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ON THE STABILITY OF THE DIFFERENCE SCHEMA
APPROXIMATING CAUCHY’S PROBLEM
FOR A PARABOLIC EQUATION

1. Introduction

In [7] was considered a class of the difference schema for solving the
Cauchy problem for parabolic equations with constant coefficients. These
schemas are open absolute-stability with order of the approximate 0(r+ h?).

This paper extends [7] to the case of the equation with the variable
coefficients independing of the time. Furthermore, it is considered in RM,
M>1.

At first, consider the Cauchy problem (M = 1)

(1.1) { Bt a(:c)gf +b(z)2% + e(z)u+ f(z,t), (z,t) € Rx(0,T),
u(a:,O) = 99(1'), z € R,
where a(z), b(z), c(z) € C(R); a(z) > ap > 0; f(z) € C(R,(0,T)); ¢ €

’

On the rectangular grid
R} :={(z,t):z =mh,t=nr;m,n € Z;Nt =T;h,7 > 0},
we consider the difference schema
(2 ;r:-}-/lz Ufm+1]l = Lhpm+1Us iy + fimgrs

UMY _Up 1= LagmUptY? 4+ LfR + f25Y,

(1.2) < Z[U"Jrl n+1/2] = Ly 2mUn+1/2 T e §
ur 1/2 n
21:11 2nn+;+/1 = Lh,2m+1 U2m+1 + fzy;t}rla

AUS;—‘Pma m,nGZ,OSnSN—l,

where Uy, := u(mh,nt), the difference operator (L my)x is defined as
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follows

am b
Lhmyr := ’hT[yk—l = 2yk + Y1) + -2—’;[?/k+1 = Yk—-1] + Cm ¥k,

m,k € Z and Z is the set of integers, and we obtain the following results.

2. The stability of the schema (1.2) for the problem (1.1)
We prove that the schema (1.2) is equivalent to the Crank-Nicolson
schema. We have the following theorem.

THEOREM 2.1 The sequence {U}, m,n € Z, satisfies the system of the
difference equations (1.2) if and only if this sequence satisfies the relations
defined by Crank-Nicolson schema

1 1 1
SR =UR) = SlLamUn™ + 25114 SLamUn + f7),
U,%:gom, mneZ, 0<n<N-1.

(2.1)

Proof. At first we show that, if the sequence {U} satisfies (1.2), it
satisfies (2.1). Summing up the second and third equations of (1.2) and
dividing by 2 we obtain

@2) US4 UL = Daan U 4 SUEE 4+ I3,

and, subtracting side by side, we obtain

(2.3) upti < ( Uptl L Ur ), me Z.

Applying the operator Ly, 2., to the (2.3) and putting to the (2.2), we have
(24)  S(URE = Uf) = SlEnamUEt + S35+ 5 [DnamUfm + fhim:

Similarly, adding the first and fourth equations of the (1.2) and dividing by
2, we obtain

(2.5) ( Usitis = Usmy1)
‘[Lh 2m+1 U2m+1 2nn+141-1] + [Lh am+1Usmy1 + fomer]:

From (2.4), (2.5) and the condition U, = ¢, this schema gives (2.1).
To show that the sequence {Unm nt1/ 2} defined by the schema (2.1) satisfies

(1.2), we introduce an auxiliary sequence {U,’,'{H/ 2} as follows

n T n n
(2'6) U2nt}-/12 = U2nm+1 + 5[Lh,2mU2m+l + f2m+l]’
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(2.7) "+1/2 ( Ul ur )y m,neZ.
Using (2.7) and (2.1), we obtam
n 1 n
25~ UR) = (U + UD)

1 1 n n
= S [LnamUsn + finl + 5[ Laam U + fi07)-
From the linea.rity of Ly m and (2.7) we have
(28) 25— UR) = LnamUSE T+ JUEE 4 15
Similarly

2 n n n n
Zpn -y =1 SRt = U

2[Lh 2mU2m + fzm] + [Lh 2mUn+l + f2 +1]

= LnamUpt ™ + SUBE + i)

That is
(2.9) ( UZHY — UPHY) = Ly g Upt'? 4 [ JasE )
From (2.6) we have
2 2 Un
‘(U;r;l{l n+1/ ) = 27:41-1 U2nm+1) - Lh,2m+1U2nm+1 - f2nm+1-

Using (2.1), we obtain
+1 2
( upt — yp / )= 2[ (LhzmsrUsddy + fra411)

+ E(Lh'2m+lU2nm+l + fim41)]
— Lhgm+1Usmy1 — fom1
= Lh2mi1Usmir + fomin-
That is
(2:10) 2 (U2 ~ V) = Dnamar Upthy + Fi-
Analogously, from (2.6) we have

n+1/2 n _ n n
Uyt = Usms1) = Lh2m+1Usgr + fomir-

Theorem (2.1) have been proved.

We can prove the following theorem.
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THEOREM 2.2. If the coefficients of the equation (1.1) are independent
of the time, continuous and bounded with respect to z, the function f is
continuous and bounded with respect to z,t, then there exists 1, depending
only on the norm of the coefficients such that for all T € (0,7.) the schema
(1.2) is unconditionally stable with the error 0(r + h?).

Proof. By Theorem (2.1), the schema (1.2) is equivalent to the Crank-
Nicholson schema, whose unconditional stability is proved in [6].

3. On the stability of difference schemas for the Cauchy prob-
lem in RM

Consider the following initial problem (M > 1)

Ou

— + Lu = f(z,t), z,t) € RM x (0,7),

" 5+ Lu= 12,0, (2,0 € B x (0,T)
u(z,0) = ¢(z), = € R,

where L is an elliptic operator defined by

M

Lu:= - Z 9z (au(m) ) + Z b; (3)5— + c(z)u

1,j=1

and L € (C*(RM),C(RM)).
The difference schema approximating (3.1) will be constructed on the
parallelepiped grid

RhM,, = RhM -w, with RhM ={z € RM . z = (myhy,...,mparhar),
ml,...,mMEZ},
h :=maxh; with hy, ha,...,hps > hg >0
1

and w; :={t=nr, n=0,...N; Nr=T}.

Denote by 8;,0;,i = 1,..., M, the difference operators
1 M

o;V(z) = h—[V(z) - V(z - ¢;h;)], ¢ € RY,

3.V(z) = %[V(z +e;hi) - V(z)), = € RM,

by e1,es,...,er vectors corresponding to axes Osy,...,0sys, respectively,
by L9,L}, Ly, operators defined as follows
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M
V()= — 5 Y a3V (@) + Biais(@);V (2],

i,J=1
M
LMKM:=%E:M@M&V@)+5w1ﬂk+d@VuL

LpV(z):= LYV(z) + LiV(z)
and by Q15, Q25 non-empty domains of Rl,:'! such that
BRM = Q1 UQan,  QuaN Qs =0.

We determine a sequence {U™(z)}, z € RM, n € Z, such that U%(z) =
¢(z),z € RM. Then the problem (3.1) will be approximated by the following
schema

( (U™ (z) ~ U (2)) + LuU™(z) = f™(z), = € Qun,
LUt (z) - Un(2)) + LaU™H 2 (2)

= %[fn+l(z) + f*(z)], = € Qa,
$ LU (a) - UMHI(z)) + LU ()

= %[fn+l(a7) + fn(z)]> T € Qap,
LU (z) = U 2 (2)) + LU (2) = "+ (2), = € Qua,
L U%z) = ¢(z), z € RM, U™(z) := u(z,n7).

THEOREM 3.1 The sequence {U™(z)}, = € RM, n € Z, satisfies (3.2) if
and only if it satisfies the following difference problem

-}(UWH(:E) _ U'n+1/2(z))+ _;_[LhUn+1(z)+ LhU"(:c)]

(3:5) = S @) + @),
U’z) = ¢(z), = € RM.

The proof is similar to that of Theorem 2.1.

THEOREM 3.2 If the functions a;j, bi, ¢, f, 4,7 =1,..., M, are contin-
uous and bounded on RM | then there exists a posilive number T, dependent
only on the norms of the coefficients and such that for all T € (0,7.) the dif-
Jerence schema (3.2) is unconditionally stable and approzimaltes the problem
(8.1) with order 0(7 + h?).

The proof is analogous to that of Theorem (3.3) in [6).
The schema (3.2) is absolute stable but it is not always open, as shown
in the following theorem (see [6]).
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THEOREM 3.3 The schema (3.2) with the condition Qqj, N Q2p = O is the

open schema, if a;; =0 for i # j and

M
Qp = {ze RM: z = (myhy,...,mahar), %(ij— 1) € Z},

i=1

M
Qo = {:B € RhM T = (mlhl,...,thM), %(ij) € Z}.
j=1

CONSEQUENCE. The schema (3.2), with Q,,, Q25 such that ,,NQ3, = 0

is explicited, unconditionally stable and approximating the problem (3.1)
with order 0(7 + A?).

1]
(2]
3]
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