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ON SOME CHARACTERIZATIONS
OF §-CONTINUOUS MULTIFUNCTIONS

1. Introduction

In 1980, Noiri introduced and investigated the concept of é-continuous
(single valued) functions. Some properties of é-continuous functions were
studied by I. L. Reilly and M. K. Vamanamurthy (1984). There is a vast lit-
erature that deals with other properties of é-continuous functions and their
connections with other types of application. In this paper several character-
izations of upper (lower) é-continuous multifunctions are obtained and their
basic properties and their relationship to upper é-continuous multifunctions
and to their graph are investigated.

Throughout this paper spaces always mean topological spaces on which
no separation axioms are assumed unless explicitly stated. The topological
spaces (X,T) and (Y, D) will be abbreviated as X and Y respectively. Let
S be a subset of a space X. The closure of 5 and the interior of § are
denoted by cl(S) and int(S) respectively. A subset S of X is called a regular
open [regular closed] iff § = int(cl(S)) [resp. S = cl(int(5))] [4]. It is easy
to see that § is a regular open sets in X iff X \ § is a regular closed set.
The set of all regular open [regular closed] set in X are denoted by RO(X)
[RC(X)].

A point z in X will be called an §-closure point of a subset S of X iff
SNint(cl(U)) # @ for each open neighborhood U of z. The set of all é-closure
points of .5 is called é-closure of S and it is denoted by é-cl(S5). A subset §
of X is called é-closed if S = é-cl(5). The complement of a é-closed set is
called a d-open. The family of all §-open (6-closed) sets of X are denoted
by 6-O(X) (6-C(X)). [4]).
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A subset I of X is called nearly closed relative to X if every cover of
K by regular open sets in X has a finite subcover. A space X is said to be
nearly compact if X is nearly closed relative to X. [3].

The net (z4)aer 6-convergent to zg, if for each regular open set U con-
taining o there exists a ap € I such that @ > oy = 24 € U. [4].

A multifunction F of a set X into Y is a correspondence such that
F(z) is a nonempty subset of Y, for each ¢ € X, that is it is a function
F:X — P(Y)\{0}, where P(Y) is the power set of Y. We will denote such a
multifunction by F : X — Y. For a multifunction F, the upper and lower in-
verse of a set B of Y will be denoted by F*(B) and F~(B) respectively that
is, F¥(B)={z € X | F(z) C B} and F-(B)={z € X | F(z)Nn B # 0}.
The multifunction F is point closed (nearly closed relative to Y) if F(z) is
closed (nearly closed relative to Y) in Y, for each z € X. The graph G(F')
of a multifunction F : X — Y is said to be é-closed if G(F) is é-closed set
in the product space X x Y. [2].

2. Upper and lower §-continuous multifunctions

2.1. DErINITION. Let X,Y be topological spaces

a) A multifunction F' : X — Y is upper-é-continuous (in short, u.é-c.) at
a point zg € X if for any open set V C Y such that F(zo) C V there exists
an open set U C X containing z¢ such that F(int(cl(U)) C int(cl(V)).

b) A multifunction F': X — Y is lower-é-continuous (in short, l.6-c.) at a
point o € X if for any open set V' C Y such that F(zo)NV # 0 there exists
an open set U C X containing o such that int(cl(U)) C F~(int(cl(V))).

¢) The multifunction F : X — Y is u.6-c. (1.6-c.) if it has this property
at each point z € X.

2.2, THEOREM. For a multifunction F : X — Y the following conditions
are equivalent:

1) F is l.é-c.

2) For any regular open set V C Y and for each z of X with F(z)NV # 0
there is a U € RO(X,z), where RO(X,z) = {U € RO(X) |z € U} such
that U C F~(V).

3) If V € RO(Y) then F~(V) € §-O(X).

4) IfV € §-O(Y) then F~(V) € §-O(X).

5) If K € 6-C(Y) then F*(K) € §-C(X).

6) If K € RC(Y) then F*(K) € §-C(X).

7) For each B CY, F~(6-int(B)) C (§-int(F~(B)).

8) For each A C X, F(§-int(A)) C § — int(F(A)).
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9) For each yo € F(zo) and for every net (z4)qer 6-convergent to zy,
there ezists a subnet (zp)pes of the net (z4)acr and a net (yg)(p,vyes inY
so that (yg)(s,v)es 6-convergent to y and ys € F(zp).

Proof.

(1)=(2): Let z € X and let V be a regular open set in Y with F(z)NV #
@. Then V is open set in Y. Since F is l.6-c. at ¢ € X, there exists an
open set W of X containing z such that int(cl(W)) C F~(V). We define
U = int(cl(W)). Then U € RO(X,z). So we have U C F~(V).

(2)=(3): Let V C Y be a regular open set and z € F~(V),so F(z)NV #
(. By (2), there exists a U € RO(X,z) such that U C F~ (V). Consequently
F~(V)is é-open set in X.

(3)=(4): Let V. C Y be a §-open set and z € F~(V). So F(z)NV #0
there exists a y € Y such that y € F(z)NV. Then y € F(z) and y € V.
Since V is a §-open set there exists a regular open set W C Y such that
y € W C V. Therefore we have F(z)NW # 0. By (3), F~(W) is §-open set
of X. Because of z € F~(W), there exists a regular open set U C X such
that z € U C F~(V). Thus F~(V) is a 6-open set of X.

(4)=(5): Let K C Y be any é-closed set. Then Y \ K is a 6-open set, by
(4), F~(Y \ K) is a 6-open set. As we can write F*(K) = X \ F~(Y \ K),
Ft(K)is a 6-closed set of X.

(5)=(6): Every regular closed sets are é-closed sets. By (5), if K € é-
RC(Y), then F*(K) is é-closed set of X.

(6)=(3): Let V C Y be a regular open set. Then Y \ V is §-closed set
of Y, by (6), F*(Y \ V) is é-closed set of X. As we can write F~(V) =
X\FHY\V), F~(V)is a §-open set of X.

(3)=(1): Let z € X and V C Y any open set such that F(z)NV # 0.
We know that int(cl(V)) is a regular open set with V C int(cl(V)) and
F(z) n (int(cl(V))) # 0. By (3), F~(int(cl(V)) is a é-open set containing
z. There is a regular open set U such that z € U C F~(int(cl(V'))). Thus
U = int(cl(U)) is an open set in X and z € int(cl(U)) C F~(int(cl(V))).

(4)=(7): Let B be any subset of Y. Then we always have §-int(B) C
B. §-int(B) is a §-open set of Y. By (4), F~(6-int(B)) is é-open set of
X. On the other hand we have F~(é-int(B)) C F~(B). So F~(6-int(B))
= int(F~(int(B))) C int(F~(int(B)). Thus we obtain F~(int(B)) C
int(F~(B)).

(7)=(4): Let V be any open set of Y. By (7), F~(V) = F~(int(V)) C
int(F~(V)). So we have FF~(V) C é-int(F~(V)). Thus F~(V) is §-open set
of X.

(4)=>(8): Under the assumption (5), suppose (8) is not true i.e. for some
A C X, F(6-cl(A)) ¢ 6-cl(F(A)). Then there exists a yo € Y such that
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Yo € F(8-cl(A)), but yo &€ 6-cl(F(A)). So Y \ (8-cl(F(A))) is é-open set
containing yo. By (4), we have F~(Y \ (6-cl(F(A))) is a delta-open set of
X and F~(yo) C F~(Y \ (8-c(F(A))). Since (Y \ (6-cl(F(A))Nn F(A) =0
and A C F*(F(A)) we have F~(Y \ (§-cl(F(A))) n FH(F(A)) = 0 and
F=(Y\(é-cl(F(A)))NA = 0. Since F~(Y \ (6-cl( F(A))) is é-open set clearly
we will have F~(Y \ (6-c1(F(A)))N(6-cl(A)) = 0. On the other hand because
of yo € F(6-cl(A)), we have F~(yo) N (6-cl(A)) # 0. But this contradicts
with F~(Y \ (6-cl(F(A))) n (6-cl(A)) = 0. Thus y € F(é-cl(A)) implies
y € §-cl(F(A)). Consequently F(6-cl(A)) C 6-cl(F(A)).

(8)=(5): Let K C Y be any §-closed set. Since we always have F(F*(K))
C K we obtain §-cl( F(F*(K))) C §-cl(K) = K. By (8), F(§-cl( Ft(K))) C
K. Therefore §-cl(F+(K)) C FH(F(8-(F*(K))) C F*(K) and so F*(K)
is é-closed set of X.

(1)=(9): Suppose F is 1.8-c. at zq. Let (24)aes be a net §-convergent to
zo. Let y € F(zo) and V be an open set containing y. So we have F(zo)NV #
(. Since F is 1.6-c. at zo. There exists an open set U C X containing zg such
that int(cl(U)) C F~(int(cl(V'))). Since the net (z4)qaer is 8-convergent to
o, for this U, there exists a ag € I such that a > ag = =, € int(cl(V)).
Therefore we have the implication a > ag = z, € F~(int(cl(V'))). For each
open set V C Y containing y, define the sets [, = {ap € [ | @ > ap = 2, €
F=(int(cl(V))} and J = {(a,V) | V € D(y), € I,,} and order > on J as
follows: (¢/, V') > (a, V) iff @' 2 aand V' C V.

Define { : J — I by ¢((B,V)) = B. Then ( increasing and cofinal in I,
so { defines a subnet of (z4)ac7- We denote the subnet (25)(3,v)es. On the
other hand for any (8,V) € J, since 8 > By = z5 € F~(int(cl(V))) we
have F(zg) N (int(cl(V))) = F(zg) N (int(c)V))) # 0. Pick yg € F(z3) N
(int(cl(V'))) # 0. Then the net (ys)(s,v)es is 6-convergent to y. To see this,
let Vo CY be an open set containing y. There exists 8o € I such that Gy =
¢((Bo, V0)); (Bo, Vo) € J and ygo € int(cl(V)). If (5,V) > (Bo, Vo) this means
that 8 > B and V' C Vp. Therefore yg € F(z5) N (int(cl(V))) C F(zg) N
(int(cl(V))) € F(zp) N (int(cl(Vp))) so yg € int(cl(Vp)). Thus (yp)(s,v)es is
é-convergent to y.

(9)=(1): Under the supposing of (9), suppose (1) is not true i.e. F is not
1.6-c. at 2. Then there exists an open set V C Y so that F(zg)NV # 0 and
for any neighbourhood U C X of z, there is a point zy € int(cl(U)) for
which F(zy) N (int(cl(V))) = 0. Let us consider the net (zy)yer(z,) Where
T(zo) is the system of T-neighbourhoods of zo. Obviously (rv)ver(z,) is
5-convergent to zg. Let yo € F(x9) NV. By (9) there is a subnet (2y)wew
of (2v)veT(zo) and Yu € F(2y) like (yuw)wew 6-convergent to yo. As yo € V
and V C Y is an open set there is w) € W so that w > wyg implies y,, €
int(cl(V)). On the other hand (zy)wew is a subnet of the net (zy)yer(co)
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and so there is a function h : W — T(zo) such that z, = z)(,) and for
each U € T(zy) there is wy € W such that h(wg) > U. If w > w{ then
h(w) > h(wg) > U. Let us consider now wy € W so that wy > wj and
wo > wg . Therefore y,, € int(cl(V')). By the definition of the net (zy)yer(z,)
we have F(z,) N (int(cl(V))) = F(zpw)) N (int(cl(V))) = @ and this means
that y,, & int(cl(V)). Thus is a contradiction and so F is 1.6-c. at zo.

2.3. THEOREM. For a multifunclion F : X = Y the following conditions
are equivalent:

1) F is u.b-c.

2) For any regular open set V CY and for each x of X with F(z) CV
there is a regular open set U C X containing x of X such that F(U)C V.

3) If V€ RO(Y) then F*(V) € §-O(X).

4) If V € 6-0O(Y) then F*(int(cl(V))) € §-O(X).

5) If K € §-C(Y) then F~(cl(int(K))) € §-C(X).

6) If K € (1,2)-RC(Y) then F~(K) € 6-C(X).

7) For each net (z4)acr 6-convergent to zq, and for each open set V of
Y with F(zg) C V there is ay € I such that F(z,) C int(cl(V)), for all
a2 qg.

Proof. The proofs of (1)&(2)<(3) ©(4)<(5)«<(6) are quite similar to
proofs in Theorem 2.2. and we skip them. We only prove (1)&(7).

(1)=>(7): Let V be an open set of ¥ with F(z¢) C V. By (1), there is
an open set U C X containing zo of X'such that F(int(cl(U))) C int(cl(V)).
Since U € T(zo) and since (z4)acr is 6-convergent to zp, there is a ap € I
such that z, € int(cl(V)), for all a > ag and then F(z,) C int(cl(V)), for
all a > g and hence (7) follows.

(7)=>(1): Under the supposing of (7), suppose (1) is not truc. Then there
is an open set V in Y with F(zg) C V such that for each open set U
of X, F(int(cl(U))) ¢ int(cl(V)) i.e. there is a zy € int(cl(U)) such that
F(zy) ¢ int(cl(V)). Then such zy’s will form a net in X with directed
set T'(zo) (under inclusion relation). Clearly this net is é-convergent to zq.
But F(zy) ¢ int(cl(V)), for all U € T'(zo). This contradicts the hypothesis
of (7).

2.4. THEOREM. Let F : X — Y be a point-compact multifunction and
assume that Y is an almost regular space. The following condilions are equiv-
alent:

1) F is u.b-c.

2) If V € 6-O(Y) then F*(V) € 6-O(X).

3) If K € §-C(Y) then F~(K) € §-C(X).

4) é-ci(F~(B)) C F~(é-cl(B)), for each BCY.
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Proof.

(1)=>(2): Let V be a §-open set of Y, and z € F*(V). So we have
F(z) C V. Since V is a é-open subset of Y, for each y € F(z), there is a
regular open set W, such that y € W,,. Since Y is almost regular space there
exists an open set Ty, such that y € Ty C cl(T},) C int(cl(Wy)) = W,,.

Therefore we have F(z) C U{Ty |y € F(z)} C U{l(Ty) |y € F(z)} C
U{wy | y € F(z)} C V}. Since F(z) is a compact set, there exists points
Y1,Y2, Y35+ -» Yn € F(z) such that F(z) C U{Tyi | yi € F(z), i = 1,2,3,...
Lon} € U{A(Ty) | 95 € Fe), i = 1,2,3,..,n} € U{Wys | s € F(2),
i=1,2,3,...,n} C V.

Therefore we obtain F(z) C int(I{Tyi | v: € F(z),i=1,2,3,...,n}) =
U{Tyi | vi € F(z),i = 1,2,3,...,n} C int(cd(U{Tyi | i € F(z),¢ =
1,2,3,...,n})) C V. Put Ty = int(cl(U{Tyi | vi € F(z),7=1,2,3,...,n}))
and observe that T; is regular open set of Y. Since F is u.é-c. there is a
regular open set U containing z such that F(U) C T; C V. Therefore we
have z € U C F*(V) and this means that F*(V) is §-open set of X.

(2)=(3): Let K be a é-closed set of Y. Since Y \ K is a é-open set of
Y, by (4) we conclude that F*(Y \ K) is a é-open set of X. So F~(K) =
X\ F*(Y\ K) is a é-open set of X.

(3)=(1): Let z € X and V be a regular-open set Y such that F(z) C V.
So Y\ V is a é-closed set of Y and by (3), F~(Y \ V) is a §-closed set of X.
Therefore F* (V)= X\ F~(Y \ V) is a §-open set of X. Since z € F*(V),
there exists a regular-open set U of X such that z € U € F*(V) and this
means that F(U) C V. F is w.é-c.

(3)=(4): Let B be arbitrary subset of Y. Because of B C é-cl(B), we
always have F~(B) C F~(6-cl(B)). Since the set é-cl(B) is a é-closed
set, by (3), F~(6-cl(B)) is a é-closed subset of X. Therefore we obtain
(6-cl(F~(B)) C 6-cl(F~(6-cI(B))) = F~(6-cl(B)) and thus é-cl(F(B)) C
F~=(8-ci(B)).

(4)=>(3): Let B be a é-closed set of Y. Because of B = §-cl(B), we
have F~(B) = F(é-cl( B)). By (4), we obtain §-ci( F~(B)) C F~(é-cl(B)) =
F~(B). So §-ci(F~(B) C F~(B) and F~(B)is a 6-closed set of X.

2.5. THEOREM. If F: X - Y and G : Y — Z are L§-c. multifunctions,
then Go F : X — Z is l.6-c. multifunction.

Proof. Let V be a é-open set of Z. Since (G o F)~(V) = F~(G~(V))
and F, G are 1.§-c. multifunctions. (G o F)~(V) is a §-open set of X. Thus
Go Fis Lé-c.

2.6. ProPoOsSITION. Let (X, T) be a topological space, A CY an open set
and U C X a regular open set. Then W = AN U is regular open set in A.
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Proof. Denote by T'| 4 the topology T restricted to A. Since W is a T'| 4-
open set in A, W C int 4(cl4(W)). Now suppose there exists a point z € A
such that z € int 4(cl4(W)) but z ¢ W. Then there exists a T'| 4-open set V4
in A such that z € V4 C cl4(W). The fact that cl4(W) = clx(W)N A allows
us to write z € V4 C cla(W) C dx(W) C clx(U). Since V4 € T|4 and
A € T then V, is open set in X. But z € V4 C clx(U),so z € int x(clx (U)).
Since U is a regular open set in X, z € U = intx(clx(U)). Because of z € A
and 2z € W, 2 ¢ U. Thus no such points 2 can exist, what shows that
W C int4(cla(W)) and W = int 4(cla(W)). Consequently W is a regular
open set in A.

2.7. THEOREM. For a multifunction F : (X,T) — (Y, D), the following
statements are lrue

1) If F is Lé-c. (u.6-c.) and A is an open subset of X, then F|4 :
(A,T|a) — (Y, D) is L.é-c.(u.b-c).

2) Let ® = {U, | « € I} be a regular open cover of X. Then a multifunc-
tion F : (X,T) — (Y, D) is l.6-c. (ub-c). iff the restrictions F, = F|Uqy :
Uy = Y are l.§-c. (u.b-c.) for each a € I.

Proof. 1) The proof is an easy consequence of Prop. 2.6 and definitions
of L.6-c (u.6-c).

2)(=>) Let F be L.6-c. and a € I be fix z € U, and let V be any regular
open set of Y such that F,(z)NV # 0. Since F(z) = Fy(z) and F is L.é-c.,
there exists a regular open set Up containing z such that Uy C F~ (V). Put
U = U, N Up and observe that U is regular open subset of U, and z € U.
Therefore U C F~ (V)N Uy = F7 (V). Thus F, is 1.6-c. at z. Since a € I
and z € U, is arbitrary, this shows that F, is 1.6-c.

(<) Suppose that F, is 1.5-c. for each a € I. Let z € X and fix a regular
open set V such that F(z) NV # 0. There exists a € I such that z € U,.
Since F(z) = F4(z), we have Fo(z) NV # . Since F, is 1.§-c. there exists
a regular open set U in U, such that z C Fg (V) = F~(V)N U,. Take a
regular open set W C X such that U = U, N W. Because the intersection
of any two regular open sets is regular open set, U is a regular open set in
X. Thus F is 1.6-c. at z.

Note: As an application of the above theorems we see that the character-
izing theorem of é-continuous single valued functions as deduced in (Noiri,
1980) can be derived from the above theorems only treating F to be single
valued.
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3. é-closed graphness and upper é-continuousness of multifunc-
tions

3.1. THEOREM. Let F : X — Y be a point-closed multifunction. If F is
u.6-c. and assume that Y is a regular space, then G(F') is 6-closed.

Proof. Suppose (z,y) € G(F). Then we have y ¢ F(x). Since Y is
regular, there exist disjoint open sets V;,V, of Y such that y € V; and
F(z) C V;. Since F is u.é-c. at z, there exists an open set U in X containing
z such that F(Int(Cl(U))) C int(Cl(V;)). As V; and V, are disjoint, we
have (Int(Cl(V1))) N (Int(Cl(V2))) # 0. Therefore we obtain z € Int(Cl(U)),
y € Int(Cl(V1)) and (z,y) € Int(C(U)) x Int(CL(V1)) € X x Y \ G(F) so
X XY\ G(F) is é-open. Thus G(F) is é-closed in X x Y.

3.2. THEOREM. If F : X — Y is a multifunction with 6-closed graph and
K CY is nearly closed set relative to Y. Then F~(K) is 6-closed set in X.

Proof. If z € F~(K), then we have F(z) N i = . Therefore we have
(z,y) € G(F), for all y € K. Since G(F) is 6-closed in X X Y, there are
regular open sets U, C X containing z and V, C X containing y such that
F(U)NV, =0. ¢ = {V, |y € K} is a regular open cover of A". Since K
is nearly closed relative to Y, there are points y1,¥2,¥3,-.., ¥, in K such
that K CU{V,i|i=1,2,3,...,n}.Set U =n{U,; | i = 1,2,3,...,n} and
observe that U is a regular open set containing z with U N F~(K) = §. This
shows that z ¢ §-CI(F~(K)). Thus F~(K') is é-closed set.

3.3. THEOREM. If Y nearly compact space and a multifunction F : X —
Y has a é-closed graph, then F is u.6-c.

Proof. Let K be a regular closed set in Y. Since regular closed subset
of nearly compact space is nearly closed and F is a §-closed graph multi-
function, by 3.2. Theorem, F~(K) is a é-closed set in X. Thus F is u.é-c.

3.4. THEOREM. Let Y be an almost regular space, F : X — Y be a point
compact and u.6-c. multifunction. If A is a nearly closed set relative to X,
then F(A) is a nearly closed set relative to Y.

Proof. Let A be a nearly closed set relative to X and & be a regular
open cover of F(A).If a € A then we have F(a) C |J®. Thus & is a regular
open cover of F(a). Since F(a) is compact, there exists a finite subfamily
®.(a) of & such that F(a) C |J&Pn(s) = Va. Vais a é-open set in Y. Since F
is u.é-c. at @, F*(V,) is a é-open set in X . So there exists a regular open set
U, of X such that a € U, C F*(V,). Therefore { = {U, | a € A} is aregular
open covering of A. Since A is nearly closed set relative to X, there exist
points ay,asz,...,a, € A such that A C U{U,i | a: € A, i = 1,2,...,n}.
So we obtain F(A) C F(U{Usi | ai € A, 1 =1,2,...,1n}) CU{Vai | a; €
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A, i=12,...,n} CU{UPni) | @i € A, i = 1,2,...,n}. Thus F(A) is
nearly closed set relative to Y.

3.5. COROLLARY. Let Y be a almost regular space and F : X — Y be a
point compact and u.é-c. multifunction. If X is nearly compact, then Y is a
nearly compact.

Proof. The proof is clear.
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