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ON THE FORM OF SOLUTIONS OF THE ITERATIVE
FUNCTIONAL EQUATION OF THE »-TH ORDER

The paper contains two theorems on the shape of some continuous so-
lutions of the iterative functional equation of the n-th order, with constant
coefficients.

1. We consider the functional equation of the n-th order with constant
coefficients:

(1) o1(f*(2)) + ano16: (7N (=2)) + ...+ aoba(z) = 0

where ¢; is an unknown function, f* denotes the i-th iterate of given function
f. This equation has been studied in detail in [1] (chpt. XIII p. 259). The
theorems on the shape of solutions of the equation (1), formulated in this
paper complement some results from [1]. These theorems can be applied in
the theory of iterative functional inequalities of the n-th order, which will
be subject of the next paper.

2. Assume the following about the function f:

(HY) f:I—>1,I=]0,a),a>0, f iscontinuous and strictly increasing
Junction and 0 < f(z) < z, z € I'\ {0}.

Polynomial:
(2) w(A)= A"+ A A" 14+t adtag

is called the characteristic polynomial of equation (1). Denote by Aq,..., A,
the roots of this polynomial. One can consider, instead of (1), the equivalent
system (cf. [1], chpt. XIII, p. 262):
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( $1(f(z)) — Md1(z) = do(z)
$2(f(z)) — A22(z) = ¢3(2)
(3) \ :
Sn-1(f(2)) = An—10n-1(z) = $u(z)
{ Pu(f(2)) = Andn(z) = 0.

Denote by A, the root of the characteristic polynomial, which has the small-
est absolute value. We prove the following theorem for solutions of the equa-
tion (1) under the following assumption on roots of the characteristic poly-
nomial

(H2) [M]<1,i=1,...,n X, is the single root of the polynomial (2).

THEOREM 1. Assume (H1) and (H2).

a) If ¢y : I — K (K is the set of rcal or complex numbers) is a continuous
solution of equation (1) such that ¢,, from the system (3) satisfies: pn(z) # 0
in I'\ {0}, and the limit

o ()
) P = @)
ezists, then ¢, is given by the formula
(5) #r(z) = —mtnl®)

L5 (n = X)

b) If ¢ : I — K, (¢n(z) # 0 in I\ {0}) is a continuous solution of the
equation
(6) ¢n(f(2)) = Andn(z) = 0
then the function (5) is the only continuous solution of equation (1), satis-
fying condition (4).

Proof. By induction with respect to the order of equation.
We prove at first a) and b) for the second order equation. Let ¢y be a
continuous solution of equation (1), for n=2, i.e.

(7) ¢1(f*(2)) + a161(f(2)) + aodi(2) = 0.
The roots of the characteristic polynomial
w(A) = M+ ad+ao
are A1, Az and
$2(z) := ¢1(f(2)) — Mdr(z)

is a solution of the equation

2(f(z)) — A2ga(z) = 0.
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It follows from the assumption, that the limit (4) exists (for n=2, it is equal
to p2), so the function

~ $1(x)
0 bio)={ 8@ 2¢1\O)
b, T =
is a continuous solution of the equation:
~ A1~ 1
9) $1(f(2)) = T hi(2) = +
A2 A

in case of |%’2-| > 1, the equation (9) has exactly one continuous solution ([1],
p. 53, Th. 2.7, [2], chpt. 3.1C) which is the following constant function

51($)= W zel.
In view of the form (8) of the function é1 we have
_$a(z)
(10) @)= 20, el
When A; = —A,, the equation (9) has also exactly one continuous solution,

which is the constant function ([1], Th. 2.11, p. 58), ([2], chpt. 3.1C):
~ 1
$1(z) = m, °€ I.

Again from the shape of $1 we get

The case remains when |—l| =1and Xl € C, where C is the set of complex
numbers. From [1] (Th. 2.6, p. 52 ), [2] (chpt 3.1C) it follows that in this
case equation (9) has either exactly one continuous solution, or none at all.
Since the function

-~ 1
TR
fulfils equation (9) in that case too, we have
_ _$:(2)
¢l(z)_A2_A11 IEI'

Proof of the part b). Suppose that ¢;, (¢2(z) # 0in I\ {0}) is a contin-
uous solution of the equation ¢,(f(z)) — A2¢2(z) = 0. Then the function

¢1(z )— ¢2( ;1, zel
is the solution of the equation
(11) $1(f(2)) — Md1(z) = ¢2(z).

So ¢ is also a solution of equation (7).
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We prove now the uniqueness of ¢;. Let’s assume that there exist ¢; and

@, satisfying (11) and for which the limit (4) exists. The functions % and

%;l fulfil the equation (9). Since ]%I > lor % =-lor % € C and |%;-| =1,
then the equation (9) has at most one continuous solution [1] (p. 52, p. 53),
(2] (chpt. 3.1C). Therefore ¢, = ¢}.

We have proven the validity of the theorem for n = 2. Assume the
theorem holds for the equation of the order n — 1. Let ¢; be a continuous
solution of the n-th order equation. Then the function

$2(z) := ¢1(f(2)) — Aa(z)
satisfies the equation of the order n-1. The characteristic polynomial of this
equation has the roots Az,...,A,. From the assumed existence of the limit
(4) and from the definition of the function ¢, it also follows the existence of

the limit
$2(z)

m .
z—0 ¢n(.’1:)
Therefore the function ¢, satisfies the assumptions of our theorem and it is
given by the following formula

)= __M)___
¢2( ) H:;_gl(/\n — /\z)
Thus the function
é1(z
(12) 1(z) = { ;E—zi z € 1\ {0}
P, z=0

is a continuous solution of the equation
~ Ay ~
$1(f(z)) - ,\—1¢1(1‘) =
In each of the cases

|’\1| > ,’\nl, /\1 = _/\n,

1
ATl (An = X)

M
An
there exists exactly one solution of this equation and it is the constant
function: A

A1
_land—/-\—;;é—l

é1(z) = ]:[(A,, Y
i=1

Considering the form of ¢; (12) we get (5), which is the thesis a) of the
theorem.

Proof of the thesis b). Assume ¢, is a continuous solution of equation
(6). From the induction assumption, it follows that the function
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$n(z)
$2(2) = g

H?:;(An - A1)

is the only continuous solution of the equation of the n — 1 order, which
satisfies (4). The characteristic polynomial of this equation has the roots
Az,...,An. Thus each continuous solution of the equation

$n(z)
13 z))-Mdi(2) = ——F———
(13) $1(f(2)) = M¢s(2) T 0 — %)
is also a continuous solution of the equation (1). Substituting, we realize
that the function

$n(2)

¢1(2) = 7,
]:[?:11 (An - A')
is a solution of equation (13). The proof of the uniqueness of ¢, is analogous
to that for the case n=2. This completes the proof.

The second theorem on the form of solution of the equation (1) consider
the case where the roots of the characteristic polynomial satisfy the following
assumption:

(H3) [M|2xaf > ... 2 [x] > 1
A1l = [Arg2] = .o = [Aep| = 1
1> [Akpira] 2 | Mepiral 2 -2 2 [Aettgmls, E+I+m=n
A, is the single root.

The system of equations equivalent to the equation (1) can be divided
into three subsystems, corresponding to different sets of roots in (H3):

1 (f(z)) — Mdi(z) = ¢2(x)
(14)

k(f(2)) = Aedi(z) = dry1(z)
Sk+1(f(2)) = Ak410k41() = Prpa()

(15) :
r+1(f(2)) = Akt 10k41(2) = Prt141(2)
Br+141(f(2)) = Akt 141084 141(T) = Prt142(2)
(16) :
¢n(/(2)) = Andn(z) = 0.

We prove a theorem on the shape of solution of the equation (1) in the case
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where the roots of the characteristic equation satisfy (H3). We divide the
roots with absolute value equal to one, into three groups

/\k+i ¢ {1,—1}, fori = 1,5..,]),
Aeri=-1, fori=p+1,...,p+4q,
Aepi=1, fori=p+q+1,...,p+q+7=1, wherep,q,r € {0,...,1}.

THEOREM 2. Assume (H1) and (H3). Let ¢; : I — K be a continuous
solution of equation (1) such that the following limit exists

. Drti1(T) .

17 lim —I—~ ¢, (z)#0 in I\ {0

(17 lim 24 @) #0 in 1\ {0)

where @ryi41 and ¢, are defined in system (14)—(16).
If r #£ 0, then there exists ¢ € K, such that

c dn(2)
¢1(z) = + == :
HCEP YIRS PRERY
Proof. Let ¢ be a continuous solution of the equation (1). We construct
the system (14)-(16). Consider at first the part (16) of the system. We
assumed that the limit (17) exists, thus from the Theorem 1 we get the
shape of the function ¢yy141

18 z)= .
o Pt = T G = )

Consider now the subsystem (15). We divide it into three groups, corre-
sponding to different values of roots with the same absolute value equal to
one.

Denoting

o = Agyi, t=1,...10
Yi(z) = drgi(z), i=1,...1
we can rewrite (15) according to this notation:

D1(f(z)) — catr(z) = a(z)

Yo(f(2)) — ap¥p(T) = Ppi1(z)
Yo+1(f(2)) + ¥p11(2) = Ypi2(z)

(19) Ypt+q(F(2)) + ¥p44(2) = Ypaot1(2)
Yp+g+1(F(2)) — Yp+g+1(2) = Ypiqgr2(z)
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Yi_1(f(2)) — Yi-1(z) = i(=)

Pi(f(2)) = bi(z) = Yiga(z)-
The function ¥41 = ¢g4i41 and is of the form (18). From [1] (Th. 2.11,
p- 58), [2] (chpt. 3.1C) and from the form of the function ;4 (it fulfils the
last equation in (16) too) it follows that the I-th (the last) equation of system
(19) has a one parameter family of solutions. Thus there exists b € K, such
that ; has the form:

Yule) =5~ Z¢’l+1(f (2)) = b — Piya(z) Z()\n)’ =b+ 1!/)\1+1_(";)

The function ¢ is continuous and it is the mght hand side of the (I-1)-st
equation of system (19), therefore it must satisfy 1;(0) = 0, thus b=0. This
implies that ¥, fulfils the last equation in (16), too. Thus the (I — 1)-st
equation has also a one parameter family of solutions and the function ¥;_;
has the form

Yi41(2)

Yi-1(z) = D= 1 zel.

Repeating the latter reasoning r times, for next equations up, to the equation
no. (p+ ¢+ 1), we obtain 9p4q41:

(20) Ypro+1(z) =g + (—f:fi—(f))—,, zel

with some g € K, since ¥,4441 belongs to the one parameter family of
solutions of the equation no. (p + ¢ + 1).

Let’s rewrite the equation no. (p+ ¢ ) of system (19) taking into account
the form (20) of the function ¥,4q41:

Bpeal )+ Ypra(e) = 9 + T

The above equation has exactly one continuous solution [1]} (Th. 2.11, p. 58),
{2] (chpt. 3.1C). It is given by

Yprq(z) = 9+Z l)ﬂlt+1 f! Sr)) _ _21_ ¢z+1(3r Z( M), zel

Repeating the same q times for next equations of system (19) up to the
equation no. (p + 1), we get for the function ¥p41:

_ Yi41(2) _ 9
(21) Ppp1(z) = c+ G ll;fl(/\,, eyl z€el, c= 27"

The function given by (21) is the right hand side of the equation no. p of
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the system (19). This equation and all which follow have a coefficient a;
different from 1 and —1. We rewrite once more the equation p:

(22) Up(f(2)) — ep¥p(2) = Pp4a(2).
Considering the shape (21) of 1,11 one can easily check that each solution
of the equation (22) satisfies

(23) ¥p(0) =

To get the function 1/),,, we iterate equation (22)

w,,(f (f)) [ - = Yiy1(f*(2)) ], seN,zel
(ap) (An = 1)7(An + 1)1

Reducing the right hand side of the last equation, we get

_ (@) [e\l-o;' & Pre(z)n!
¥ol(e) = (ap) ( )1—01;1 Z ot (A = 1) (An + 1)0

=

ap=1 (An=1)(An+1)a &\ /)
Since 1, is continuous in 0 and (23) holds, then the sequence in square

bracket tends to zero, when s — oco. From this and from the fact that the
sequence {-1-} is bounded (Ja,| = 1) it follows, that ¥, is of the form
P

c Yiy1(2)
) = T Y BT On + Di0w o)’
The function 1, is the right side of the (p — 1)-st equation of system (19).
Applying the same reasoning to all remaining equations up to the first one,
we obtain

1—a,,

Yp(2) =

bp(2) = ;};[

~ ¢ Yi41(2)
¥i(z) = P (1—a) (,\ —1)7(An + 1)1 (An — i)

thus
c Yit1(z)

hi(z) = + :

5’:1(1 - ai) Hé:l()‘n - ai)
Coming back to the notation in system (14)—(16), we have
c Prti41(2)

(24 $rt+1(z) = P1(z) = :
) ) ( HIRY GRS B § (Y ¢ W VA
The function ¢4, is the right hand side of the last equation of the subsystem
(14). Each equation of this subsystem has ( right hand side being continuous)
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exactly one continuous solution (|A;| > 1). The solution of the k-th equation
is given by the following formula

bu(e) = Z eenlfi@) o

,\t+l

Substituting (24) for ¢x41, we get
- c Srti+1(f(2))
¢k(z) = - [ i + T .
; ?:l(l - Ak'}'J)/\k-*’l H;:l(An - Ak+])/\;c+l
Using (18) for @x4i+1, and summing up the geometrical series we obtain
¢ Prt1+1(2)
éx(z) = + .
3=t (1= Aee) (L= 26)  TTEy(An = Metg)(An = k)

The function @) appears as the right side of the (k — 1)-st equation of the
system (14)-(16) and has similar form (24), with different constants only.
One can analogically determine ¢x_;. After such k steps one gets the formula

for ¢y:
$1(z) =

c + Pr141(2) .
?:1(1 - ’\k+.‘i) Hf:l(l - AJ) H;’:l(An - ’\k+j) H_’;:l(An - A.7)

This can be rewritten in the following way

¢1(z) =

+ Skti41(2)
n”*k(l— A) o (e -2

Considering the form (18), of the function ¢k4 141, we get our thesis proven.

Note. If r=0, then the system (19) contains only first two subsystems.
The function:

Vpto+1l = Oktit1
has then the form (18). Using this in formula (20) and repeating the proof
from this place on we get for ¢;:

¢1(1‘) = ¢n(z)

I e = )

3. We assumed in this paper that the root of the characteristic polyno-
mial with the smallest absolute value is single. This assumption is crucial,
because if it is a multiple root then the equation (1) does not have any solu-
tion satisfying the assumptions of Theorem 1. We prove that assuming that
An is a double root of the polynomial (2). Assume for contradiction that ¢,
is a solution of (1), fulfilling the assumptions of Theorem 1. The functions

¢i(z) = di-1(f(2)) = Aic19i-1(2), i=2,...n
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satisfy the system

$1(f(2)) — Md1(z) = do(z)

Pn-1 (f(l')) - ’\n¢n—1($) = ¢>n(z)

From the existence of limz_,o 22{Z and from the way the latter system was

én(x)
constructed, it follows that there exists lim,_,o ¢;:(1£;:) Thus the function
én_1(z)
(—;(z) _ ¢,,—(1.1:)" fOl’ T € I \ {0}
lim, 0 ¢;;(‘g), forz=0

is a continuous solution of the equation
~ ~ 1
Hf(2) - 3z) = 3

This is a contradiction, since the above equation does not possess continuous
solutions in I = [0, a).
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