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GLOBAL IN TIME EXISTENCE OF SOLUTIONS
TO THE CONSTITUTIVE MODEL OF BODNER-PARTOM
WITH ISOTROPIC HARDENING

1. Introduction and statement of the problem and result

We study a system of equations modelling the nonelastic deformation
of metals. This system has been proposed by R. S. Bodner and Y. Partom
in [3]. We show that in the one-dimensional case the initial boundary-value
problem generated by this system has global in time solutions to all suffi-
ciently small initial data. The quasi-static case in R® without the hardening
has been studied by P. Le Tallec in [6] and by myself in [4]. In this case the
system of equations to the constitutive model of Bodner-Partom has global
in time solutions for large initial data. In [6] the author has used the theory
of monotone operators and in [4] the existence result has been shown with
energy estimates. The uni-axial dynamical case with a growth condition for
the constitutive function has been studied by H. D. Alber in [2]. In this work
L*°-bounds are derived for solutions of the Neumann boundary-value prob-
lem. These estimates imply the global in time existence of large solutions.

Let 2 = (0,L) C R and u: 2 x [0,00) — R3 be the displacement field.
Then the equations are

pdtu(z,t) = div §(z,t)

E(z,t) = % (Vu(z,t) + (V“(z,t))T)
S(z,t) = 'D(E(:c,t) - E"(z,t))
(P) s(z,1) = S(z,t) — %(trS(z,t))'I
) szl s(z,t)
0.E™(z,t) = g( 2(z,1) ) s(z, 1)

Orz(z,t) = m(2* — 2(z,t)) - |s(z, )| - |0 E™(z,1)|.
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We study the system (P) with the Dirichlet boundary condition

(D) u(0,t) = u(L,t) =0,
or with the Neumann boundary condition
(N) $5(0,t)-n_ = S(L,t)-ny =0 where ny = (£1,0,0)

and with initial conditions .
M u(z,0) = u°(z), dyu(z,0) = u'(z),
E™(z,0) = E™(2), 2(z,0) = 2%(z).
Here p > 0 is the mass density, which we assume to be constant; S(z,t) is the
stress field; s(z,t) is the stress deviator; I is the identity matrix; E(z,t)is the
strain field; E™(z,t) is the inelastic part of the strain; D = (dijri)i,j k,1=1,2,3
is the elasticity tensor, which we assume to be constant, symmetric and
positive definite, i.e.
- dijki = djiki
Vi, j k=123 T
dijki = dyiij,

(D) 3 3
3d > 0 Vn € R332 Z dijkimizne 2 d E s

i,5,k,l1=1 5,j=1
and z(z,t) is an internal state variable called the hardening; m, 2! are posi-
tive material parameters. Properties of this system depend on the nonlinear
function G. In this paper we assume that G satisfies the following

Assumptions:
(A1) G € C?([0,00);{0,00)), G(0)=0;
(A2) VpeR:G'(p)20
(A3) 3¢*>03¢1,9.>0Vp< g*

91G'(p) -p < G(p) < 9:6'(p) - .

The assumption (A3) satisfies for example all polynomials. The prop-
erties of the function G are important only for small arguments, because
we consider the problem (P) for small initial data and the hardening is

a strongly positive L*®°-function. The last statement follows directly form
equation (P6). The integration of this equation gives

(11) 2(z,t) = 2(2) + (2 = (@) exp {~ [ Is(z,7)|- 10" (z,7)] dr }

and with the assumptions
(A4) Vz € (0,L) 2°(z)< 2,

. 0 > -
(A5) Vz € (0,L) xel&)f,l,)z (x)>22z*>0
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we have, that the hardening is a bounded function greater than zero
(1.2) 0<z*<2(z,t) <2 forall (z,t).
We define for tensors R = (7;;)i,j=1,2,3, S = (8ij)i,j=1,2,3 the product

3
(1.3) R.-S= Z TijSij and IRI = (R . R)llz.
,7=1

By H(£2; R¥) we denote the usual Sobolev space of functions defined on §2
with values in R¥, with the norm || -});. The norm and the scalar product in
the space L2(12; R¥) we denote by |} - || and (-, ) respectively.

The main result is

THEOREM 1.1. There ezist sufficiently small positive constants Cy,C,
with the following property:

Assume that the initial data satisfy:
(1.4) u® € H*(92;R?), o' e HY(2;RY),
(1.5) E™® ¢ H'(2;R?), 2° € H'(;R,)
with E™%(z) symmetric, with tr E®®(z) = 0 for almost all z € (0,L) and
with the assumptions (A4) and (A5). Moreover suppose that the compatibility
conditions

(1.6) W(z)=0, ul(z)=0
for the Dirichlet boundary-value problem or
(1.7) L(V(2) + (Va(@)) = E™0(e)

for the Neumann boundary-value problem hold for x = 0 and x = L. Finally
suppose that

(18) 1l + lla s + B0l < €y,
(1.9) 16:2°]] < C:.
Then there ezists a global solution
(u, S, E™,2): 2 x Ry — R® x (R%)? x R,
of the problems (P) + (D) + (I) or (P) + (N) + (I) with
VT >0 ueH(2x[0,T);R®,
S,E™ € H'(2 x [0, T]; R®),
z € H'(2 x [0,T];Ry).
The proof of this result is based on energy estimates for a sequence
of approximate solutions. The sequence is constructed using the Galerkin

method. The energy estimates are proven using a method similar to those
used by H. D. Alber in [1].
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2. The sequence of approximate solutions

We will approximate a solution of the problem (P) by a sequence of
C?-solutions of approximate problems using the Galerkin method. First we
should choose a basis in the space L%({2;R3). For the problems (P) + (D)
+ (I) we choose the basis as follows:

Let { f,}f;l be a system of orthonormal, complete in L2(£2; R) eigenfunc-
tions for the boundary-value problem

a2 . «
mfl(z) + Afi(z) =0,
f(0)= fil)=0.

The functions fi(z) = a;fi(z) with suitable vector a; € R® are orthonormal
and complete in L2(f2; R3). For the systems (P) + (N) + (I) we construct
the basis similarly, but now the functions fi are solutions of the following
boundary-value problem:

(2.1)

d® - -
Zi—a:—Zﬁ(x) + Afi(z) = 0,

d - d -
;Ef,(O) = Ef;(L) =0.

Now we want to approximate the solution (u, S, E™, z) of the problem
(P) by a sequence {(ux, S, EZ, zk)}zozl, where uy, is the linear combination

(2.2)

(2.3) ug(z,t) = zk: a(t) fi(z)
of the functions fy,..., fr. The othelr_ 1omponents satisfy the equations
(24) Ex = 5(Vui + (Vur)"),
(25) S, = D(Ex - E}),
(2.6) (pOur, f) + (Se, Vi) =0 forl=1,...,k,
2.7) sk = Sk — %(tr S,
(2.8) QE! = gk('f;’il) I%:_I
(2.9) 0iz = m(2' — 2)|sk] - Gk (li—kl)
Here the function Gy : [0,00) — [0,00) is defined as follows:
(2.10) Gi(p) = x(kp)G(p)

where x € C?(R) is a cut-off function with x(p) = 0 for p < }, x(p) = 1 for
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p>1L,0<x<1, x">20and xo-p-x'(p) < x(p) for all p € Ry, (X0 is 2
positive constant). The function x is introduced to regularize the singular
behavior for the right hand sides of the equations (P5) and (P6) at the
point s = 0. We note that for all £ the function Gy satisfies the assumptions
(A1)-(A3) because we have the following estimates

2GL(p) = kpx'(kp)G(p) + x(kp)PG'(p) > gizxwp)gu;) - -;;gk(p),

POLP) < —x(DG(E) + - x(kPIG(0) = (Xi + gil)ak(p)

for all p < g*.
The necessary initial conditions are

(ur(0), f1) = (v°, i),

8tuk(0)7fl) = (ula fl)7 l= 17"'7k’
E}(0) = B,

2(0) = 2°.

The next lemma proves existence of solutions of the approximate problems
(2.4)~(2.9) with the initial conditions (2.11).

LEMMA 2.1. Let us suppose that
u® € H*(2;R%), «! € H'(;RY),
E™ ¢ C*(2;R®), 2% e CYH(;Ry)
with E"’O(z) symmetric and with tr E®%(z) = 0 for allz € (0, L). Moreover,

let the assumptions (A4) and (A5) hold. Finally for the Dirichlet boundary-
value problem assume that

(2.14) w*(0) = w®(L) = u(0) = u'(L) = 0
and for the Neumann boundary-value problem
vu®(0) = E™(0) = Vu®(L) = E™(L) = 0.

Then there ezxists Ty > 0 and a unique solution

(uk, Sk, EZ, 2) € C*(2 x [0,T); R® x (R%)? x Ry)
of (2.4)~(2.9) with initial conditions (2.11). Moreover for all (z,t) € 2 X
[0,T%) Sk(z,t), EZ(z,t) are symmetric and tr ER(z,t) = 0, and for the Neu-
mann boundary-value problem we have
(2.15) Sk(z,t) = Ex(z,t) = Ef(z,t)=0 forz=0and z = L.

Proof. We transform the equations (2.4)—(2.9) into a first order system
of ordinary differential equations. Let us denote by (t) = aj(t) for I =
1,...,k. Thus we have

(2.11)

(2.12)



672 K. Chelminski
d
—atk(t) = bui(t),

pZ(fJ,fz) psett) + Z (5274 (V57,911 ) =

(2.16) = (DE,c(t),Vfl), I=1,...,k,

ii—E,’:(t) _ gk<|3"(t)|) sk(t)

2i(t) J Jsk(t)]
F7+(® = (e - n)lowolon (),

where si(t) = Sk(t) — 2(tr Sk(t))I and

k
Se(t)= Y 5D(VS; + (V) age(t) - DEL().
i=1

The system (2.16) has the following form

d
(2.17) LWi(t) = F(Wa(t),
where Wi(t)=(a1k(t), ..., akk(t),01x(t), ..., bkk(t), ER(t), 2x(t)). The func-
tion
F:A— (R¥)? x C*([0,L];R%) x C*0, L]; Ry)

where A = {(alk, cenyQpk, blk, ceny bkk, E}:, zk) € (Rk)2 X Cz([O, L];Rg) X
C%([0, L); (32*,00)} is twice continuous differentiable, because by definition
in (2.10) the function x vanishes in the neighborhood of zero. The assump-
tions for the initial data imply that Wi (0) € A. Therefore it follows from the
usual theory of ordinary differential equations in Banach spaces, that there
exist Ty > 0 and a unique solution Wy € C?([0,T}%);.A) of (2.17) with initial
conditions (2.11). Moreover, it follows that the solution can be continued as
long as it stays in .A. Now we prove the properties of this solution.

The assumption (D1) for the elasticity tensor D implies that Si(z,t) and
sk(z,t) are symmetric for all (z,t) € £2 x [0,T). Thus we obtain

d d
(2.18) LEL(0) = T (ERO)T.
Hence we have that (uk, Sk, (EP)7T, 2;) is a solution for the problem (2.4)-
(2.9) with the same initial conditions (2.11). Since the solution is unique,
it follows that E(z,t) = (EP(z,t))T for all (z,t) € 2 x [0,T%). From the
equation (2.8) we obtain an ordinary differential equation for tr E}(t)

(2.19) %(tr EXNE) =0
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with an initial condition tr EF(0) = tr E™® = 0. From the uniqueness of
solutions of linear differential equations we have tr EZ(z,t) = 0 for all
(z,t) € 2 x [0, T%).

To prove (2.15), note that

2 [3P(Bu(z1) ~ Bp(z,1)- (Ba(a, ) - ER(2,)
= Si(z,t) - 0:Ex(z,t) — Sk(z,t) - 0. EE(z,1)
= Sk(z,t) - 0t Ex(z,t) — sk(z,t) - O E(z,t) < Sk(z, t) - 0. E(z,1).

The boundary condition in (2.2) and the assumption (2.14) for the initial
data yield

(2.20) Ex(0,t) = Ex(L,t)=0 for all t € {0,T%)
and time-differentiation of (2.20) gives

0:Ex(0,t) = O, Ex(L,t) =0 for all t € [0,T%).
Thus for z = 0 and z = L we obtain

SD(Ex(z,1) - Bf(2,1)) - (Ex(z,1) - EX(z,1))

< %D(Ek(:c,o) — EX3,0)) - (Ex(z,0) — E}z,0)) = 0

because the initial data satisfies (2.14). From this inequality, from (2.20) and
from assumptions (D) follows (2.15). The proof of this lemma is complete. m

3. Energy estimates

In this section we prove energy estimates for a solution (ug, Sk, E}, 2k)
constructed in the last section. These estimates are very important to show
that the sequence of approximate solutions {(uk, Sk, E}, zx)}52, contains a
subsequence, which converges to a solution of the problem (P). For simplicity
we usually drop in this section the index k and assume that (u, S, E®,2) €
C*(22 x[0,T)) is a solution of the system (2.4)-(2.9) with initial conditions
(2.11). Let us define now the energy function

(3.1) E(t) = Eo(t) + Eult) + £(D),

where
(32)  &lt) = 5(pdeu(t), du(t) + 5(S(0), E®) ~ E™(1)),
(33)  £(t) = 3(p0Fu(), 0Fu(t)) + 5(8iS(2), BE() - DE™()),

(34) &)= %(Patazu(t)vatazu(t)) + %(3::5(0,3:1’7(0 — 0 E™(t)).
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Note that the assumptions (D) imply

(35) £o(t) 2 Blou()I? + SICE - EMOIP,
(36) £) > Lopu(o)? + S10.E - B0,
(3.7) £2(t) > LI0.u(IP + §10-(E - B0

LEMMA 3.1. Let (u, S, E™, z) € C*(2x]0,T)) be a solution of the problem
(2.4)<2.9) with the initial conditions (2.11). Then

(3.8) ‘%c‘:o(t)= fg ('38;') () dz < 0,
0
L s 2
(3.9) —Et(t) - [ z(gl) (0 ((tt))l)
0
F o (s (185l _ @ds@D?Y
J“(dﬂ)(b@| wmu)
L
JG(QQ)lemﬁmmm,
L
(3.10) % (&) = — ofg (Ijggl)(a |Zs((tt))l)z
L
Is(?)) |0z s(t)|2 (8 |s(t)|)2 .
;f%(zm)( O] )d
L
JG(jﬂ) 2Yl(oios(vl d

or alternatively

1) __ 5 10, B (1)) dz

(]

I?m (10.0E(OF - (0|0 E™(0)])?) da
z(t
s(t

(3.11) %Ez(t) - _

Q

—Q
~~
N

p—

= = T

+
o

:2(1)0:|0: E™(t)| dz.

N
[
~
o~
~—
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Proof.
50( )= d{ (pOu, Byu) + (S E- E")}
= (p02u,0yu) + (S, E) - (5,0, E™).

From the symmetry of S and from tr §; E™ = 0 we obtain

k
d . \
ZEolt) = (pa;u,za;k £3) + (8, Vo) - (s,0:E")

= S (o0, )+ (5,1} - f 5119 E™) da.
=1
(3.8) follows from this equality and from (2.6). For the part £;(t) of the
energy function we have

e = 5 {3000,00 + 105,008 - £)

= (p®3u, 0%u) + (8sS5, afE) —~ 8,5,0E™)
= (pa3u 02u) + (85, VO2u) — (d;s,02E™)

- Ea {003, £5) + (e, V 1)} — (3us, T E™)

k
=2k (P03 1) + (5, )} ~ (215, 01 B,

The equation (2.6) ylelds
(3.12) —&(t) —(ys,02E™).

Now we compute 8? E™ from (2.8)

13 otz = g () (5250 o () (T - ool

and insert the result into (3.12). (3.9) follows from this and from the equality
(3.14) Ois - s = Ouls| - |s]-

To prove (3.8) and (3.9) it was not important that the basis {fi}{2, is
chosen very special. The equalities are true for all orthonormal and complete
systems in L2(£2;R®). The proof of (3.10) and (3.11) needs first properties
of the functions f;.
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x(t) { (p0:0zu, 0:0,u) + (6 S,8.(E — E"))}
= (p020,u, 0:0,1) + (855, 8,0, E) — (8,5, 0,0, E™)

k d . d u d
= Z Epafkaé-k (d_zf" E;fj) + Z @i (3x5, Evfj) = (0z5,0:0,E™)

=1 j=1
= z a‘]k’\ (pat U, f]) + E Zpalkajkfl l

=1 j=1
! ! d L n
+ Eajk’\j(s,vfj)‘*‘ 2 :ajks : %ijlo ~ (0z8,0;0.E™).
j=1 i=1

The boundary terms vanish because for the Dirichlet boundary-value prob-
lem the following equalities

fi(0)=f(L)=0 and —Vf,(O) —Vfl(L) =0 foralll,
hold and for the Neumann boundary-value problem we have
d d
Efz(O) = E;fl(L) =0 forallland $(0,t) = S(L,t)=0.

Thus we obtain
k

d
75+ = > aidi{(pdu, £5) + (S, V f3)} = (85, 8:0,E™).
j=1
Again the equation (2.6) implies that
(3.15) % =(t) = —(058,0,0.E™).

To prove (3.10) we compute 9;9;E™ from (2.8) and insert the result into
(3.15). Now we write the right hand side of (3.15) in another form
s
—(0:8,0,0:E™) = (0 (lalEInlatE") ) atE")

|S| an TL)
(18 T 00" 0OUE

n |s] n n
= (Ocls], 0:10: E™]) + (Ib‘ ok L |0:E™|,8;]0.E™ ).
Compute J;|s| from (2.8) and insert the result into this equation to obtain
the equality (3.11). m

We cannot conclude directly from the last lemma that the energy func-
tion is decreasing, because (3.9), (3.10) or (3.11) contain terms, which do not
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have a sign. These terms must be estimated. To do this we need informations
about the derivatives 0;z and d,2. The properties of the time-derivative 9;2
are described by the equation (2.9).

We introduce the notations

L
R = o5 role

G (5 \
Fi(t) = f ) 0=l =,

0

L
z(1) 2
Bt)= | — & (0|0:E™]) d=.
/ G.(h
LEMMA 3.2. Let (u, S, E™, z) be a solution of the problem (2.4)<2.9) with
initial conditions (2.11). Moreover suppose that assumptions (A4) and (A5)
hold, and for all (z,t) € 2 x [0,T) we have

(3.16) Is(z,t)] < g*2(z,t).
Then the last term in the equality (3.9) can be estimated as follows

£ o (s} 3z
(3.17) - 0fg,c( Z) 5|04 s| dz
<1 IsI (8:|sl)2
<3 f dz + C.E(t) - Fo (1),
where C; = Cy(d, z",zl,m,gl,g(g‘),c’) is a positive constant and ¢’ is the

positive constant from the Sobolev inequality.

Proof. From the equation (2.9) and the Cauchy-Schwartz inequality we

obtain
£ ’ ISI atz
- fgk gl o |s]0¢|s| dz

< — ng,'c(l I)m(z ~ 2)|s|Gk (l |)| Iatlsld:c
0
<! jg;c(lsl)(atlsn?

1 £, (sl s _» (s]
+3 Ja(5)me - rita () e
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Using assumptions (A1)—(A5) and (3.16) we infer that the right hand side
of the last inequality can be estimated as follows

L 2 2(a, _ 5)2
0

910

L 2
%f (Isl) (6t|3I)2 g (g*) sup ﬂl_-_{)__ sup |3|2 Fo(t)
0

z€(0,L)  #  ze(o,L)

This lemma follows now from (1.2), (2.7), the definition of the energy func-
tion and the Sobolev inequality. =

To estimate the last terms in (3.10) and (3.11) we need an information
about the derivative d,z2. Differentiation of (1.1) yields

(3.18) Bz = 0,2° (l—exp{— Of |s|gk(%)dr})
—(z1—20)eXP{— Oft |s|gk(|zil)dr} fa [|s| Ci (' ')]

The next lemma derives a L2-estimation for the function 9,z.

LEMMA 3.3. There ezists a positive constant C, with the following prop-
erty: Let (u,S,E™, z) be a solution of (2.4)-(2.9) with initial conditions
(2.11) and assume that

ls(z,t)| < g*2(z,t) for all (z,t) € 2x[0,T)

and the assumptions (A4) and (AS5) hold. Then we obtain the following es-
timation

L t
[ 10:2(t)] d < c,( [ [Fo(r) + Fi(r) + Fa(7)] dr)2 +2/|0,2°)I2
0 0

and Cz = Cz(glag%z*, zl’ m,C",Xo).

Proof. From (3.18) we obtain

L L t 2
f |0z2]* dz < 2 f |0:2°|? dz+42(2 —2*)? f(fa [|s| gk<—|)]d-r) dz
0 0 0
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< 200 +4(:1 - 27) ofL {( of o.ige(12) dr>2
(Jrma(2)e))e

< 2018, 2°|? + 4(" -z*)of{[ of (;)WTH e ('ﬁ')(a|':,')2 ]
[fgk(' D jstar] - [ofg i - 0|} de

z

1 1
52||8xz°||2+4(z1 *)ma.x{gg,——-}- }
Xo )1

X f sup (gk(l |)|s|>drf(F1+F2)d‘r

o <€(0,L)

To end this proof we find out that sup,¢(o,1) Ge( : )|s| can be estimated by
the functions Fp, F) and F,. The Sobolev inequality yields

(3.19) sup gk('—jl-)pl < c’{ fL Ok (%)lsldz

b))

L

+ f[

0

{Fo+ f(a |8 E™)? ———dz + - fg ” )|s| dz

0z|s|

sl

Gx (%)

ILGI:(L[) , L L
+3 [ L @ablrass 5 [ (1) lac)
0 0
<elRto(2+—)R+sF+igh+2R
sc 02X0 g1220292120
1 1
{2Fo+ ( + )Fz+—92F1} L
Xo /)1

Now we are ready to estimate the terms without sign in (3.10) and
(3.11). m
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LEMMA 3.4. There ezist positive constants C.,C} with the following
property:

Let (u, S, E™, z) be a solution of (2.4)-(2.9) with initial conditions (2.11).
Moreover suppose that

|s(z,t)] < g*2(z,t) for all (z,t) € 2 x[0,T)
and the assumptions (A4) and (A5) hold. Then

(320) a) - f gk("“gg') ’j((tt))| (O10:15(8)| da

< 10=2(D)IIC=(Fo(t) + F1(t) + Fa(2)),

|s(2)| n
(3.21)  b) f 20) L 0:2(1)0,| 0, E™(t)|dz

< N0=2(|Co(Fo(t) + Fi(t) + Fa(t)).
The constants C, and C., depend on z*, X0, 91,92 and c*.

Proof. Using Cauchy-Schwartz’ inequality we obtain
L
Is]\ 0z2
- 6[ g;’:(;‘ —7 1919z|s| d=

s\‘ Ofblalewz \[ J (g;('j—'))z%a,pl)zdz

0

<||azz||{l sup Ok |3|2 %fL (M)(a olsl)? }
0

:cE(O L)

< oeel{ 5 (1+i)_1 s Gu(1)1sl+ 11},
2(z*)2\xo 91/ ze(o.L)

We insert the estimation (3.19) into the last inequality and obtain a). Sim-
ilarly

L

L L

f 0,200 E™| dz < f |0:2|? dz f |_4 8|0 En|)? dz

0 0 0

1_[ 2 L

<houet{3 s SEL 1T 0B de
zE(O L) 0 g

N =
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1 1 1\t |s| 1
< o +5) o o)+ gm)
I zu{z( = (XO )z g(E)is

The statement of this lemma follows again from (3.19). m

Lemmas 3.1-3.4 produced L?-bounds for the space and time-derivatives
of the elastic strain field £ — E™, but we need estimates for derivatives of
the strain field E, too. This problem solves the next lemma.

LEMMA 3.5. There eizsts a positive constants Cg,Cr with the following
property: Let (u,S™, E™, 2) be a solution of (2.4)—(2.9) with initial conditions
(2.11). Moreover assume that assumptions (A4) and (A5) hold and

V(z,t) € 2 x[0,T) [s(z,t)| < g 2(z,1).
Then

a) IEQI® + I E"OI* + IVu(@))® < CE{t [ Fo(r)dr + | E™°) +8(t)},
0
b) 10E@N + 10 E" (I + 10 V()|
gcp{t [ RAydr+ [ §0.2(r)) dr
0 0

o (Lol
+ ff r (z(;l) )(Iazs(T)P — (B:]s(T))?) dz + |0 E™|)* + E(t)},

) @I +I0E DI < 5+ ) e,
D) IOl < 5t [ er)ar+ 2P,
0

&) 10e(®)|l? < mi(z* — *)? sup gk(' I)Is(t)l Fot).

z€(0,

The constants Cg,CF depend on z*,g1,92,9%, Xo0,5UP¢< g G'(£)-

Proof. First we prove the estimation for ||E"(t)||
IE™|? = f | f &E™ dr + E™(0)] dz < 2t f f |0.E™|? dz dt + 2|| E™°||?
(3.22)
=2t ffL G lsl dz dt + 2||E™)|?
= KNS )% |
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t (Ll I no|2
2t [ f Gr |s| dz ¢ dt + 2||E™||
0 z€(0 L) |s]
<2gy - 2! sup Gi(€) - t f Fydt + 2| E™|°.
£<g* 0
The definition of the function G yields
(3.23) Gr(6) < ()g(l + 1) G'(€) for all €.
0
Using (3.1)-(3.4) we obtain
n n n 4

(3:24)  NE@I < 2AE"@I + 2(E - BN < 2AE" @ + 5£().
The estimates (3.22), (3.23), (3.24) and the inequality

(3.25) IVu()l* < 2|1 E()|?

prove the part a) of this lemma. To prove b) we first show again the esti-
mation for the derivative 0, E™.

(3.26) 10:E™(|? = f ] f 9,0.E™ dt + 9,E™(0)|

<2t f f 0.0, E™? dz dt + 2||0,E™°||*.
00
Now, from the equation (2.6) we calculate 3,0, F

n_ ot Is| azlsl 0:2 - |3 |s] 0z
0.0:E _gk(7)( . e )I r+G( )(Isl ||2(9|s|)

and insert the result into (3.26). Thus we have

102 E"I* < 2010, E™ 1 + 2 f (o [ (ar(14)) @t
+4f (61 (2))" @2
+2fgk(lsl)(|:|s gl ds e

A simple calculation yields

= |0zs|* — (0 1sl)*.
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Using this and the assumptions (A1)-(A5) we have

4 t
(3.27) |10-E™||* < 2|18 E™°|)* + Qt{z—* sup_ Gi(6) f Fydt

(124)2(1 ) Gi(g™) f 1052|| dt

+ ff (laz - (3, |s|))2dzdt}

Similarly as in (3.24) a.nd in (3.25) we can show the estimations for the
functions 9, F and 9,Vu. The estimation b) follows from this and from
(3.23) and (3.27). To prove the part c) of this lemma note that

2
I0.E@)I* < ||VOeul|* < ;E(t)-

The statement d) is obtained by integration of d;u and the part e) follows
directly from the equation (2.9). m

4. Existence of a solution

In this section we prove Theorem 1.1. Let denote by £(¢; k) the energy
function calculated for the solution (uk, Sk, EZ, z¢). We will show, that for
sufficiently small initial data this function is decreasing. The last statement
points out that for all k£ £(¢; k) < £(0; k). To prove Theorem 1.1 we need uni-
form bounds for the energy norm of the sequence of approximate solutions,
and therefore we should estimate the sequence £(0; k).

LEMMA 4.1. Let the initial data u®,ul, E™°, 2° satisfy the hypotheses of
Lemma 2.1 and (u, Sk, E}, zx) be the solution of (2.4)—(2.9) with initial
conditions (2.11) obtained in this lemma. Then we have

(4.1) E£(0;k) — £(0) for k — oo,
where £(0) denotes the energy function calculated for the initial data u°, ul,
E™0 20,

Proof. The system {f;}2, is a basis in L2(£2,R?), hence

”u1 - zk:(ul,fl)f,” — 0 for k — oo.
=1

Let us denote (u!, f;) = a;. We will show that the last statement is true for
the norm || - |1, too.

d , d d ; dg d LI
. < | — gt — E —_yl_ E ==
(4.2) 0 < (d:cu dz e afi, iz "z et alfl) ” dz "

k
2
—Z A[al .
=1
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(The boundary terms vanish, because u!(0) = v!(L) = fi(0) = fi(L) = 0
for the Dirchlet boundary-value problem and £ £i(0) = L f(L) = 0 for
the Neumann boundary-value problem). The inequality (4.2) implies that
the sequence ZLI Ma? converges. Now we show that the sequence wy =

£(ut - >, oufi) is a Cauchy sequence in L2(£2; R3):

d n d & n
(wn“‘wm,wn_wm) = (% Z alfla% Z alfl) = Z /\10?.
I=m+1 I=m+1 I=m+1

Thus we obtain that

. k
”ul - Za’f’nl — 0 and
(43) =1

lz:;/\laf - ”a‘—iiulnz for k — oo.

From (2.11) and (4.3) we have

(4.4) [18:u(0) — wflf = ) (14 A)af =0 for k — oo.
I=k+1
Similarly we prove that
(4.4) [lug(0) — «°|jy » 0 for k — oo.
Moreover
& &2 o & (&,
(4.6) E{”k(o) v = Z (d?u ,ft) fi— 0 fork— oo,

I=k+1
while u® € H?(£2;R3). The statements (4.4), (4.5) and (4.6) yield
&(0; k) — £(0)
E-(0; k) — £,(0)
(0:5x(0),0:(Ex — EZ)(0)) — (8:5(0),0:(E — E™)(0)) for k — oo,

e 8:5(0) = D(%(Vul + (Vul)T) - G(@) I—z%)

5(0) = 5(0) - 3 SONL,

5(0) = D(%(Vuo + (Vu®)T) - E""’).
At the end of the proof of this lemma, note that (2.13) and (2.1) yield
(4.7) (87 uk(0), fi) = (Sk(0), V fi) = —(div Sk(0), f1).
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From (4.6) the sequence div §%(0) converges in L?(2;R3) to div§(0) =
p07u(0). The last statement and (4.7) complete the proof. m

The next lemma proves that for sufficiently small initial data the energy
function £(t; k) is a decreasing function.

LEMMA 4.2. Let the initial data u®, ul, E™, 2% satisfy the hypotheses
of Lemma 2.1 and (ug, Sk, EY, 2x) be the solution of (2.4)-(2.9) with initial
conditions (2.11) obtained in Lemma 2.1. Moreover assume that z° and £(0)
satisfy the following conditions:

There exists a positive constant v such that
(4.8) CUEW®) +7) < -;- fort=0,
(4.9) (c’)2(£(t) +v)< (z"g“)2 fort =0,
(4.10) {C.(4£(t) + 47)* + 2||0-2(t)||*}/2(C. + CL) < % fort = 0.

Then there exists kg > 0 such that for all k > ky
1 i
(4.11) E(tk)+; [ [Fo(r; )+ Fi(r; k) + Fa(r; k)l dr < £(0;k) < £(0) +7
0

where Fi(7; k) denotes the function Fi(7) calculated for (ug, Sk, E}, k).

Proof. Since (ug, Sk, E}, z) is a C*—solution of (2.4)—(2.9), it follows
that there exists the largest T' with 0 < T' < T such that (4.8)—(4.10) hold
for all t € [0,T). Now from Lemma 4.1 we choose kg so large that

E(0;k) <E(0)+y forall k> k.
From lemmas (3.1)~(3.4) we obtain

o)) QU

d 1 ¢
—E(t; k) < — Fo(t;k) - = /
ok < Rk -3 f a(20) e
+ (k) - Folti k) — %Fl(t; k) — %Fz(t; k)
1
+ 510z26(DI(Cs + C2)(Fo(t; k) + Fi(8: k) + Fo(8; F))-
Now for a fixed k > ko and for t € [0,T) we have the following estimation

d 1 1 1
(4.12) ZEL k) < — 3Rt k) - FRER) - $R(EF)
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where we use that (4.11) gives for ¢t € [0,T)

1
1022k (DII(Ca + Ca) < 5
and (4.9) implies

|sk(t)| <g*z,
thus lsk(t)] < g% zk(t).
We integrate the inequality (4.12) and obtain (4.11) for ¢t € [0,T). Us-

ing (4.11) we show that (4.8)-(4.10) are satisfied at the point 7T, hence
T=Ti. m

The last lemma and Lemma 3.5 yield that the solution (ug, Sk, £}, 2k)
obtained in Lemma 2.1 for initial data satisfying (4.8)—(4.10) and for k& >
ko exists for all time i.e. Ty = o00. Now we can start with the proof of
Theorem 1.1.

Proof of Theorem 1.1. We first assume that the initial data u°,
ul, E™®, 20 satisfy the hypotheses of Lemma 2.1. We choose constants
C1, Cs, such that the inequalities (4.8)—(4.10) are satisfied. Thus for k > kg
and for all T > 0 there exists a solution (uk,Sk, Ef,2x) : 2 x [0,T) —
R3 x (R%)? x R,.

The last lemma implies that

E(t;k) < E(0; k) < £(0) + .
From Lemmas 3.4 and 3.5 we obtain that there exists a positive constant
M, such that

luklle,z + 1Skll,7 + (| ER 7 + |2l < M,
where || - [J;, r denotes the norm in the space Hi(£2 x [0,7)). Using Rellich’s
selection theorem for every integer N we can select a subsequence (uy,,
SNy»EY, ,2n, ), which converges in VN = H'(2 x [0,N);R?) x L*(2 x
[0, N); R®)? x L3(2x [0, N); Ry ). The diagonal sequence converges in VT for
all T > 0. We denote the subsequence by (ux, Sk, E}, zx) again and the limes
by (u, S, E™, z). Moreover we can assume that ug(z,t) — u(z,t), Sk(z,t) —
S(z,t), E}(z,t) — E™(z,t), ze(z,t) — 2(z,t) for k — 0o and for almost all
(z,t) € 2 x[0,T), and that
(uk, Sk, ERy2¢) — (u,S,E™,z) for k — oo
in the space H?(2 x [0,T); R?) x H!(£2 x [0,T); R®)? x H}(2 x [0,T); R,).
We will prove now that (u, S5, E™, z) is a solution of the problem (P). It

is clear that the equations (P2), (P3) and (P4) are satisfied. We establish
¢ € C§°(Ry4), then
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J (0d}u(), (1) f1) dt

o o]

= - Of (pOeu(t), dup(t) fi) dt = ~ Jim of (pBeu(t), Bup(t) f1) dt

- lim f(pa?uk(t),so(t>f:)dt=—klgn;o f 50, e0v

= lim f(div Sk(t), () fr) dt = f(div S(t), () f1) dt.
0 0

Thus for every ¥ € C§°(£2 x (0,00))

(P07 U, ¥)L2(2x(0,00)) = (AIV S, ) L2(2x(0,00))

and the equation (P1) is satisfied. The nonlinear equations (P5) and (P6)
are satisfied, because the sequence (ug, Sk, E},zx)(z,t) converges for al-
most all (z,t) € 2 X [0,T). For the Dirichlet boundary-value problem
ur € HY([0,T); Hi(£2; R®)) and ux — u in this space, hence u € H'([0,T);
H}(2;R3)) and the boundary condition (D) is satisfied. For the Neumann
boundary-value problem we have Sk(0,t) = Sk(L,t) = 0 and Sy — S in
H!(2 x [0,T);R%). This proves the condition (N). Lemma 4.1 yields that
the solution (u, S, E™, 2) satisfies initial conditions (I). This proves Theo-
rem 1.1 for initial data satisfying the hypotheses of Lemma 2.1.

To prove the theorem for initial data, which satisfy (2.12) but not (2.14)

we define new initial conditions as follows
17d d
=0 _ 0 0 —I) - 0 2
@ =uw(z)+ 5T [dzu (0)(z-L) 7ot (L)z*|,

al :ul,

E™0 = E™0 4 %[EO(O)(z—L) — E°%(L)z],

20 — ZO,

where -EO = 3(Vul + (Vu®)T). For these conditions we find a solution
(@,5,E",z) of the problem (P) and
u(z,t) = i(z,t) + u¥(z) - #%(z),
S(z,t) = 5(z,t),
E™(z,t) = E™(z,t) + E™(z) — E™(z),
z(z,t) = 2(z,t)

is a solution of the problem (P) for the initial data u°,ul, E™9, 2°.
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Finally to prove the theorem for E™°(z)e H!(2;R®) and 2° € H'(£2; R..)
we approximate these functions by a sequence {Ep°, 20}, C C%(£2) and
repeat exactly the approximation process described in the first part of this
proof. The proof of Theorem 1.1 is complete. »
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