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IN RANDOM NORMED SPACES 

1. Introduction 
Fixed point theorems have been studied in the probabilistic metric spaces 

(or more briefly PM spaces) by many authors (we refer to [3]-[7] and [10]). 
In [10] Sehgal and Bharucha Reid obtained the contraction principle in the 
PM spaces and in [5] Istratescu generalized their result. Altman [1] obtained 
a new concept of an inverse derivative that can be used instead of the deriva-
tive and formulated the concepts of contractors and contractor directions. 

Altman's concepts provide new techniques for solving nonlinear equa-
tions and also generalize the contraction principle in Banacli spaces. Alt-
man's theory of contractors has been further generalized by Balakrishna 
Reddy and Subrahmanyam [2]. Lee and Padgett [8] obtained the random 
analogues of Altman's existence theorem involving contractors. 

In this note we extend the concept of contractors in random normed 
spaces, introduced by Serstnev [11] (see also [9]), and therein we obtain an 
existence theorem generalizing that of Altman. Our theorem also generalizes 
the contraction principle in random normed spaces. 

2. Preliminaries 
For the definition of a PM space and a Menger space we refer to [9]. We 

begin with the following definition of a T-norm. 

DEFINITION 2.1. A mapping t : [0,1] x [0,1] [0,1] is a T-norm if it 
satisfies for a, b,c,d 6 [0,1] the following conditions: 

(i) t(a, 1) = a, t(0,0) = 0, 
(ii) t(a, b) = i(6,a), 

(iii) t(c, d) > t(a, b) for c > a and d> b, 
(iv) t(t(a,b),c) = t(a,t(b,c)). 
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D E F I N I T I O N 2 .2 . The (E , A)-topology in a probabilistic metric space is 
defined to be a topology on S determined by the family of neighbourhoods 
{U v(e , A): e > 0, A G (0,1)} for each v G S, where 

Uv(s, A) = {u: Fu>v(e)> 1 - A}. 
In the (e, A)-topology a sequence {pn} in S converges to p G S if and 

only if for every e > 0 and A > 0 there exists an integer M(s, A) such that 
Pn € Up(e,X), i.e., Fp,pn(e) > 1 - A, whenever n > M(e,X). The sequence 
{pn} is Cauchy's one, if for each £ > 0 and A > 0 there is an integer M(s, A) 
such that FPn,Pm(e) > 1 — A, whenever ra, m > M(e, A). A Menger space S 
is complete, if every Cauchy sequence in S converges to an element in S. 
The following notion of a random normed space has been introduced in [11]. 
Let A denote the collection of all distribution functions (i.e., the set of all 
F : R —» R+ which is non-decreasing, left continuous with inf F = 0 and 
sup F = 1). 

D E F I N I T I O N 2 .3 . (see [10]). A mapping T of a PM space (S, F) into itself 
will be called a contraction mapping if and only if there exists a constant 
k G (0,1) such that FTP,Tq{kx) > FPtq(x) for all x > 0, and p,q G S. 

D E F I N I T I O N 2 .4 . A triplet (S, J", F) of a real or complex linear space S, 
a mapping T : S —• A and a T-norm t is called a random normed space, 
if it satisfies the following conditions in which Fp denotes the distribution 
function F(p) for p € S: 

(i) Fp(0) = 0 for all p <E 5, 
(ii) Fp(u) = 1 for all u > 0 if and only if p = 0 6 S, 

(iii) If A is a nonzero scalar, then F\p(u) = -FP(jx[) f° r all p 6 5 and all 
ue R, 

(iv) Fp+2{U + v) > t(Fp(u), FQ(v)) for all p, q € S, u > 0, v > 0, where 
t(u, v) > max(u + v - 1,0) = Tm(u, v), u, v G [0,1]. 

A random normed space in a Menger space under the mapping F' defined 
by F'(p, q) = for all p, q € S. If the T-norm t is continous, then 5 is a 
Hausdorff linear topological space under the (s, A)-topology. 

D E F I N I T I O N 2 . 5 (see [11]). Let X,Y be Banach spaces, P : X Y a 
nonlinear operator and T : Y —• X a linear bounded operator associated 
with x G X. If r(x) has the property 

IIJ/II-1!!^* + r(x)y) -Px-y\\-^0 as y 0, 
then r(x) is called an inverse derivative at x of P. 

Using Definition 2.5, Altman proved the following existence theorem, 
concerning the convergence of iteration scheme xn+i = xn — r(xn)Pxn, 
n = 1 ,2 , . . . , to a solution of the nonlinear operator equation Px = 0. 
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We assume that the inverse derivative T(x) of P exists in a neighbour-
hood S(xo,r) = (x : ||a; — zo|| < r). 

T H E O R E M 2 . 1 . Let P : X Y be a nonlinear operator, where X,Y 
are Banach spaces. Suppose that there exist positive numbers q, r, 77, B with 
0 < q < 1 such that the inverse derivative satisfies the uniformity condition 
IIJ/H"1 \\P{x + r{x)y)-Px-y\\ < q for x E S(x0,r) = {x e X , | | z - x 0 | | < R} 
and IIj/H < TJ, ||r(«)|| <B,XE S(x0, r), ||Pa;o|| < V, BTJ( 1 - g)" 1 < 1, where 
P is a closed operator on S(xo,r), i.e., 

(xn € 5, {a;«} —• x and {-Pxn} y) (x € S and V = Px). 

Then there exists a solution x* € S(xg,r) and the sequence {xn} converges 
towards x*. Besides Px* = 0, x* 6 S(xo,r) and | | x n -x* | | < Brjqn(l - q)'1. 

For proving the global existence theorem Altman formulated the follow-
ing definition. 

DEFINITION 2 . 6 . Let X, Y be Banach spaces, P : X ^ Y a nonlinear 
operator and T :Y -* X a linear bounded operator associated with x G X. 
The operator P has a contractor r(x), if there is a positive number q < 1 
such that | |P(x + r(x)y) - Px - ¡/|| < g||y||, where x G X and y e Y. 

3. An existence theorem in random normed spaces 
We prove below a theorem giving sufficient conditions for the nonlinear 

operator P : X Y (where X, Y are complete random normed space) to 
have a zero in X . This result is an analogue of Altman's Theorem 2.1 [1] for 
random normed spaces. 

T H E O R E M 3 . 1 . Let (X,F,t), (Y,F',t') be two complete random normed 
spaces, where t,t' are continuous T-norms and t(x,x) > x for every x € 
[0,1]. Let P : X Y be a nonlinear operator, r > 0 and xo € X. Suppose 
that r : Y —> X is a linear operator for x € X such that Fx_x0(r) > 0. 
Consider the iteration x„+i = xn — r(xn)Pxn. Suppose that there exist 
q, T), B,a > 0 with q < 1 such that 

(i) FP(x+nx)y)-Px-y(a) ^ Fy(q) / 0 P eVeTV fl > 0 a n d f0r ^VerV 
with Fx-x0{r) > a and F'y{r}) > a, 

(ii) Fp{x)y{a) > Fy(jj) for every x with Fx-x0(r) > a and for every 
veY, 

OH) FPxM > « and Brf{l - q)-1 < r, 
(iv) P is a closed operator. 

Then there exists x* with Px* - - 0 and {xn} x". 
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P r o o f . By induction on n we shall prove that F X n - X o ( r ) > a and 
F'PXn(77) > a for every n . For n = 0 the result is obvious. Suppose that 
for every k < n — 1 it holds. Then, by triangle inequality, we have 

' F X n . X o ( r ) > t ( F X n . X l ( r - B V ) , F X l - X o ( B r i ) ) , 

( 1 ) I F X n - X k ( r - B r ] . . . - B T 1 q k - 1 ) 

> t ( F X n . X k + 1 ( r - B r ) . . . - B r 1 q k , F X k + 1 - X k ( B V q k ) ) , k < n - 1 , 

and, by induction hypothesis, 

( 2 ) F X k + 1 . X k ( B V q k ) = F n X k ) p X k { B r , q k ) > F ' P x k { V q k ) . 

Taking y = — P x k - 1 and x = X k - i , by induction hypothesis in (1), we get 

( 3 ) F ' P x k ( m k ) > F ' p ^ q « - 1 ) > . . . > F ' P x o ( V ) 

and (2) reduces to the inequality 

F l k + l - X k ( B r ) 1 k ) > F ' p x o ( v ) 

implying, by the increasing nature of t, that (1) becomes 

A X n - X h ( P ) > t ( F X n — Xlt + l 

with (3 = r - B r ) . . . - B i ] q k - 1 . 

As t is increasing and associative, repeated use of (1), (3) together with 
the triangle inequality leads to 

(4) F x n . x 0 ( r ) > K F ^ ^ F ^ ) ) 

with 7 = r — B r ) — . . . — B r j q n ~ 2 and, by (ii) and the induction hypothesis, 
we have 

(5) - * „ _ ! ( 7 ) = i r ( x . _ 1 ) P ( « . - i ) ( 7 ) > F ' p ^ B - ^ ) . 

By an argument similar to that used to establish (3), we get 

F X n - X n _ A l ) > F ' ^ B - ' q 1 - ^ ) . 

By (iii), 7 > r j . As F ' P x ? increases, F X n - X n _ x { 7 ) > F ' P x o { r j ) . Since 
t ( x , x ) > x for every x € [0,1], t is increasing and F P x Q ( r j ) > a , we get 

F x „ - x 0 ( r ) > t ( F ' P x o ( r , ) , F ' P x o ( V ) ) > F ' P x o ( r j ) > a . 

By induction it can be readily verified that F P x o ( r j ) > a for every n. 
Setting x = x n and y = — P x n in (i), we have 

F p X a + 1 ( a ) > F ' P x n Q and F r { X n ) P X n ( a ) > F P X n 

for every n 6 N and a > 0. Thus, we choose y = — P x n in (i) for all n and 
obtain 

F ' P x n + 1 ( a ) > F ' P X n ( ^ . . . > F ' P x o { a q ~ ^ ) 
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for every a > 0. As q < 1 and supyeRF'PxQ(y) = 1, it follows that F P X n + i (a) 
—• 1 for every a > 0. So {Pxn} —• 0. 

Now we prove that {x n } is Cauchy's sequence. For m > n and £ > 0, 
using triangle inequality, we get 

FXn-Xm(e) > t(FXn-Xn„(£ - qe),FXn+1-Xm(q£)). 

From (5) we have 

FXn-Xn+1(£ - q£) = Fr(Xn)P(Xn)(£ - q£) 

> F'PXN(B~\£ - qe)) > F'PXO{B-\-«{£ - qe)). 

In general, by triangle inequality, 

( 6 ) FXk.Xm(qk~n£) > f{FXk_Xk^Qk-ne-qk-n+1e),FXk+1.Xrn(qk-n+1£)}. 

For m > k > ra, in view of (5), the first component in (6) becomes 

( 7 ) FXk.Xk+1(qk~ne - qk~n+1e) = Fr(xk)Pxk(qk~n£ - qk~n+1£) 

> F'Pxk((qk~n£ - qk-n+l£)B~l) > F'Pxo((e - q e ^ q - « ) . 

Let d = (£ — q£)B~1q~n. As t is increasing and associative, repeated use of 
(6) and (7) yields 

FXn-Xm(e) > K F ' p ^ F ^ . ^ i q ^ - h ) ) , 

F ^ - ^ i q ^ - h ) = Fr(Xm)pXm_1(qTn~n~1 £) 

> FpXm_1({qm~n~1 £)B_1) 

> > F'Pxo{B-lq~n£). 

Using (5), since t(x,x) > x and Bqnd < £, we get 

FXn-Xm(£) > t(F'Pxo(d),F'Pxo(d)) > F'Pxo(d). 

For large N with F'Pxo(d) > 1 - A we have FXn-Xm{£) > 1 - A for n,m> N. 
Thus { x n } is a Cauchy sequence in A'. As X is complete, {x n } —• X* in X. 
Since { P x n } —• 0 and P is closed, Px* = 0. 

R e m a r k 3.1. In Theorem 3.1 it suffices to assume that P is a closed 
operator on Sr = {x : Fx-x0(r) > a}. 

R e m a r k 3.2. Let xa,r,xn and x be as in the proof of Theorem 3.1. For 
every £ > r there is 

FX.-XQ(£) > i(FX o_x„(r),FX n_x . (£ - r) > *(a,Fx„_x .(£ - r)) 

and in the limit FX»-XQ(£) > t(a, 1) = a. 
We introduce the following concept of a random contractor for operators 

on random normed spaces. 
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D E F I N I T I O N 3 . 1 . Let (X,F,t) and (Y,F ' , t ' ) be random normed spaces, 
P : X —*• Y a nonlinear operator and -T(x) a linear bounded operator (i.e., 
there exists B > 0 such that Fr(x)y(a) > Fyiji) e v e r y a > 0)- The 
operator P is said to have a random contractor, if there exists q < 1 such 
that Fp(kX+T(x)y)-Px-y(0') > Fy{q) e v e r y « > 0, where x € X, y eY. 

For mappings having random contractors we prove the following global 
existence theorem. 

THEOREM 3 . 2 . Let P : D(P) C (X,F,t) (Y,F,t') be a nonlinear 
operator mapping D(P) (a probabilistic closed subset of a complete random 
normed space (X,!F,t)) into a subset of (Y,T',t'), where t and t' are con-
tinuous T-norms with t(x,x > x for every x € [ 0 , 1 ] . Suppose that P has a 
random contractor r(x) for every x € D(P) such that x + r{x)y £ D(P) 
for all y e Y. If P is closed operator on D(P), then there exists x* such 
that Px* = 0. 

P r o o f . Let XQ be an arbitrary element of D(P). Define the iteration 
scheme inductively by xn+x — r(xn)PXn. From the contractor inequal-
ity it follows that for each a > 0 

and so Pxn+i converges to 0. Using an argument similar to that given in the 
proof of Theorem 3.1, it can be shown that {xn} is a Cauchy sequence in 
the complete random normed space (X',Jr,t). So it converges to an element 
x* of X and, P being a closed operator, it follows that Px* = 0. 

R e m a r k 3.3. We can deduce from Theorem 3.2 the contraction prin-
ciple of Sehgal and Bharucha Reid in a complete random normed space as 
follows. Let (A', T, t) be a complete random normed space and t a continuous 
T-norm with t(x, x) > x for every x 6 [ 0 , 1 ] . If P : X —> X is a probabilistic 
contraction map with contraction constant q, then it can be readily veri-
fied that, for the operator I — P identity operator I is a random contractor 
and hence, by Theorem 3.2, there is (I — P)x* = 0 for some x* € S. Then 
Px* = i*. 
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