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A N APPLICATION OF NAGELL'S ESTIMATE 
OF THE LEAST ODD QUADRATIC NONRESIDUE 

Let p be an odd prime, Ap = {1,2,. . . ,p — 1} C N — the multiplicative 
group mod p, Rp — the subset of quadratic residues mod p and Np — the 
subset of quadratic nonresidues. Let us denote for an a € Ap by a the inverse 
element of Ap. 

The subset 
Lp = {a € Ap : a = a mod 2} 

has been considered by D. H. Lehmer [1] who asked: what can be said 
about Zrp? 

G. Terjanian (working on another problem) has proposed three conjec-
tures [4]: 
(1) Lp C Rp if and only if p = 5,13 or 29, 
(2) Rp C Lp if and only if p = 3,5,7 or 13, 
(3) Np C Lp if and only if p = 3 or 7, 
and has proved them, among other partial results, in the case p = 3 mod 4. 

Let us observe that if Lp D Np or Rp \ Lp or Np \ Lp are non-empty 
subsets of Ap, then (1), (2), (3) are true respectively. Further on we shall 
indicate for each of these subsets an element that belongs to it. The proofs 
are elementary but require discrimination of several cases with respect to a 
form of p. 

I. Z. Ruzsa and A. Schinzel [4] have proved that each of the sets Lp n 
Np, Lp D Rp, Rp \ Lp and Np \ Lp has \p + 0{s/p{\ogp)2) elemetns. This 
implies Terjanian's conjectures but only for p large enough. 

To end this introduction we remind that 

(4) if p = 1 mod 4, then a£Rp&p-a€ Rp, 
(5) if p = 3 mod 4, then a£Rp&p-ae Np, 
(6) 2 € Rp p = ±1 mod 8, 
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and as a consequence of the quadratic reciprocity law 

(7) if p = 1 mod 4, then 3 € Rv p = 1 mod 3, 
(8) if p = 3 mod 4, then 3 £ Rp p = 2 mod 3. 

The proofs of conjectures (1), (2), (3) are based on several lemmas. 

L E M M A 1. If p> 7 and either Lp C Rp or Rp C Lp or Np C Lp we have 
p = 1 mod 4. 

P r o o f . If Lp C Rp we have p — 1 € Rp, hence p = 1 mod 4. 
Let 

If s > 1 then s £ Lp and/?—s £ Lp, consequently the alternative Rp C Lp 

or Np C Lp implies that p = 1 mod 4. 
If s = 1 then a > 3 is prime and so odd, hence p = 1 mod 3. 
We have 

^ ^ - 3 - 2 a " 3 = l m o d p , 

hence 
a — (.P ~I" 8)/3 Lp and p — a Lp, consequently the alternative 

Rp C LP or Np C Lp implies that p = 1 mod 4. 
Therefore, we may assume in further arguments that p = 1 mod 4. In 

the proofs of Lemma 2 and 4 the following property is used: 
If p = 1 mod 24 then there exists a quadratic nonresidue a mod p such 

that 
(9) a < p/2, 3 | a and a = 3 mod 4. 

Since p = 1 mod 24 implies that 2 and 3 are both quadratic residues mod 
p, it is easy to see that (9) is satisfied if there exists a quadratic nonresidue 
a < p/18, what happens to be true for all p > 73, by a theorem of Nagell 
[2], [3]. The direct check shows however that (9) is satisfied also for p = 73 
with a = 15. 

L E M M A 2. Lp C Rp if and only if p = 5,13 or 29. 

P r o o f , a l ) p = 5 mod 16. We have 
8 • ^ = 1 mod p, 

hence 8 G Lp CI Np, provided p > 5. 
a2) p = 13 mod 16. If p = 48A; + 13, k = 0 ,1 ,2 , . . . , then 

l l p + 1 
24 • = 1 mod p, 

24 ^ 
hence 24 e Lp n Np, provided p > 13. If p = 48A; + 29, k = 0 , 1 , 2 . . . , then 
2p - 16 = 3(32A; + 14), hence 32k + 14 is a quadratic nonresidue mod p. We 
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have 

48(43Ar + 26) = 1 mod p and (32k + 1 4 ) ( 4 5 * + 27) = 1 mod p. 

Therefore 32k + 14 G Lp n Np if k is odd or 48 e Lp ("I Np if k > 0 is even, 

b) p = 1 m o d 8. If p = 24k + 1 7 , k = 0 , 1 , 2 , . . . , then 

7 p + 1 
1 2 - - ^ - = l m o d p , 

hence 12 G Lp fl Np. Finally, let p = 24k + 1, k = 1 , 2 , . . . , let a € AP satisfy 

(9) and let b = a. Obviously, if 2 \ b then a € Lp D Np. If 4 | b then 

b 
2a • - = 1 m o d p, 2 

hence 2a 6 Lp D Np. Let then b = 2 m o d 4. 

i) If b < pf2 then 

2 
hence 2 6 € Lp n Np. 

ii) If p/3 < b < 2p/Z then 

p + a 
2b = 1 m o d p, 

| • (36 - p) = 1 m o d p, 

hence a / 3 e Lp n Np. 

iii) ff 6 > 2p/2 then 

2a 36 - 2p 

y • — 2 — s 1 mod p, 

hence 2 a / 3 £ L p f l iVp. 

LEMMA 3. Rp C i/p if and only if p = 3 , 5 , 7 or 13. 

P r o o f , a.) p= 1 m o d 8. We have 
j » + 1 

2 • — - — = 1 mod p. 

hence 2 € Rp \ Lp. 

b) p = 5 m o d 8. If p = 24k + 5, k = 0 , 1 , 2 , . . . , then 

« P + 1 - 1 A 
6 • — - — = 1 m o d p, 

6 
hence 6 € Rp \ Lp, provided p > 5. Let us divide the complete case p = 

24k + 13, k = 0 , 1 , 2 , . . . , into subcases 

b l ) p = 72k + 13, 

b2) p = 72k + 37, 

b3) p = 72k + 61 . 
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bl.l ) If p = 144k + 13, A; = 0 , 1 , 2 , . . . , then p - 16 = 3(48Jfc - 1) and 
4p — 16 = 9(64fc + 4), hence 48k — 1 and 64k + 4 are both quadratic residues 
mod p. We have 
(10) (64k + 4)(117fc + 10) = 1 modp and (48fc - l)(135fc + 12) = 1 mod p. 

Therefore (10) implies that 64A;+4 £ Rp\Lp if k is odd or 48k-1 e RP\LP 

if k > 0 is even. 

bl.2) If p = 144k + 85, A; = 1 , 2 , . . . , then we have 

48(105fc + 62) = 1 mod p and 144(83*; + 49) = 1 mod p, 

hence 48 6 Rp \ Lp if k is odd or 144 G Rp \ Lp if k is even. 
b2) p = 12k + 37, k = 0 , 1 , 2 , . . . . Then p - 1 = 9(8k + 4), hence 8k + 4 

and so 32k + 16 is a quadratic residue mod p. We have 
(32k + 16)(18fc + 7) = 1 mod p, 

hence 32A; + 16 € Rp\ Lp. 
b3) p = 72k + 61, & = 0,1,2, We have 

5p + 1 
9 • — - — = 1 mod p, 

hence 9 € Rp \ Lp. 

L E M M A 4. Np C Lp if and only if p = 3 or 7. 

P r o o f , a) p = 5 mod 8. We have 

2 • P ^ ^ = i m o d p, 
2 

hence 2 £ NP\LP. 
b) p = 1 mod 8. If p = 24A: + 17, k = 0 , 1 , 2 , . . . , then 

p + 1 3 • — - — = 1 mod p, 

hence 3 € Np \ Lp. Finally, let p — 24k + 1, k = 1 , 2 , . . . , let a £ Ap satisfy 
(9) and let b = a. Obviously, if 2 | b then a G Np \ Lp. If b = 1 mod 4, then 

o P + b - 1 A 2a • —-— = 1 mod p, 2 
hence 2a £ Np \ Lp. Let then 6 = 3 mod 4. 

i) If b > p/2 then 
P d 
~Y~' 2(P ~b) =1 mod 

hence (p - a ) /2 6 Np \ Lp. 
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ii) If p/3 < b < 2p/S then 
a 
- ( 3 6 - p) = 1 mod p, 

hence a / 3 € Np \ Lp. 
iii) If b < p/3 then 

2a p + 36 t . 
T ' ~ 2 ~ s m o 

hence 2a /3 € Np \ Lp. 
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