DEMONSTRATIO MATHEMATICA
Vol. XXVIII No3 1995

Luis A. Cordero!, Phillip E. Parker??3

SYMMETRIES OF SECTIONAL CURVATURE
ON 3-MANIFOLDS

1. Introduction

Let M be a smooth 3-manifold and g a pseudoriemannian metric tensor
on M. Let G2(M) denote the Grassmannian bundle with fibers G2(T: M),
the space of (2-dimensional) planes in the tangent space T, M at a point
z € M. Observe that each G3(T; M) may be regarded as a (real) algebraic
variety, diffeomorphic to the (real) projective plane P2. As in [1], we shall
regard the sectional curvature K ; at each point z € M as a rational mapping
of algebraic varieties Go(T;M) — R, or a rational function for short. The
group of all automorphisms of G3(Ty M) is isomorphic to PGL3 = PGL3(R),
the group of projective automorphisms of P2. We may then ask: what is the
largest subgroup of PG L3 which leaves K invariant as a rational function?
We shall refer to this group as the symmetry group of K at z.

Throughout this paper, we shall concentrate on the Lorentzian case,
giving complete details. On the other hand, we shall merely summarize the
Riemannian case, omitting details and leaving them for the reader to supply.

Thus, in Section 2, we determine the possible symmetry groups for
Lorentzian sectional curvature, finding them to be

PGLs, PO,, PO}, PHT, Z,0Z, Z,, 1,

the first case characterizing constant curvature at a point. For this, we use
the analysis of canonical forms for selfadjoint operators on a Minkowskian
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(Lorentzian) vector space [10, pp. 261-262]. For comparison, we list the
corresponding results for Riemannian sectional curvature.

In Section 3, we study the existence of naturally reductive spaces in
which the symmetry group of K is the same at every point. All continuous
symmetry groups (see Theorem 2.2) can be realized on compact models, but
there are no naturally reductive models of constant negative curvature or
with any discrete symmetry group. We do not seek a “neat” classification
here, so questions about effectiveness of actions are of no relevance to us, for
example. ( Cf. [2, p. 58f] for a list of isometry classes of simply connected
Riemannian homogeneous spaces of dimension 3.)

Finally, Section 4 contains some particular examples. In most cases, we
are able to obtain models which are trivial circle bundles over surfaces. We
defer to another paper [3] the exhibition of more explicit forms of metric
tensors on these spaces; the techniques used there are not directly related to
those used here. We also defer to other papers [3, 4] the exhibition of exam-
ples which are not naturally reductive, including all left-invariant Lorentzian
metric tensors on 3-dimensional Lie groups.

Our Lorentzian metric tensors will have signature + — —. In some cases,
we shall have to distinguish among the possible orderings + — —, — + —,
— ~+. (To convert to the other signature convention ++ —, see [10, p. 92].)
Thus a vector v is timelike if g(v,v) > 0, lightlike or null if g(v,v) = 0,
spacelike if g(v,v) < 0, and causal if g(v,v) > 0.

If A is a matrix regarded as a linear transformation R®™ — R", then the
induced mapping A’ A: A’R™ — A’R" is given by the matrix classically
called the second compound of A, the matrix whose entries are the determi-
nants of 2 X 2 submatrices of A in an appropriate ordering {7, Sec. 7.2].

Throughout, we shall regard the Riemann tensor R;jx as a quadratic
form on A>TM and thus, via the Pliicker embedding, on G3(M); cf. [1].
Then the sectional curvature appears as a rational function on Go(M) in
the form of a quotient of two quadratic functions:

R
A'g
Also recall that the associated tensor R;fl represents the curvature operator
R:NX*TM — A*TM inlocal coordinates. Note that if R and R are written
as matrices with respect to the same local coordinates, then R = (A g)R.
We denote the Lorentz group in (n = p + ¢) dimensions of signature
(p,q) by OF = O4(R), thus the (usual) orthogonal group by O, = O, (R).
Projectivization of any group of linear transformations is indicated by a
prefixed P; for example PGL3; = GL3/{al:0# a € R} = SLj.

K
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2. Canonical forms and symmetry groups

We begin by finding canonical forms for the Riemann tensor R considered
as a quadratic form on /\2 TM. We shall do this by first finding canonical
forms for the selfadjoint operator B: A°TM — A?TM. It suffices to work
pointwise, so consider R® with the Minkowski inner product given by 7 =
diag[1,~1,-1] and let R be a A’ 7-selfadjoint operator A’R3 — AZR3.
Note, A% = diag[-1,-1,1].

From O’Neill [10, pp. 261-262, ex. 19], we find that there are four canon-
ical forms for selfadjoint operators such as R. Let ey, €3, €3 denote the usual
basis for R3. We choose e12 = €1 A €3, e13 = €1 A €3, €23 = €2 A e3 as our
associated basis for /\2 R3. Changing bases from O’Neill’s to ours, we have

LEMMA 2.1. The selfadjoint operator R appears, with respect to some
n-orthonormal basis of R3, in precisely one of the following forms on the
associated basis of \* R3:

-B 0 0 -B 0 0
0 -c¢ 0f, 0 a —-fFf{,
0 0 a 0 F a4
A A L
—B 0 0 2 2
0 AF; Fi |, v LA
0 + xx1 - 0 )

where A, B,C, F, A are independent real constants.

Now let M be a 3-manifold with Lorentzian metric tensor g. We agree
that whenever we choose local coordinates at z € M which give rise to
a g-orthonormal basis (e, e2,e3) of T, M with g(e;,e1) = 1, we shall use
(e12,€13,€23) as the associated basis of /\2 T.M. With these choices, the
Riemann tensor R, appears as a 3 x 3 symmetric matrix

Ry212 Riz1z Rz
Ry213 Ryziz Rizaa |,
Ri223 Ryzas  Raaas

which we regard as a quadratic form on A\? T, M as in [1].
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Applying Lemma 2.1 pointwise and using R = ( /\2 g)R, we have

THEOREM 2.2. At each point x of a Lorentzian 3-manifold (M, g), there
ezists a choice of g-orthonormal coordinates with respect to which the Rie-
mann tensor R, on /\2 T:M takes on ezactly one of these canonical
forms:

CF1 diag[s,c,4];

(B 0 0
CF2 0 —a F|, F#0
[0 F 4
B 0 0 7
CF3 |0 -x+1l 1 |;
[0 £ Ak g)
- 1 1 -
X -
1 .
CF4 |- =X 0
-% o ]

We note that these forms can also be characterized in terms of eigen-
vectors of R: CF1 corresponds to a timelike eigenvector, CF2 to a spacelike
eigenvector, CF3 to a double null eigenvector, and CF4 to a triple null eigen-
vector; compare [6, §4.3].

We now determine the pointwise symmetry group of each associated
sectional curvature K, = R,/ /\2 gz. Before we begin, let us note that these
symmetry groups may also be regarded as parameterizing the choices of local
orthonormal coordinates with respect to which R, appears in its canonical
form.

Observe that if R, = ¢ /\2 gz, then K, = ¢ is a constant and is invariant
under all automorphisms of the Grassmannian G2(T;M ). Therefore, in this
case the symmetry group is PG L. In terms of our canonical forms, constant
sectional curvature at z is characterized by CF1 with 4 = —B = —¢. Note
that in all other cases, the symmetry group will be a subgroup of PO?(— —
+); see Table 1.

The procedure for determining the remaining symmetry groups is as fol-
lows. First, the invariance group of R, on /\2 T, M, expressed with respect
to an appropriate orthonormal basis of T, M, is {A € GL3; A'R.A = R.}.
Note that with respect to the same basis, the invariance group of /\2 g is
0%(— — +) < GL3. The desired symmetry group of K is then the projec-
tivization of the intersection of these two invariance groups.
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Table 1. Lorentzian sectional curvature symmetry groups

Canonical form of Symmetry group of
R, K;.=R:/ N\ g:
A=-—B=—C PGL;
B=C# -4 PO,
s A=—-B# —C 1
CF1: diag(B, c, 4] A= —c# _B} POy
generic Zy® Zy
CF2 Z,
B 75 - Z,
CF3 B= -\ PHT
CF4 1

Now consider CF1. Letting A = [a;;] with 1 < 7,5 < 3, it is easy to see

that if B = ¢, then a13 = @23 = a3;1 = azg2 = 0 and

a1 Q12 2
[021 azz] €0z < 01( +)'

Hence a3z = £1 and the symmetry group is isomorphic to PO;. Similarly,
if A= —Bor A = —c, it follows that the symmetry group is isomorphic to
POL. Finally, if none of these hold, direct calculation from A'*R.A = R,
shows that A is diagonal with all diagonal entries £1, independently of each
other. Projectivized, this group is isomorphic to Z; @ Z,.

Next, consider CF2. Again, one begins with A'!R,A = R and calculates
directly to obtain the invariance group, finding that A is diagonal with
all three diagonal entries +1. But this time, one also obtains as; = as3.
Projectivizing, we obtain a symmetry group isomorphic to Z,.

Next, consider CF3. Using the same procedure, we find two cases. When
B # —A, we obtain the group isomorphic to Z, as for CF2. When B = A,
we obtain the group HT of horocyclic translations (called “null rotations”
in relativity because there is a fixed null direction). The identity component
of this group consists of all the matrices

0 -t ¢ t
2 2
expl|t 0 O]=]|t 1-% 5 |, teR,
t 0 0 t -£ 1+%

and appears naturally as the nilpotent group in an Iwasawa decomposition
of SO2*. Under the canonical double covering SL; - SO3*, it is the image
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of the parabolic elements of the form

L

See [5] for more about this subgroup. Each component of O?(~ —+) contains
one component of HT. Projectivizing, we obtain PHT.

Finally, consider CF4. Direct calculation from A*R,A = R, again yields
a diagonal A, now with a;; = a2 = a3z = £1. Projectivizing, we obtain the
trivial group 1.

This completes the determination of all possible pointwise symmetry
groups for the sectional curvature function K'; of a Lorentzian 3-manifold,
as listed in Table 1. :

We conclude this section with the Riemannian case. Here, selfadjoint
transformations correspond to symmetric matrices, which are always or-
thogonally diagonalizable. Thus only CF1 occurs for Riemannian metrics,
and we obtain Table 2.

Table 2. Riemannian sectional curvature symmetry groups

Canonical form of Symmetry group of
R, K. =R;/ /\2 9z
A=B=C¢C PGL;
A=B#cC
CF1: diag([B, c, 4] A=C#B PO,
B=C#A
generic Zy & Zy

3. Existence of naturally reductive models

In this section, we determine which CF types can be realized on naturally
reductive spaces so that the CF type of K (and thus the symmetry group)
is the same at every point. Thus we now consider naturally reductive homo-
geneous spaces M = G/H of dimension 3 with a left-invariant Lorentzian
metric tensor.

According to Corollary 2.11, p.198, Theorem 3.3 (2), p. 201, and the
definition preceding Proposition 3.4, p. 202, of [8], naturally reductive Loren-
tzian homogeneous spaces are complete. From Proposition 33, p. 255, and
Lemma 28, p. 253, of [8], it follows that dinG < 6. For connected M,
dim G = 6 implies constant curvature. Thus we need to consider only G of
dimensions 3, 4 and 5.



Symmetries of sectional curvature on 3-manifolds 641

Let g and b denote the Lie algebras of G and H, respectively. In order
that G/H be reductive, we must have g = h & m and

(3.1) [B,m] C m.

It then suffices to consider ad yz-invariant nondegenerate symmetric bilinear
forms B on m such that

(3.2) B(X, Y, 2)) - B(Z,X],Y) =0
for all X,Y € m and Z € h. The naturally reductive condition is then
(3.3) B(X,[Y,Z]lw) - B([Z2,X]m,Y)=10

for all X,Y,Z € m. (Cf. [8, pp. 200-201].)

We begin by showing that all these spaces with dim G' = 3 are flat or of
constant positive curvature. We shall use the summation convention without
further explicit notice.

THEOREM 3.1. If M = G/ H is an irreducible, naturally reductive, Loren-
tzian homogeneous space of dimension 3, then either M is flat or of constant
positive curvature. In the former case, M is Minkowskian 3-space or one of
its quotients by a discrete group of translations. In the latter, M is SO**(R)
or one of its coverings or quotients by a discrete subgroup.

Proof. Let g have basis (e;, €2, €3) chosen so that B(e;,e;) = —B(ez, €2)
= —B(es,e3) = 1 and B(ej,e;) = 0 for i # j. Let [e;, e;] = ckex define
the structure constants. Now m = g and h = 0, so (3.1) is trivial and
(3.2) becomes B(X,[Y, Z]) - B([Z,X],Y) =0 for X,Y,Z € g. Considering
two and three different arguments in this equation, we obtain the structure
equations of g as

[61,62] = —aes,
[62,63] = ae,
[e3, €1] = —aes.

If a = 0, then the Lie algebra is abelian and we obtain the flat cases. If
a # 0, then the Lie algebra is isomorphic to s03.

We compute the curvature of the latter. Using the formula from [8,
Thm. 3.3], the Levi-Civit4 connection is given by VxY = 1[X,Y]. A direct
computation then yields

1

Rynz = —ZGZ,
1

Ri313 = —Zaz,
1

_ 2
Rj323 = 2%
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Ri213 = Ry223 = Ri323 = 0,

and we find an example of CF1 with group PGL3. =

We observe that this is the situation for SLy(R) considered by Nomizu

[9].

3.1.dimG =4

Let g have basis (e1, e, €3, e4) with B(e;,e;) = ¢; = 21 and B(e;,e;) =0
for i # j. Again, [e;,e;] = cfe; defines the structure constants. We take
h = (e4) so that m = [eq, ez, €3], where (o) denotes the algebra generated
by what is enclosed and [e] denotes the linear span of what is enclosed.
Thus exactly one ¢; = 1 for 1 < ¢ < 3, but the choice of ¢4 is free. We want
G/H to be naturally reductive, (3.3) and (3.2), and B to be ady-invar-
iant (3.1).

Working all these out, we find that the structure equations for g become
[e1,€2] = cizes + cizea,
[e2, €3] = e1eaciyen + cpaen,
(3.4) [e3, €1] = €2eaciye2 + 5y €4,

1 3

1 2
le2,€4] = c34€1 + £263¢55€3,

l [63,64] = 616362161 + 63462.
From the Jacobi identity, we obtain
£1€34¢3; — €3¢14¢13 = 0,
(3.5) €2¢34¢1, —e1634¢33 = 0,
e3c?4c§3 - 52c§4c§1 =0.
Thus all the connected, naturally reductive, Lorentzian homogeneous spaces
with dim G = 4 are obtained from all simultaneous solutions of (3.4) and

(3.5) and their quotients by discrete subgroups of G. We calculate their
Riemann tensors using the formula

1

4
1 " e 7

= 5K, Yln, 2l = [[X, Y5, Zlmy XY, Z € m,

R(X,Y)Z = -[X,[Y, Z]m)m — i[Y, [X; Z]m]m

(3.6)
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found in the proof of Proposition 3.4 of [8, p. 202}, obtaining
[ Rigis = iis(ci'z)z + e1¢34¢ts,
Ry313 = %62(0?2)2 + e3clycly,

1
(3.7) q Razaz = 151(0?2)2 + €2¢34¢53,

_ 3 4 _ 1 4
Ry213 = €3cyyciy = €1€34€13,

1 .4 _ . 2.4
Ri223 = €104¢23 = €2€34€7,

. 2 4 _ . 3 4
Ri323 = £2¢54€73 = €3€y; Co3-

~

Examining (3.7) and the canonical forms CF1-CF4, we claim that only
those cases of CF1 in which two of 4, B, ¢ have the same absolute value and
those of CF3 in which —A = B < 0 are possible when dim G = 4, and that
CF2 and CF4 do not occur. We proceed to show this.

In order to obtain CF1, suppose first that at least two of the cf; in (3.4)
are nonzero, whence all cj~4 = 0, or that all ¢!; vanish, whence all c§4 are

ij
arbitrary. Calculating, we find the curvature matrix

1

1 (0:1’2)2 diag[es, €2, €1]

which represents constant nonnegative curvature and a symmetry group of
PGL;.

If exactly one c‘}j # 0, then cj-,, is arbitrary and the others vanish. If
c}, # 0, then the curvature matrix is

21{53(6?2)2 + e1¢)4¢; 0 0
0 1e2(ch)? 0
0 0 zlfel(c:{2)2
For ¢}, = 0 we have a symmetry group of PG L3, and for ¢}, # 0 we have a
symmetry group of PO} when ¢; = —¢; and PO, when ¢, = ¢,.
If c§; # 0, then we find the curvature matrix
Tes(ch)? 0 0
0 21{52(0?2)2 +e3cjych, 0
0 0 Te1 (L)

For ¢, = 0 the symmetry is PG L3, and for ¢}, # 0it is PO} when &y = —¢3
and PO, when ¢; = €3.
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Finally, if ¢4, # 0 we obtain the curvature matrix

Tea(ch)? 0 0
0 ye2(ch)? 0
0 0 21151(C§2)2 +e2¢j4chs

For ¢}, = 0 the symmetry is PGL3, and for c2, # 0 it is PO; when £; = €3
and PO} when ¢; = —¢;.

We observe that in all cases of constant curvature it is nonnegative; it
is not possible to obtain constant negative curvature with dim g = 4. Also,
in all cases at least two of 4, B,c have the same absolute value and the
symmetry group Z; @ Z, cannot be realized. There are no other constraints
on the production of CF1.

Note that while the form of CF1 does not depend on the ordering of
(e1,e2,e€3), all of CF2-4 do. Thus we may as well assume from now on that
(e1,e2,€3) are ordered so that 1 = ¢y = —g3 = —¢3.

In order to obtain CF2, it follows from the structure equations (3.4)
and the canonical form of Theorem 2.2 that this can occur if and only if
c3, # 0 and £; + €3 # 0. This contradicts our assumption, so CF2 cannot
be produced with dim g = 4.

In order to obtain CF3, we must have Ry213 = Rj223 = 0 whence ¢}, =
¢}, = 0. We must also have Ry3y3 = +1/2 whence c3,c}; = ¢3,c3, = £1/2.
Now —%(c3;)? = B so we can produce only those CF3 in which B < 0, but
this is the only constraint on B. If we regard B as given and substitute using
the preceding relations, then we obtain

1
¢ﬂ4—=—/\:i:§—3,

ﬂi=Ai%+B

Using the reciprocity of the left-hand sides, this system has a unique solution
and we can produce CF3 only for —A = B < 0.

Finally, in order to have CF4 we must have Rj323 = 0 whence c,c3; =
c3,c3s = 0. We must also have Rj213 = Rizes = —1/\/§ whence c3,c,,
c34C3y, Chycha, c24cty # 0. These conditions are contradictory so CF4 cannot
be produced with dim g = 4.

3.2.dimG =5

Let g have basis (€1, e2,e€3,€4, €5) and again assume that it is B-ortho-
normal. This time we take h = (eq, €5), so [eq, es] must be a subalgebra, and
m = [es1, €2, e3] again. We continue with 1 = £; = —e2 = —¢3, and now both
g4 and e5 are free. Working again from the reductive condition (3.1), the
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ady-invariance condition (3.2), and the naturally reductive condition (3.3),
and requiring that h be a subalgebra, the structure equations become

([e1,€2] = aes + aseq + ases,  [e1,e5] = 7162 + 73€3,

[ez,e3] = —cer + bseq + bses,  [ea, eq] = Pre1 — Paes,

(3.8) { [ea, e1] = ez + cqeq + cses, [e2,e5] = 71181 — Y263,
[e4, €5] = ngeq + nses, [e3, e4] = Baer + Baea,

 [e1,€4] = Brea + Baea, [e3, es] = 13er + 12€2.

From the Jacobi identity, we obtain

[ B1c4 + 1105 + Baaq + y3a5 = 0, 71b4 + c4nq + 1204 = 0,

Ba2aq + v2as5 + B1bs + 7105 = 0, Y1bs + cans + 1205 = 0,

B3bs + v3bs — Bacy — 265 = 0, Baag — bsnyg + Brcg = 0,

Pacs + asng — P3by = 0, Paas — bsns + Prcs = 0,

(3.9) < Bacs + asns — Babs = 0, Y3a4 + byng + 1104 = 0,
Y2€4 — agny — y3by = 0, Yaas + byns + 1105 = 0,

Yacs — agns ~y3bs =0,  B3y2 — B2yz — fina — mns = 0,

Prby — esng + fras =0,  Pav1 — P1v2 — Pang — y3m5 = 0,

{ P1bs — csns + fras =0,  Pr1ya — Bav1 + Pang + 12ms = 0.

Thus all the connected, naturally reductive, Lorentzian homogeneous spaces
with dim G = 5 are obtained from all simultaneous solutions of (3.8) and
(3.9) and their quotients by discrete subgroups of G. We calculate their
Riemann tensors using (3.6), obtaining

(

1
Ri212 = —Zaz + Bras + 1105,

Ri213 = B3a4 + v3a5 = —ficq — 7165,

Ry223 = —P2a4 — v2a5 = [rbs + 1105,

(3.10) 1
{ Riz13 = —Za?' - B3cq — vacs,

Ry323 = Pacy + 7205 = B3bs + 73bs,

1
| Raazs = Zaz ~ P2bg — 72bs.
As before, not all cases of all canonical forms occur when dim G = 5.
Only the continuous symmetry groups from CF1 and CF3 occur and CF2
and CF4 do not. First, observe that adding and subtracting certain equations
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from (3.9) yields the additional conditions
asng —agns = 0,
bsng — bgng = 0,
csny — cyny = 0.
For example, the first of these is obtained by taking the third equation plus
the fourth plus the seventh from (3.9). It follows that unless
ashs — asby = 0,
(3.11) aqcs — ascq = 0,
byecs — bsecqy =0,
then ny = ng = 0. Thus we shall initially assume that (3.11) holds.

In order to obtain CF1, we must have Ry513 = Ry223 = R1323 = 0, which
via (3.10) is equivalent to

Bibs + 711bs =0,  Bacy + 7205 =0,

Pres +v1e5 =0,  Bzaq + v3a5 =0,

Braq + 205 =0,  PBsbg + v3bs = 0.
Note that our assumption of (3.11) implies that §; and v; do not necessarily
all vanish, so it is possible to obtain nonconstant curvature. If all a;, b;, ¢;

vanish, however, we would also have constant curvature. Thus we also need
at least one of the following satisfied:

(3.12) Bry2 — B2 = 0;
(3.13) B17s — Bam1 = 0;
(3.14) Bay3 — B3y2 = 0.

If all three hold, then we are again reduced to constant nonnegative curva-
ture. Thus we shall consider only the cases where exactly one or two hold.

If one does not hold and the other two do, then in each case it now follows
from two of the last three equations in (3.9) that ny = ns = 0, whence the
one in fact holds. Therefore this case is not possible.

If (3.12) holds and the other two do not, then a; = b; = 0 so Ryz12 =
—R3323 < 0 and the symmetry group is PO} when S3¢c4 + 13¢5 # 0, PGL3
when it is. If (3.13) holds and the other two do not, then a; = ¢; = 0 so
Ri312 = Ri313 < 0 and the symmetry group is PO, when ;b4 + v2b5 # 0,
PGL3 when it is. If (3.14) holds and the other two do not, then b; = ¢; = 0 so
Ri313 = —R3323 < 0 and the symmetry group is PO} when f1a4 +71a5 # 0,
PGL3; when it is. Note that in all these cases of constant curvature, it is
also nonnegative.
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The analysis for CF2 begins similarly. We must have

Baca + 73cs + Baby + 7205 = 0,
Baas + v3as = Pica + 1165 =0,
B2aq4 + v2a5 = Pr1bs + 71bs =0,
B2cs + v2¢5 = fP3bg + 73bs # 0.

It follows that (3.11), (3.12), and (3.13) are satisfied. Whether (3.14) holds
or not, it turns out that 82,72, 03,73,b4,b05,¢4,¢5 Z0and By =71 = a4 =
as = 0. Since bycs — bscy = 0 (else f3 = 43 = 0), byeq + bses and cyeq + cses
are linearly dependent. It follows that (3.14) holds, whence B3e; + Bae;
and y3e; + 7262 are linearly dependent. But this implies facy + v2¢5 =
B3by + v3bs = 0, contradicting the requirements for CF2. Therefore CF2
cannot be produced with dim G = 5.
In order to obtain CF3, we must have

Bacy + v3cs + Baby + 7205 = F1,
Baaq + y3as = Bies + mes =0,
Baag + y2as = P1by + 11bs = 0,

1
Bacq + y2c5 = Babs + y3bs = ﬂ:-2--

These are sufficiently different from those for CF2, and the analysis again
proceeds along similar lines to that for CF1. Using the first of the preceding
conditions (equivalent to Ry313 + Ra323 = 1), we obtain —A = B < 0 when
(3.11) holds; when it fails, CF3 cannot be produced.

We come at last to CF4. Considering (3.11) both holding and not, it is
easy to see that this form cannot be produced with dim G = 5.

As noted at the end of Section 2, only CF1 occurs in the Riemannian
case. Theorem 3.1 continues to hold if “Lorentzian” is changed to “Riemann-
ian”, “Minkowskian” to “Euclidean”, and “S Of+” to “S03”. If dim G = 4,
we take €1 = €2 = €3 = 1 and now obtain only those CF1 in which two of
A, B, C have the same positive value. Thus there is no naturally reductive
Riemannian model with dim G = 4 and symmetry group Z; ® Z,. When
dimG = 5, we also take £ = €2 = €3 = 1 and still obtain only those
symmetry groups from CF1 except Z; @ Z,. Note that these actions are not
effective. This concludes our summary of the Riemannian case.

4. Naturally reductive examples

Here we shall present a few selected examples with dim G = 4 and 5. All
the cases in which we were able to identify the Lie algebra can be realized
as circle bundles over surfaces, but the surfaces may be open. We do not
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know if this is a general feature; this should be investigated further.

The first examples will be those with dim G = 4. Recall the general
structure equations (3.4). We also recall that here only those CF1 in which
two of 4, B, ¢ have the same absolute value and only those CF3 in which
—A = B < 0 are possible.

We begin with CF1. Referring to the discussion following (3.7), the case
where all cfj # 0 is typical for at least two of them not vanishing. Signature
+—— is also typical here, so we shall write only it down. Then g has structure
equations

[61762] = c:]i,263 + 0‘1264,

[e2, €3] = —clren + e,

[e3,e1] = ¢Sz + chyeq.
If ¢3, # 0, then g is a central extension of 502 by (e,) and we obtain compact
models with constant positive curvature as circle bundles over closed surfaces
¥, of genus g > 2. If ¢, = 0, then g is a 4-dimensional nilpotent Lie algebra

with center (e4) and we obtain the compact model of the flat torus 7.
If all c;-‘j = 0, then g has the structure equations

[e1,e2] = 6?263, le1,e4] = 0%462 + 02433,
[62,33] = —6:13261, [62,64] = 0%461 - 0123463,
[es, e1] = C:132e2a les,eq] = 0?431 + 01234‘32-

Now g = g, X¢ (e4) is a semidirect product with 8 : {(e4) — Der(g,) given by

1 3
01 _624 —6%4
f(es) = _0:2"4 (2) —C3y
—Clg C3yq 0

If ¢, = 0, then g, is abelian and we obtain the compact model of a flat 7 if
and only if exp(6) preserves a lattice in R®. If ¢3, # 0, then g, 2 50? and we
obtain compact models with constant positive curvature as circle bundles
over closed surfaces ¥, of genus ¢ > 2 if and only if exp(#) preserves a
suitable lattice in SOf'f = PSLy(R).

For exactly one cfj # 0, the case ¢}, # 0 is typical. The structure equa-
tions of g are

[61,62] = c‘32‘33 + 0‘1264, [61,64] = —61820§462,
[62, 63] = 61630?261, [62,64] = 0%4‘31,
[es, e1] = 82636:13262, [es,eq) = 0.

If c}4 = 0 and ¢}, # 0, then we have a central extension of so? again and
constant positive curvature. If ¢}, # 0 and ¢}, = 0, then the result depends
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on the signature. If &, = —&3, then g ¢ 502 X (e3) and the symmetry group is
POL. If g1 = ¢,, then g = g, x (e3) with g, = so3 if c¢f,c}, > 0 and g, = so}
if ¢j,cdy < 0, with the symmetry group of PO; in both cases. In all these
cases e4 is not the compact generator of s0%, so we can obtain a compact
model S x S? only with sos. Finally, if cl,,c3, # 0, then g is unidentified
and the symmetry group is PO} or PO; according to the signature.

For CF3, consider the special case ¢}; = ¢}, # 0 and ¢}, = 0 so B =
—)X = 0. Replacing e; by e; + e; and leaving ey, e3,e4 as is, the structure
equations for g can be written as

[61,62] = 0, [61,64] = 0,
[e2,€3] = aeq, [e2,e4] = —bes,
[63, 61] =0, [63’64] = bela

where a = ¢}; and ab = F1/2. We obtain a semidirect product g = g; X (e2)
with g, = (es, e4,€)) isomorphic to the Heisenberg algebra and

0 -6 0
b(ez)=|a 0 0
0 0 0

We can get compact models if and only if exp(@) preserves a suitable lattice
in G.

Next, some examples with dimG = 5. When 8; = v; = 0, we have
constant nonnegative curvature with a central extension of s03 by the abelian
(eq,e5). We omit the details.

As a typical example of the other CF1 cases, suppose that 8; = v; = 93 =
as = ¢ = 0 and 72,bs5 # 0. Then (3.9) implies that ay = ¢4 = ngy = ns = 0.
The structure equations of g are
[ [e1,€2] = cxes,

[e2, €3] = —aes + byeq + bses,
< [CSaCI] = aéy,

[e2,€5] = 7263,
L [e3, e5] = 12€2.
If a = 0, then g = (e;) x g; where g, is a central extension (a product if
by = 0) of s0} by (es) and we obtain models with symmetry group PO,.
Since es is not the compact generator of so?, none of them are compact.
If o # 0, then g is a central extension (a product if b4 = 0) by (e4) of an
unidentified 4-dimensional Lie algebra.

All of the other Lie algebras remain unidentified. We hope to return to
these later.
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