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ON THE STABILITY OF THE DIFFERENCE SCHEMA 
APPROXIMATING CAUCHY'S PROBLEM 

FOR A PARABOLIC EQUATION 

1. Introduction 
In [7] was considered a class of the difference schema for solving the 

Cauchy problem for parabolic equations with constant coefficients. These 
schémas are open absolute-stability with order of the approximate 0(r+/i2). 

This paper extends [7] to the case of the equation with the variable 
coefficients independing of the time. Furthermore, it is considered in RM, 
M > 1. 

At first, consider the Cauchy problem (M — 1) 

(1.1) F = " ( * ) & + + C(X)U + F(X,T), (X,T) 6 RX (0,T), 
U(X,0) = CP(X), X E R, 

where a(x), 6(x), c(x) € C(R); a(x) > a0 > 0; / (x) G <^(^,(0,7)); <P E 
C(R), 

On the rectangular grid 

R\T : = { ( x , T) : X — MH, T = N.T\M,N € Z\ NT = T; H, r > 0} , 

we consider the difference schema 
f [ ^ 2 m + l _ ^2m+l l = ^ M m + l ^2m+l + / f m + l ) 

;[C1/2 - u?J = Lh,2mu£1/2 + i[/2«m + /&1], 

Wti1 - C t 1 / 2 ] = + TITTM + fti'l 
f[^2m+l — ] = ^h,2m+l + Jlm+li 

= V m , M , N E Z , 0 < N < N - 1 , 

where U£ := u(mh, nr), the difference operator (Lh,my)k is defined as 

(1 .2 ) 
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follows 

Lh,mVk := Vk-i ~ 2Vk + i/H-i] + ~ Vk-i] + cmVk, 

m,k € Z and Z is the set of integers, and we obtain the following results. 

2. The stability of the schema (1.2) for the problem (1.1) 
We prove that the schema (1.2) is equivalent to the Crank-Nicolson 

schema. We have the following theorem. 

THEOREM 2.1 The sequence {Um,n£ Z, satisfies the system of the 

difference equations (1.2) if and only if this sequence satisfies the relations 

defined by Crank-Nicolson schema 

(2.1) - tC) = \[Lh,mU-+1 + /r1] + \[Lh,mUZ + a , 

U^ = <pm, m,nez, 0 < n < N - 1. 

P r o o f . At first we show that, if the sequence { U ^ } satisfies (1.2), it 
satisfies (2.1). Summing up the second and third equations of (1.2) and 
dividing by 2 we obtain 

(2.2) I l f f f i 1 ' 2 + U?J = Lht2mu£ 1 / 2 + \iftt1 + tfj, 

and, subtracting side by side, we obtain 

(2.3) U%1/2 = + m € Z. 

Applying the operator Lh,2m to the (2.3) and putting to the (2.2), we have 

(2-4) - U?m) = \{Lh,2mU&1 + ftt1] + \[Lh,2mUZm + fU-

Similarly, adding the first and fourth equations of the (1.2) and dividing by 
2, we obtain 

(2.5) - U?m+1) 

= ^[Lh,2m+lU2mh + f?m+1] + ^ ^ M m + l ^ m + l + /Tro+l]' 

From (2.4), (2.5) and the condition U£ = <pm this schema gives (2.1). 

To show that the sequence defined by the schema (2.1) satisfies 

(1.2), we introduce an auxiliary sequence as follows 

(2.6) U^m+l = ^2nm+l + -¿[Lh,2mU£m+1 + /2nm+j], 
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(2.7) i/2"+1/2 = + U?m) m, n € Z. 

Using (2.7) and (2.1), we obtain 

l ( u £ 1 / 2 - u?m) = + U?m) 

= Lh,2mU%m + fltm] + ^ [Lh<2mU2m' + f ^ ] -

From the linearity of Lh>m and (2.7) we have 

(2-8) - U?m) = + \ \ f & X + f?m}-

Similarly 

\ ( U - i/2
n™1/2) = - U?m) 

= 2^Lh^mU2m + ¡2m] + ^ ^Lh"2m * + f ^ l 

That is 

(2.9) ^ ( t / ^ 1 - U Z 1 ' 2 ) = Lu,2mU£1/2 + \ i f t i 1 + f ? J . 

From (2.6) we have 
2 1/2 2 

Using (2.1), we obtain 

fat1 - u £ 1 / 2 ) = 2 [ ^ , , 2 m + i t / 2
n + i 1 + f t i U ) 

+ ^(^Mm+l^Tm+l + f^m+l)] 

~ •i'/i,2m+1^2m+l — /¿m+l 

— + f^m+l' 

That is 

(2.10) - U?m+1) = ¿/,,2m+1^2m+l + l-

Analogously, from (2.6) we have 

— ^2m+l) = ^/i,2m+l t^fm+1 + /¡Tm+l' 
Theorem (2.1) have been proved. 

We can prove the following theorem. 
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THEOREM 2.2. If the coefficients of the equation (1.1) are independent 
of the time, continuous and bounded with respect to x, the function f is 
continuous and bounded with respect to x,t, then there exists T„ depending 
only on the norm of the coefficients such that for all T € (0, r„) the schema 
(1.2) is unconditionally stable with the error 0(r + h2). 

P r o o f . By Theorem (2.1), the schema (1.2) is equivalent to the Crank-
Nicholson schema, whose unconditional stability is proved in [6]. 

3. On the stability of difference schemas for the Cauchy prob-
lem in RM 

Consider the following initial problem (M > 1 ) 

( 3 . 1 ) 

" fini 
— + Lu = f(x,t), (x,t)eRMx(0,T), 

.u(x,0) = <p(x), x e RM, 

where L is an elliptic operator defined by 

Mr. r. M a 
V ^ U / , X Uu \ . / \ Ou Lu ••= - L + 6i(a;W + c(a;)u 

i,j=1 J 1 = 1 

and L e (C2(RM),C(RM)). 

The difference schema approximating (3.1) will be constructed on the 
parallelepiped grid 

:= Rff • uT with Rff : = {x e RM : x = ( m ^ , . . . , mMhM), 
771!, . . . , MM e Z), 

h : = max ft,- with hi,h2,..., hM > ho > 0 i 

and UT :={t = nr, n = 0 , . . . N\ NT = T}. 

Denote by d,, d{, i = 1 , . . . , M, the difference operators 

diV(x) = -j-[V(x) - V(x - e{hi)], x e RM, 
hi 

diV(x) = ±-[V{x + ethi) - V(x)], x € RM, 

by ci, ^2 , . . . , eM vectors corresponding to axes O s \ , . . . , Osm, respectively, 
by L\,L\, LH operators defined as follows 
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L°hV(x):= - I j T m a i i W d j V W + diaijWdjViz)], 

M 

j=l 

it}? = n l h u n 2 h , si l h n n2fc = 0. 

We determine a sequence {{/"(a;)}, x G R f f , n £ Z, such that U°(x) = 
<p(x), x € Then the problem ( 3 . 1 ) will be approximated by the following 
schema 

' H u n + 1 / 2 ( x ) - U n ( x ) ) + LhUn(x) = f n ( x ) , X e ftu, 

\ { U n + l ' \ x ) - U n ( x ) ) + LhUn+l^(x) 

= j [ / B + 1 ( * ) + /"(*)]> * e i i 2 f c , 
< l(Un+\x) - t / n + 1 / 2 ( x ) ) + LhUn+1'2(x) 

HUn+1(x) - U n + ^ ( x ) ) + LhW+\x) = f n + \ x ) , x € i l l f c , 

k U°(x) = <p(x), x <E R * f , U n ( x ) := U(X,JIT). 

THEOREM 3 . 1 The sequence {Un(x)}, x e R™, n e Z, satisfies (3.2) if 
and only if it satisfies the following difference problem 

-(Un+1(x) - Un+1/2{x)) + \[LhUn+1(x) + LhUn(x)) 
T L 

The proof is similar to that of Theorem 2.1. 

THEOREM 3 . 2 If the functions a{j, ¿»¿, c, f , i , j = 1 , . . . , M , are contin-
uous and bounded on RM, then there exists a positive number r» dependent 
only on the norms of the coefficients and such that for all r 6 ( 0 , r „ ) the dif-
ference schema ( 3 . 2 ) is unconditionally stable and approximates the problem 
( 3 . 1 ) with order 0 ( r + h2). 

The proof is analogous to that of Theorem (3.3) in [6]. 
The schema (3.2) is absolute stable but it is not always open, as shown 

in the following theorem (see [6]). 

( 3 . 3 ) 
2 [ T + H * ) + /"(*)], 
1 

U°(x) = <p(x), x e R " . 
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T h e o r e m 3.3 The schema (3 .2) with the condition flj/i H ÎÎ2/1 = 0 is the 
open schema, if aij = 0 for i ^ j and 

1 M 

FIIh-= J® G Rh • X = (mlhi,...,mMhM), - ~ e 

j-1 

1 M 

&2h := ja; G R f f : x = ( m ^ i , . . . , mMhM), ^ ( X ) " 1 ^ € Z \ 
i = i 

C o n s e q u e n c e . The schema (3 .2 ) , with Sl2h such that FTUDFIA/i = 0 
is explicited, unconditionally stable and approximating the problem (3.1) 
with order 0(r + h2). 
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