < § £ 1/2, and uniformly with respect to v, then for every t € (0,1), we
obtain

Lo(t,6;2—z3) < % for |h| < &,
where 6" = §"(¢) > 0. Hence, for |h| < min(é’,6") we have Ly(z — z) < ¢,
i.e. z is L,-continuous.

THEOREM 5. The set of all L-a.p. functions z, y for which derivatives
z', y' are continuous is a vector space.

We prove Theorem 5 in the same way as for Bohr’s a.p. functions (see
[1] pp. 202-204) using the following:

LEMMA. For an L-a.p. function z and for an arbitrary ¢ > 0 there exist
numbers § > 0, w > 0 such that for every h € (0,6) in every open interval
of the length w there exists an Ly, e-almost period T of the function z such
that T = kh, where k is an integer, if z is L-continuous.

THEOREM 6. The set of all L,-a.p. functions is L,-closed.

Proof. Fix a sequence (z,) of Ly-a.p. functions L,-converging to z. For
an arbitrary € > 0 there exists ng such that L,(z,, — z) < £/3. Note that
for any 7 € E,{€/3;zn,} we have

2
La(.’l? —- JIT) < 5 + La(xno‘r - zno)a

where z,,,(t) = 2,,(t + 7). Hence L,(z — z,) < ¢, and so z is L,-a.p.

THEOREM 7. If the sequence (z,), where z,, € X} are L, -a.p. functions
forn=1,2,...,0< a, <1, a, — 1, is Ly -convergent to a function z € X3},
then = is L-a.p.

Proof. For an arbitrary € > 0 and for any uy,u; € (t — §,t + 6), where
t € (—00,00), § > 0, u; # uz, we have for n > N; the following inequality

(2 = er)(w1) = (z —2r)(w)| _ € | [z = z0)(w) = (@ = 27)(u2)l

jur — ugl 2 jug — ug|o»

and hence we obtain

(3) Li(z—z,;)< g+Lan(:c—zT) for n > N;.
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Because there exists N, > 0 such that for n > N; we have L;(z —z, < ¢/6,
for r € E,_ {¢/6;z.}, where n > N3, we see that

(4) La,.(z - z‘r) < 2L1((E - xn) + La,.(xn - zn‘r) <

’

N ™

where z,,(u) = z,(u + 7).
From (3) and (4) it follows now that L,(z — z,) < ¢, i.e. z is L-a.p. and
completes the proof.

THEOREM 8. Let x be a Bohr’s a.p. function for which the derivative z'
is continuous. Then the function  is L-a.p. iff the derivative ' is uniformly
continuous.

Proof. Sufficiency. Assume that z’ is uniformly continuous on (—o0, ).
It is known (see [1]) that E{e;z} C E{B(¢);z'}, where E{e;z} is the rela-
tively dense set of e-almost periods of z and B(¢) — 0 as € — 0. Then z' is
a Bohr’s a.p. function. For 7 € E{¢;z} we have L1(z — z,) < 3¢ + ((¢), i.e.
z which satisfies the condition (L) is L-a.p.

Necessity. We assume that z is L-a.p. From Theorem 3 it follows that
z is L-continuous, i.e. for an arbitrary ¢ > 0 there exists A > 0 such that
for |h| < A we have Li(z — z4) < £/3, where z4(u) = z(u + h). Hence for
every u € (—oo0,00) there exists §' = 8'(¢, h,u) > 0 such that for every v,
0 < |v] < 26' we have )

€

(5) z(ut+v)—z(u)  za(v+v)—zn(v) 2

v v
for |h| < A. But for every u € (—00,00) and h such that |h] < A we have

() = Zh(w)] < [o!(w) - LEFD =20
+ z(u + vz - z(u) + zp(u + vz —zpn(u)

+ zp(u + vz — zp(u) — 2h(u)

= A(u,v)+ B(h,u,v)+ C(h,u,v).

For v, 0 < |v| < §", where §" = §"(¢,u), we have A(u,v) < £/3 and for v,
0 < |v] < 8", where 6" = §"(e,u,h) > 0, we obtain C(h,u,v) < €/3. Then,
using (5), we see that

|z'(u) — z}(v)| < e for 0 < |v] < & = min(26’,6",6"),

uniformly with respect to u € (—00, ), but this precisely gives the uniform
continuity.



Lq-almost periodic functions 695

For example the function z(u) = sin u + sin(v/2u) for u € (—00,00) is
L-a.p.

COROLLARY. If z is an L-a.p. function for which the derivative z" is
uniformly continuous, then the derivative z' is L-a.p.

THEOREM 9. If z is a Bohr’s a.p. function for which

Pa(u,v) >0 asv—0,

uniformly with respect to u € (—00,00), where 0 < a <1, then z is L,-a.p.

Proof. For an arbitrary ¢ > 0 and for r € E{c/3;z}, where E{¢/3;z}

is the relatively dense set of £/3-almost periods of z, we have

sup et +7) - 2(t) < =
—o00<t<oo 3

and for every t € (—00, 00)
2
L,(t,6;z—2,) < 3 for0<6< ¢,

where 8’ = é'(¢). Hence Ly(z — z,) < €. It is easily seen that z satisfies the
condition (L,). Therefore z is L,-a.p.
Now we will build an L,-a.p. function, where 0 < a < 1, which is not
L-a.p.
Let us put
z(u) = ¢(|sin u + sin(v2u)])  for u € (—o00, ),

where ¢ is a concave p-function (see [2]) such that
e(u) =o(u®) for0<ac< landyaoo asu—0+4.

Then z is the Bohr’s a.p. function and for u,v € (—o00,00), v # 0, we obtain
j2(u + v) — @(u)|
|v]
uniformly with respect to u € (—o00,0). By the Theorem 9 it follows that
z is Ly-a.p. For to = 0 we have L;(%o,1;2) = +00, and so z is not L-a.p.
It is known (see [1]) that if the indefinite integral of a Bohr’s a.p. func-
tion is bounded, then this integral is a Bohr’s a.p. function. The following
property is true:

< Ll + ¢(VERD » 0 asv =0,

THEOREM 10. If z is a Bohr’s a.p. function and the indefinite integral
u
F(u) = f z(v)dv for u € (—o0,00)
uo

is bounded, then F is an L-a.p. function.
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Proof. Since z is a bounded function and for an arbitrary ¢ € (—o0, 00)
we have Ly(t,1; F) < M, where M is a constant, we see that F € Xg. It is
known (see [1], p. 29) that for an arbitrary € > 0 there exists ¢/ = &'(¢) > 0
such that ¢’ < £/3 and every ¢’-almost period of z is an £/3-almost period of
F. Let us denote by E{e’;z} the relatively dense set of ¢’-almost periods of
the function z. Because z is uniformly continuous, so for an arbitrary ¢ > 0
there exists §' > 0 such that for 7 € E{¢';z} we have

sup |F(t+7)~ F(t)| < =
-00<t<o0 3
and for every t € (~00,00)

!

Ly(t,6; F - F;) < §+e' for0<é< %

Hence we have Li(F — F;) < ¢, and so E{¢';2} C Ey{¢; F},i.e. Fis L-a.p.
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