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ON THE OSCILLATION OF SOLUTIONS
OF DIFFERENCE EQUATIONS

In several recent papers (see e.g. [1-6]) oscillatory behavior of solutions
of difference equations and inequalities have been investigated. In this paper
we study this property for solutions of the equation

(E) Aty +pniyl L =0n=kk+1,...

where ¢ is a quotient of odd positive integers, k any fixed nonnegative inte-
ger. Some results will be presented for suitable difference inequalities.

Equation (E) is a discrete analogue of Emden-Fowler differential equa-
tion with retarded arguments. Equations of type (E) with £k = —1 were
exhaustively considered in [2]. Some of the results contained therein were
next generalized in [6]. Sufficient conditions for oscillation of first order dif-
ference equation with delay were studied in (3] (see also [5]).

In the paper we shall use the following notions: B, R4, N, N,, for the sets
of reals, nonnegative reals, nonnegative integers, and integers no less than m.
For any function z : N — R the forward difference operator A is defined by
the equality Az, = z,41 — 2z, n € N, and for k > 1: AFz, = A(AF1z,),
n € N. Furthermore we suppose

k-m
Z z;:=0 forany k,me N,m>1.
i=k

We call the function z : N — R oscillatory if there exists any infinite,
increasing sequence {n,}22,; of positive integers such that z, 2, 41 < 0 for
alr>1,re N.

By a solution (ordinary solution), generalized N, solution, generalized
solution of (E) we mean real sequence y := {y,}3, satisfying (E) for all
n € N,foralln € N,,for all sufficiently large argument without specification
the initial value for which the equation is satisfied, respectively.
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Throughout the paper we shall suppose that ¢ is a quotient of odd posi-
tive integers, however in some statements it suffices ¢ be only positive real.

We start our investigations with some useful lemma, given here without
proof, which is very simple.

LEMMA 1. Letp: N — Ry and let for every m€ N there issup,,5,, pn>0.
Assume that {z,}nen is a solution of the inequality

(11) Az, + pn-kxl_, <0,n€ N
such that
(1) z, >0

for alln > v and some v € N. Then
Az, >0 foralln>v+k.
Remark 1. Similar result holds for the reversed inequality
(12) A’y + pu_kzl_, > 0,n € Ni.

THEOREM 1. Let p : N — Ry be such that sup,>,, pn > 0 for every
m € N. If {zp}nen is a solution of the inequality (I11) such that (1) holds,
then equation (E) has the generalized N, solution y, (pu := v + k) such that

(2)) O0<yp <2y, n€EN,,
(2i) 0< Ay, < Az,,n € N,

(2ii)  Limp_eo Agn = 0,
(2iv) 352, psy] converges.
Proof. By Lemma 1 we get
(3) Az, >0 forn 2> p.

Let us take some m,n € N, m > n. Then from (I1) we obtain

Azm+l - Azn + ij—kz;l'_k <O0.

j=n
Hence, by (3), we get
m
(4) Y pjkzl_, < Az,
j=n
and from there

00
(5) ij_kx;_k <Az, forné€ N,.

j=n
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Let us consider the set S of all sequences {uy}nen such that

Up = Ty forn=0,1,...,p4,
{un>0 for n > p,

(6)

Au, < Az, forn 2> pu.
For any u € S we have
(7) u, <z, foralnehl.
By (6) and (7) we get from (5) that

n-1 oo n—-1 oo

(8) EZp, Kol k<22p, k2l <zpn—z, forallneN,.

j=pi=j j=pi=j
Define an operator 7 on S by the formula Tu = z = {2, }nen Where

Zn=2z, forn=0,...,u
(9) n—-1 oo .
Zn =2z, + Z Zp;_kui_k for n > p.
j=up i=j

Observe that by (8) the operator T is well defined. Furthermore
2, 22,>0,n2p
and

e o] o0
Az, = Zpi—kug_k < Zpi—kzg_k < Az,,n € Ny
i=n i=n
SoT:5— 8.
Let now u = {up}nen, ¥ = {vn}nen be any two elements of S. We shall
say u < v if
(10) u, <v, and Au, < Av,,n€ N.

One can easily check that operator T is monotonic on 5 i.e. Tu < Tw
whenever u < v. Fix y° = {z,}n.en € S and consider the sequence {y"}ren
of consequtive iterations of ¢°, i.e.

y =Ty forr>0.
We shall prove that {y"},en is monotonic i.e. y™*! < y", r = 0,1,....
By (9) for r = 0 we get y} = 42, n = 0,...,u, and hence Ayn = Ay?,
n=0,...,p~}. Furthermore, by (5)

o0 o0
Ayy = Y pi-k(33-6)7 = ) Pi-k(zj-k)? < Az, = Ay,

j=n

for n > p, from there it follows y} < 42 for n > u. Hence we get y! < 3°.
Since y! € § and T is monotonic on § we have y? = Ty! < Ty® = y. By
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the induction argument we obtain y**! < y* for all i € N. For arbitrary
n € N the sequence {y’},en is nonincreasing and bounded from below by
z, forn=0,...,p and by z, for n > p. So there exist finite limits

Yn = lim y; for every n € N.
r—00

Hence, by (9) we have

n-1 oo

yo = lim gyt = o, 4 Im >N pik(yig)%n > pe

j=pi=j
From the above, taking into account that y, = z,, we have
o0
(11) Ay = lim ij-k(yj-_k)" for n > p,
j=n

and consequently

Azyn

Nl oo
Im 3 pia(yr)? - lim Y piok(¥ios)?
j=n+1 j=n

= lim [—pn—r(¥7-¢)"] = —Pr-k¥n_s 7 2 p-

So the sequence {y, }ren is a generalized N, solution of (E). Since for every
T € N thereis y" € 5, then from 0 < y;, < z,,, n > v it follows

(12) 0<y, <z, forallneN,.

Moreover y, = z, for n = 0,1,...,u. By (5), (11), and 0 < y., < z, we get
oo

(13) 0< Ay, <Y pj-kzl_ < Azp,n € N,
i=n

This means that the sequence {y,}nen is nondecreasing at least for n > p.
But y, = 2, > 050 y, > z, > 0 for n > pu. Hence (2i) holds. Because
the definition of the set § yields ¥, = z, > O for n = v,v + 1,..., 4,
therefore by (E) A%y, < 0for n > p. The sequence {Ay,},>, is nonnegative
and nondecreasing, furthermore by sup p, > 0 this sequence contains some
strictly decreasing subsequence so Ay, > 0 for n € N,,.

Moreover (2iii) and (2iv) follow from (13) and (12). Q.E.D.

Remark 2. Similar result for inequality (12) can be expressed as follows

Let p : N — Ry be such that sup,5,, pn > 0 for every m € N. If
{zn}nen is a solution of the inequality (12) such that (1) holds, then equa-
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tion (E) has the generalized N, (u := v + k) solution y such that

0>yn ZznvneNl/,

0 > Ayn Z Azn’ne NIH
lim Ay, =0,

n— oo

(o]
E p;y] converges.
i=v

Remark 3. Relation (2iv) describes the fact that the solution of (E) is
¢ summable with the weight function p.

Remark 4. To get similar result for ordinary solution we should have
in the assumption (1) » = 0. The problem is: can we extended generalized
solution up to n = 0? or in the other words does there exist ordinary solution
of (E) which coincides for n > v with the generalized solution obtained by
Theorem 1? For the answer let us rewrite the equation (E) in the form

Pny?; = _Azyn+k-

Considering the case £ > 0 under the assumption p, # 0 we can observe
that having done yn4k, Yn+k+1> Ynsk+2 one can find y, from the formula

Yn = [—(l/pn)A2yn+k]l/q
and following this way (if p, # 0 for n = 0,1,...,v — 1) build the solution
step by step on the left of » up to yo. In the case k¥ = 0 we obtain from (E)
Pn?/g + Y = —Ynt2 + 2yn+l-

Now, we can proceed in a similar way provided the equations
Pz + 2= —Yni2 + 2Yn41,n <V

have solutions.

Some of researches reason that if they have any generalized solution they
can obtain ordinary solution by a simple procedure of renumbering the terms
or in other words by translation of the independent variable n only in the
solution. But it is not always allowed as we shall show in the example below.

EXAMPLE 1. Let -us consider the equation
(E1) A’yn 4+ payr = 0,n € N,
where

po=p =0,
_ 2(n +2)
" (n+3)(n+4)(2n+ 3)?

Pn for n > 2.
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We can check that the sequence
2n 43\
(14) y= { }

fulﬁlls (E1) for n > 2. Since y, = 4, Yz = 5, ys = 3 then Ay, = —pyy? =

Supposmg we translate the independent va.rla.ble taking yo = Z,yl =

y2 = — then A%y, = —— but it is imposible because for py = 0 we have
A Yo = 0

Of course in the considered equation changing independent variable both
in the sequence of coefficients p and the solution y we obtain the sequence
which fulfills (E1) for all n > 0 but the new equation is not the same relation
as before, because for py = 0 we should have in the equation A%y, = 0.

Let us follow the procedure of coming back, now, on the above example
changing the values of pp and p; and studying different types of efekts we
shall obtain during our activity. The equation (E1) can be transformed to
the form

(15) Pnyf. + Yn + (yn+2 - 2yn+1) =0.
Supposing we have generalized solution of (E1) given by (14) we try to find
ordinary solution.

Case 1. If pg = p1 = 0 then from (15) we get for » = 1 and n = 0 the
unique solution on N with y; = 17/10, yo = 33/20.

Case 2. If in (E1) p1 = 0 and pp > 0 then in this case equation (15)
possesses always two ordinary solutions starting with two different y which
coincide with (14) for n > 2 and which are glued at y; = 17/10.

Case 3. Let p; = 21/680, po € (0,1/279). In this case the generalized
solution can be extended on the left twofold y; = —34 or yj = 34/21.
Moreover each of these solutions can be further extended also twofold. So
we get four different ordinary solutions which coincide with (14) for n > 2.

Case 4. Let p; = 21/680, po > 1/279. In this case we obtain two y,. For
11 = 34/21 the solution can be continued to the left twofold like previously,
but if we take y; = —34 then this solution can not be extended to the left.

Case 5. Let now p; = 20/17, pg > 5. This time we get two values of y;
namely y; = —17/10 and y{’ = 17/20, but none of these generalized solutions
can be further extended to the left, that means we get two generalized
solutions which coincide with the sequence (14) for » > 2 and differ in
the point y; and which can not be extended to the left up to the yg, or in
other words there do not exist initial values yg, y; such that suitable solution
coincides with (14) for n > 2.

The above examples do not exhaustively describe all possible relations
between ordinary and generalized solutions. We shall study the problem
elsewhere.
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THEOREM 2. Let p: N — R, be such that one of the following conditions
holds

(161) lim, o supp, > 0,

(16ii) there ezxist K € N and a > 0 such that np,x > a for alln € N,
(16iii)  there ezists positive, increasing sequence {¢,} such thatlim,_,o ¢¥n
= 00 and limsup,,_, (1/¢x) E;;m pip; >0 formeN.

Let ¢ € R,y be a quotient of positive odd integers. Then inequality (I1)
does not possess any solution which is eventually positive.

Proof. Suppose contrary that the inequality (I1) possesses any solution
z which is eventually positive, say z,, > 0 for all » > v and some v € N.
Since the assumptions of Theorem 1 are satisfied, so it follows that equation
(E) possesses a positive solution with the properties

(17) Ay, - 0,8y, >0 forn>pu:=v+k.
Suppose at first that the sequence p satisfies condition (16i). Then by (17)
we get

lim sup p,y? > 0.

n—oo

On the other hand
Jim A yngy = Jim {Aynik-1 — AYntr} = 0.
So we obtain a contradiction, because

0 = limsup{—A%yn4+} = limsup p,yd > 0.

n—00 n—o0

Considering conditions (16ii) we shall show that our assumptions also lead
to contradiction. Rewrite equation (E) in the form

A’yivr = —piy-

Multiplying the above equation by 7 and summing next from u to n we
obtain

n n
(18) > idlyi == iyl
i=n i=n

Applying the method of summation by parts the left hand side of (18) is
equal to
n-—1
nAYnik+1 — BAYutk — Z AYjtk+1
j=n
while by monotonicity of the solution y the sum on the right hand side can
be estimated from above by ~yg 3°7_ , jp;. Then using (16ii), we find
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nAYnt k41 — BAYutk = Yntkt1 + Yutke1
E(n/K)
< -y Z iKpig < —aK[E(n/K) - E(p/K)lyd,
i=E(u/K)+1
where E(m) denotes the entire part of m. Dividing by n we get

FAYutk _ Yntktr | Yutkid
n n

(19) Aynsrsr —

< —ar B EGIK)

Suppose that y, — a > 0 for some a € R, then of course limy,—o0(Yntk+1/7)
= 0. If y, — oo, then by Stolz theorem we obtain lim,—co(Ynti+1/n) =
limy oo AYntr+1 = 0. Therefore in both possible cases y,4+x41/n tends to
zero. Since the same behavior characterize first, second, and fourth terms
on the left hand side of (19), thus all the sum of this side tends to zero. On
the other hand we have

: LE(n/K) - E(u/K)
nlf-.l%o [— ak - ya| = —ayl <0.
Therefore we have got
0 < —ay} <O0.

This contradiction completes the proof in the case (16ii). To see that con-
ditions (16iii) also gives us a contradiction we proceed in a similar way like
in the previous case, obtaining

PulYutk =
(20)  Ayntrtr - “(’% (1/n) Y _(Ayisrs1)(De;)

n j=u
n
< —yi(1/n) D wipi.
j=u

Of course lim, 00 AYntx+1 = 0 and limy, oo (@uAYutr)/pn = 0.
To determine the limit at infinity of the third term on the left hand side,
let us observe that Ay; > 0, Ap; > 0. Therefore we have two possible cases

n—1
() Jim Z(ij+k+1)(A<Pj) =a>0
j=u
for any constant a, or
n—1
(ii) Tim Y (Ayjske1)(Ag;) = oo

j=u
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In the case (i), the considered term tends to zero. In the case (ii), by
Stolz theorem we have: the limit of the sequence {[Z;-:Z(ij.,,kﬂ)(Acpj)]
[©on}ne N, exists if exists the limit of quotient of differences of numerator
and denominator and then these limits are the same. But

n—o0

lim (A[i(ij+k+l)(A‘Pj)}/A‘r°n)

= lim ([(Ayn+k+1)(Apn)l/Apn) = im Aynyrsr =0.

This means that all the terms on the left hand side tend to zero. On the
other hand, by (16iii)

n

lim inf ( - yZ[prj] /%) < —ayl <0
j=n

for some a. Hence in this case we get contradiction. So our supposition that

(I1) possesses eventually positive solution was false. m

Remark 5. As asequence {¢,} defined in condition (16iii) we can take
for example sequences ...,{n3},{n%},{n},{n!/%}, {n1/3},..., {log(n)},
{log(log(n))},... each of them give in turn larger class of sequences p for
which conditions (16iii) are satisfied. In fact, if we have two sequences {a,}
and {f,} such that a, < §, and A(B./a,) > 0 for sufficiently large n (say
for n > m) then

0 < limsup(1/5,) E Bjp; = limsup(1/6,) Z aj%pj

j=m

< limsup(1/ay,) Z a;p;j.

n— oo ;
j=m

Hence if condition (16iii) is satisfied with the bigger sequence 3 then it also
holds with the smaller one a.

Remark 6. Similar result for the inequality (I2) can be expressed as
follows

Let p: N — R, be such that one of the following conditions hold

(i) imsup,_, ., P > 0,

(ii) there exist X' € N and a > 0 such that np,x > aforalln € N,

(iii) there exists positive, increasing sequence {¢,} such that lim,_, . ¢»
= 00 and limsup,_,o(1/¢n) X}- ., @jpj > 0for me N.

Let ¢ € R be a quotient of positive odd integers. Then inequality (12)
does not possess any solution which is eventually negative.
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EXAMPLE 2. Consider the equation

(E2) A%y 4 Poyn =0
where p: N — R, \ {0}. If
(21) Pn < Pn-1/[2+ pn-1] forn>2

and p; < 1/3 then the equation (E2) possesses positive increasing solution.
To prove the above assertion we show that there exists positive solution

of the inequality

(13) A%z, 4 ppze <0.

From p; < 1/3 it follows (14 po)/2 < (1 + po)(1 — p1)/(1 + p1). Since the

function f(z) = (1 + po)(1 + 2)/2 is continuous and increasing for z > 0,

we can find two positive real numbers zg, z; such that z; > 2z and z; €
[f(z0),(14 po)(1 = p1)/(1 4 p1)]. For n > 2 define the sequence {z,},>2 by

n—2

In = H(l +pj)‘

j=0
Of course z,, > 0 for all n > 0. We check that this sequence is a solution of_
(13). In fact

A’z = (14 po) — 221 + 2o
but
21 2 (14 po)(1+20)/2
from there by simple calculation we get
(1+ po) — 221 + 2o < —poZo

that is A%2zg < —poTo. Similarly from
21 < (1+po)(1 - p1)/(1 +p1)
we can easily deduce that
(1+po)(1+p1) — 2(1 + po) + 21 £ ~p171
but this yields
A’zy = (1+po)(1+p1) — 2(1 4 po) + 21 < —p121.

Furthermore it one can easily check, applying (21), that also for n > 2 we
have A%z, < —p,z,. Therefore the sequence {z,}nen fulfills inequality
(13).

Hence by Theorem 2 we obtain the desired result about the solution of
equation (E2). Condition (21) is satisfied for example for the sequence p



Solutions of difference equations 585

defined by p, = 3=™. Of course we can formulate similar result for (E). In
the case k = 0 suitable assertion holds if for example

Pn < [P Ta +95)] [ﬁ(l o+ T10 )]
Jj=0 Jj=0 Jj=0

Other results can be obtained using different definitions of the sequence
{za}.

Since every solution of (E) is the solution of (I1) and (I2) then as a
consequence of Theorem 2, Remark 5, and Remark 6 we have

THEOREM 3. Letp : N — R, be such that one of the following conditions
hold

(i) limsup,_, o Pn > 0,

(ii) there exist K € N and o > 0 such that np,x > a for alln € N,

(iii) there ezists positive, increasing sequence {¢n} such that lim,_,o @n
= 00 and limsup,,_, . (1/¢n) E?zm @ijpj >0 formeN.

Then every solution of (E) is oscillatory.

This work is motivated by the paper of Ladas, Philos and Sficas [2],
where these authors considered the equation

(E3) Ayn + prYn-k =0

and where they have given sufficient conditions for all solutions of (E2) to
be oscillatory, in the form

o n—1 kk
j=n-—k

and stated that this result is sharp (in some sense). Here we want to say
that difference equation like (E3) can be treated as the first order equa-
tion with constant delay but on the other hand, and sometimes better, it
should be treated as the ordinary difference equation of order k£ + 1, and
then the methods of higher order equation are more adequate and can give
better results. As an example illustrative of our statement let us consider
the equation

(E4) Ayn + Payn—1 = 0.

The condition (22) reduces here to

(23) liminf p, > 1/4.
n—oo

Now, we treat (E4) as the second order difference equation

(24) Yntl — Un +pnyn—1 =0.
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We shall transform (24) to the form (E). Dividing (24) by 2"*! and substi-
tuting y, = z,/2" we get after simple transformations

(25) Az g + (4pn — 1)2p—1 = 0.
This equation is of the type (E) and therefore by Theorem 3 we obtain

conditions on oscillation of all solutions of (E4) (because solutions of (E4)
and (25) are of the same behavior in relation to oscillation)

lim sup p, > 1/4,

n—oo

which is essentially better than (23).
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