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ON THE OSCILLATION OF SOLUTIONS 
OF DIFFERENCE EQUATIONS 

In several recent papers (see e.g. [1-6]) oscillatory behavior of solutions 
of difference equations and inequalities have been investigated. In this paper 
we study this property for solutions of the equation 

( £ ) A 2 y n + p n _ k y q
n _ k = Q,n = k,k + l , . . . 

where q is a quotient of odd positive integers, k any fixed nonnegative inte-
ger. Some results will be presented for suitable difference inequalities. 

Equation (E) is a discrete analogue of Emden-Fowler differential equa-
tion with retarded arguments. Equations of type (E) with k = — 1 were 
exhaustively considered in [2]. Some of the results contained therein were 
next generalized in [6]. Sufficient conditions for oscillation of first order dif-
ference equation with delay were studied in [3] (see also [5]). 

In the paper we shall use the following notions: R, N, Nm for the sets 
of reals, nonnegative reals, nonnegative integers, and integers no less than m. 
For any function x : N —*• R the forward difference operator A is defined by 
the equality Axn = xn+i — xn, n (E N , and for k > 1: Akxn = A ( A k ~ l x n ) , 

n € N. Furthermore we suppose 
k—m 

y ] x j := 0 for any k,m 6 N , m > 1. 
j=k 

We call the function x : N R oscillatory if there exists any infinite, 
increasing sequence { n , . } ^ of positive integers such that x n r x n r + i < 0 for 
all r > 1, r e N . 

By a solution (ordinary solution), generalized Nv solution, generalized 
solution of (E) we mean real sequence y := {t/„}£L0 satisfying (E) for all 
n G N, for all n € for all sufficiently large argument without specification 
the initial value for which the equation is satisfied, respectively. 
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Throughout the paper we shall suppose that q is a quotient of odd posi-
tive integers, however in some statements it suffices q be only positive real. 

We start our investigations with some useful lemma, given here without 
proof, which is very simple. 

LEMMA 1. Letp : N and let for every m^N there is sup n > m pn> 0. 
Assume that {xn}neiv is a solution of the inequality 

(11) A2xn + pn-kxg
n_k < 0,n£Nk 

such that 

(1) * n > 0 
for all n > u and some v € N. Then 

Axn > 0 for all n > v + k. 

R e m a r k 1. Similar result holds for the reversed inequality 

(12) A2xn + Pn—k^n—k >0,nE Nk. 

THEOREM 1. Let p : N —*• R+ be such that s u p N > M P N > 0 for every 
m 6 N. If {xn}neN LS A solution of the inequality (II) such that (1) holds, 
then equation (E) has the generalized N^ solution y, (fi := v + k) such that 

(2i) 0 < yn < xn, n € 
(2ii) 0 < Ayn < Axn, n 6 N^, 
(2iii) lim^^oo Ayn = 0, 
(2iv) Y^LvPiV] converges. 

P r o o f . By Lemma 1 we get 

(3) Axn > 0 for n > fi. 

Let us take some m,n 6 N^ m > n. Then from (II) we obtain 
m 

Axm+1 - Axn + Y^Pi-^j-k ^ 
j=n 

Hence, by (3), we get 
m 

(4) ^Pj-kx)_k < Axn 
j=n 

and from there 
oo 

(5) ^2pj-kxq
j_k < Axn for n € N^. 

j=n 
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Let us consider the set S of all sequences {un}neiv such that 
r u „ = x„ for n = 0,1,. . . , /x, 

(6) < Un > 0 for n > fi, 
I Aun < Axn for n> fi. 

For any u € S we have 
(7) un <xn for all n G N. 

By (6) and (7) we get from (5) that 
n—1 oo n—1 oo 

(8) Y^P i-k U < i-k ^ J ^ P i - ^ i - k f o r a U n e 

j=ft i=j j=ti i=j 

Define an operator T on S by the formula Tu = z = {zn}ng7V where 
zn = xn for n = 0 , . . . , /i 

(9) n _ 1 °° 
Zn = x» + 2 f o r n> fl. 

j=n i=j 

Observe that by (8) the operator T is well defined. Furthermore 

zn > Bp > 0, n > fi 

and oo oo 
Azn = ^ P i - k u U < ^~2pi-kx1_k < Axn,ne Np. 

i—n i=n 
So T : S -* S. 

Let now u = {«n}ne;\r> v = {vn}ng^r be any two elements of S. We shall 
say u < v if 
( 1 0 ) un<vn a n d Aun<Avn,n£N. 

One can easily check that operator T is monotonic on S i.e. Tu < Tv 
whenever u < v. Fix y° = {£n}n€N € S and consider the sequence {yr}r£N 
of consequtive iterations of y°, i.e. 

y ^ 1 = Tyr for r > 0. 

We shall prove that {j/r}reJV is monotonic i.e. j / r + 1 < yr, r = 0,1, 
By (9) for r = 0 we get y\ = n = 0 a n d hence Ay\ = Ay 
n = 0 , . . . , . Furthermore, by (5) 

oo oo 
Ay\ = = E « - ^ - * ) ' ^ A x * = 

j=n i—n 

for n > fi, from there it follows y\ < for n > fi. Hence we get y1 < y°. 
Since y1 6 S and T is monotonic on 5 we have y2 = Tyl < Ty° = y1. By 
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the induction argument we obtain y,+1 < y' for all i 6 N. For arbitrary 
n 6 N the sequence {Vn}reN is nonincreasing and bounded from below by 
xn for n = 0 , . . . ,/x and by xM for n > fi. So there exist finite limits 

yn = lim y* for every n £ N. 
r—» oo 

Hence, by (9) we have 
n—1 oo yn = lim yr

n
+l = x„ + lim V n > /x. r—* oo r—> oo ' * * * j=n i=j 

From the above, taking into account that = we have 
oo 

(11) Ayn = lim y^Pi - k (y ]_ k ) q for n>n, 
T—>00 < J 

j=n 

and consequently 
oo oo 

A2yn = lim V Pj-k(yrj-k)g ~ lim y^Pj-fc(yj-Jt)9 

t—• oo ' * r—• oo • • ~ i=n+l j—n 
= lim = -Pn-fc»'_ f c ,n > (J-T—^OO 

So the sequence {i/n}neiv is a generalized N^ solution of (E). Since for every 
r £ N there is yr £ S, then from 0 < y„ < xni n v it follows 

(12) 0 < yn < xn for all n € N„. 

Moreover yn = xn for n = 0 ,1 , . . . By (5), (11), and 0 < y^ < xn we get 
oo 

(13) 0 < Ayn < YsPi-^U ^ Axn,ne N». 
j=n 

This means that the sequence {yn}neN is nondecreasing at least for n > [i. 
But y^ = > 0 so yn > x^ > 0 for n > fi. Hence (2i) holds. Because 
the definition of the set 5 yields yn = xn > 0 for n = u, v + 1 , . . . ,/x, 
therefore by (E) A2yn < 0 for n > fi. The sequence {Ayn}n>^ is nonnegative 
and nondecreasing, furthermore by suppn > 0 this sequence contains some 
strictly decreasing subsequence so Ay n > 0 for n 6 N 

Moreover (2iii) and (2iv) follow from (13) and (12). Q.E.D. 

R e m a r k 2. Similar result for inequality (12) can be expressed as follows 
Let p : N —> R+ be such that s u p n > m p n > 0 for every m € N. If 

{^nlneJV is a solution of the inequality (12) such that (1) holds, then equa-
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tion (E) has the generalized NM (/x := v + k) solution y such that 

0 > yn > xn,n e N„, 

0 > Ayn > Axn,n£ N^, 

lim Ayn = 0, 
n—>oo 
oo 

y ] Pj yq- converges. 
j=v 

R e m a r k 3. Relation (2iv) describes the fact that the solution of (E) is 
q summable with the weight function p. 

R e m a r k 4. To get similar result for ordinary solution we should have 
in the assumption (1) v = 0. The problem is: can we extended generalized 
solution up to n = 0? or in the other words does there exist ordinary solution 
of (E) which coincides for n > u with the generalized solution obtained by 
Theorem 1? For the answer let us rewrite the equation (E) in the form 

PnVl = ~A2yn+k. 

Considering the case k > 0 under the assumption p„ / 0 we can observe 
that having done y„+fc, yn+k+i,2/n+fc+2 o n e c a n find Vn from the formula 

yn = [-(1 /pn)A'yn+k}1^ 

and following this way (if pn ^ 0 for n = 0 , 1 , . . . , v — 1) build the solution 
step by step on the left of v up to j/o- In the case fc = 0we obtain from (E) 

PnVl + 2!n = -i/n+2 + 2j/n+l-

Now, we can proceed in a similar way provided the equations 

pnzq + z = - y n + 2 + 2yn+1,n< v 

have solutions. 
Some of researches reason that if they have any generalized solution they 

can obtain ordinary solution by a simple procedure of renumbering the terms 
or in other words by translation of the independent variable n only in the 
solution. But it is not always allowed as we shall show in the example below. 

E X A M P L E 1. Let us consider the equation 

( E l ) A2yn+pny2
n = 0 , n £ N , 

where 
Po = Pi = 0, 

2 (n + 2) 
Pn = 7 TT7 —7- —T for n > 2. y n (n + 3)(n + 4)(2n + 3)2 
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We can check that the sequence 

fulfills (El) for n > 2. Since y2 = y3 = | , V4 = ^ then A2y2 = ~P2vl = 
— •go- Supposing we translate the independent variable taking yo = = 
|)2/2 = V" then A2yo — — ^ but it is imposible because for po = 0 we have 
A2y0 = 0. 

Of course in the considered equation changing independent variable both 
in the sequence of coefficients p and the solution y we obtain the sequence 
which fulfills (El) for all n > 0 but the new equation is not the same relation 
as before, because for po = 0 we should have in the equation A2y0 = 0. 

Let us follow the procedure of coming back, now, on the above example 
changing the values of po and p\ and studying different types of efekts we 
shall obtain during our activity. The equation (El) can be transformed to 
the form 

( 1 5 ) pnyl + Vn + (Vn+2 ~ ZVn+l) = 0 . 

Supposing we have generalized solution of (El) given by (14) we try to find 
ordinary solution. 

Case 1. If po = pi = 0 then from (15) we get for n = 1 and n = 0 the 
unique solution on N with y\ = 17/10, yo = 33/20. 

Case 2. If in (El) pi = 0 and po > 0 then in this case equation (15) 
possesses always two ordinary solutions starting with two different yo which 
coincide with (14) for n > 2 and which are glued at j/i = 17/10. 

Case 3. Let pi — 21/680, po E (0,1/279). In this case the generalized 
solution can be extended on the left twofold y[ = —34 or y" — 34/21. 
Moreover each of these solutions can be further extended also twofold. So 
we get four different ordinary solutions which coincide with (14) for n > 2. 

Case 4. Let pi = 21/680, po > 1/279. In this case we obtain two y\. For 
3/1 = 34/21 the solution can be continued to the left twofold like previously, 
but if we take y\ = —34 then this solution can not be extended to the left. 

Case 5. Let now p\ = 20/17, po > 5. This time we get two values of y\ 
namely y[ = —17/10 and y" = 17/20, but none of these generalized solutions 
can be further extended to the left, that means we get two generalized 
solutions which coincide with the sequence (14) for n > 2 and differ in 
the point yi and which can not be extended to the left up to the yo, or in 
other words there do not exist initial values yo, Vi such that suitable solution 
coincides with (14) for n > 2. 

The above examples do not exhaustively describe all possible relations 
between ordinary and generalized solutions. We shall study the problem 
elsewhere. 
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THEOREM 2. Letp : N —R+ be such that one of the following conditions 
holds 
(16i) l im^oo suppn > 0, 
(16ii) there exist K £ N and a > 0 such that npn]< > a for all n G N, 
(16iii) there exists positive, increasing sequence {(fin} such that lim^oo <pn 

= oo and l i m s u p n ^ 0 0 ( l / < ^ n ) VjPj > 0 forme N. 
Let q £ R+ be a quotient of positive odd integers. Then inequality (II) 

does not possess any solution which is eventually positive. 

P r o o f . Suppose contrary that the inequality (II) possesses any solution 
i which is eventually positive, say xn > 0 for all n > u and some v € N. 
Since the assumptions of Theorem 1 are satisfied, so it follows that equation 
(E) possesses a positive solution with the properties 

(17) Ayn 0, Ayn > 0 for n > fi := v + k. 

Suppose at first that the sequence p satisfies condition (16i). Then by (17) 
we get 

l i m SUp PnVn > 
n—»oo 

On the other hand 

lim A2yn+k = lim {Ayn+k-i - Ayn+k} = 0. 
n—*oo n-+oo 

So we obtain a contradiction, because 

0 = lim sup{-Zi2i/n+fc} = lim sup pnyl > 0. 
n—• oo n—*oo 

Considering conditions (16ii) we shall show that our assumptions also lead 
to contradiction. Rewrite equation (E) in the form 

A2yJ+k = -PjVj-
Multiplying the above equation by j and summing next from /i to n we 
obtain 

(18) = 

Applying the method of summation by parts the left hand side of (18) is 
equal to 

n—1 

nAyn+k+1 - fiAy^+k - ^ Ayj+k+i 

while by monotonicity of the solution y the sum on the right hand side can 
be estimated from above by - y ? Then using (16ii), we find 
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nAyn+k+1 - ^AVu+k - Vn+k+i + Vn+k+i 
E(n/K) 

< -y% £ iK?iK ^ ~^K[E(n/K) - E(»/K)]y*a, 
i=E(»/K)+l 

where E(m) denotes the entire part of m. Dividing by n we get 

(19) Tt Tt Tt 
E(n/K) - E(n/K) 

< yl, n 
Suppose that yn —> a > 0 for some a € R, then of course limn_>00(i/7l+fc+i/n) 
= 0. If yn —• oo, then by Stolz theorem we obtain limn_KX)(i/n+fc+x/Ti) = 
lim^-Kx, Ayn+k.i-i = 0. Therefore in both possible cases yn+k+i/n tends to 
zero. Since the same behavior characterize first, second, and fourth terms 
on the left hand side of (19), thus all the sum of this side tends to zero. On 
the other hand we have 

lim n—>oo 
aKE{n/K)-EWK) • 

n a 
= - a y l < 0. 

Therefore we have got 

0 < - a y l < 0. 
This contradiction completes the proof in the case (16ii). To see that con-
ditions (16iii) also gives us a contradiction we proceed in a similar way like 
in the previous case, obtaining 

(20) Ayn+k+1 - f^±JL _ ( l M i ) 

n 

Of course limn—too Ayn+k+1 = 0 and lim n—*oo {f^Ay^^/fn - 0. 
To determine the limit at infinity of the third term on the left hand side, 

let us observe that Ayj > 0, A<pj > 0. Therefore we have two possible cases 
n—1 

(i) Jim^ ^2(Ayj+k+1)(A<pj) = a> 0 
j=ti 

for any constant a, or 
71 — 1 

(ii) Jirr^ ^2(Ayj+k+i)(A<pj) = oo. 
j=n 
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In the case (i), the considered term tends to zero. In the case (ii), by 
Stolz theorem we have: the limit of the sequence \){A<pj)] 

/Vn}ngArM exists if exists the limit of quotient of differences of numerator 
and denominator and then these limits are the same. But 

n—1 
H m , ( / I [ ^ ( A y j + k + ^ i A f j ) ] / ¿ V n ) 

= lim ([(¿yn+fc+i)(4v>n)]/^¥>») = 11111 AJ/n+fc+i = 0. 
n—* oo n—*oo 

This means that all the terms on the left hand side tend to zero. On the 
other hand, by (16iii) 

n 
limmf ( - ^ [ £ ViPj /Vn) < -ayji < 0 

j=n 

for some a. Hence in this case we get contradiction. So our supposition that 
(II) possesses eventually positive solution was false. • 

R e m a r k 5. As a sequence {v?„} defined in condition (16iii) we can take 
for example sequences . . . , {n3}, {n2}, {«}, {n1/2}, {ra1 /3},. . . , {log(ri)}, 
{log(log(n))},... each of them give in turn larger class of sequences p for 
which conditions (16iii) are satisfied. In fact, if we have two sequences { a n } 
and {/?„} such that an < /3n and A ( f 3 n / a n ) > 0 for sufficiently large n (say 
for n > m) then 

n n /1 

0 < l i m s u p ( l / p n ) Y^ PjPj = limsup(l//?„) ^ <*j—Pj 
n—*oo . n—»oo Otj j = m ]=m J 

n 

< l imsup( l / a n ) ^ Oijpj. 

Hence if condition (16iii) is satisfied with the bigger sequence (3 then it also 
holds with the smaller one a . 

R e m a r k 6. Similar result for the inequality (12) can be expressed as 
follows 

Let p : N —> R+ be such that one of the following conditions hold 
(i) lim supn_+OQ pn > 0, 

(ii) there exist K € N and a > 0 such that npnK > a for all n £ N , 

(iii) there exists positive, increasing sequence {<fn} such that l im , ! - ^ <pn 

= oo and l imsup n _ 0 0 ( l / ¥ ) n ) <pjpj > 0 for m e N . 

Let q 6 R+ be a quotient of positive odd integers. Then inequality (12) 
does not possess any solution which is eventually negative. 
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EXAMPLE 2. Consider the equation 

(E2) A2yn + pnyn = 0 

where p : N R+ \ {0}. If 

(21) Pn<Pn-l/[2 + Pn-l) for 71 > 2 

and pi < 1/3 then the equation (E2) possesses positive increasing solution. 
To prove the above assertion we show that there exists positive solution 

of the inequality 

(13) A2xn+pnxn < 0 . 

From pi < 1/3 it follows (1 + p0)/2 < ( 1 + p 0 ) ( l - P i ) / (1 + Pi)- S i n c e t l i e 

function f(x) = (1 + po)(l + x) /2 is continuous and increasing for x > 0, 
we can find two positive real numbers xo, xi such that x\ > xq and £ 
[ / ( ^o i j i l + P o i i l - p O / i l + Pi)]- For n > 2 define the sequence {xn}n>2 by 

n—2 

j=0 
Of 

course xn > 0 for all n ^ 0. We check that this sequence is a solution of 
(13). In fact 

A2xo = (1 + Po) - 2x x + x 0 

but 

> (1 +Po)( l + ®o)/2 
from there by simple calculation we get 

(1 + p 0 ) - 2x i + xo < -Pqxq 

that is A2xo < —polo. Similarly from 

xi < ( l + P o ) ( l - P i ) / ( l + P i ) 

we can easily deduce that 

(1 + Po ) ( l + P i ) - 2(1 + p 0 ) + x i < -plXl 

but this yields 

A2x,. = (1 +po) ( l + P i ) — 2(1 +po) + X\ < - p i x i . 

Furthermore it one can easily check, applying (21), that also for n > 2 we 
have A2xn < —pnxn. Therefore the sequence { i„} n e j v fulfills inequality 
(13). 

Hence by Theorem 2 we obtain the desired result about the solution of 
equation (E2). Condition (21) is satisfied for example for the sequence p 



Solutions of difference equations 585 

defined by pn = 3 n . Of course we can formulate similar result for (E). In 
the case k = 0 suitable assertion holds if for example 

n—2 n—1 n-2 _^ 

Pn< [p»-in(i+w)][n(i+ )̂+ii(i+ )̂'] • 
j=0 j=0 j=0 

Other results can be obtained using different definitions of the sequence 
{*»}• 

Since every solution of (E) is the solution of (II) and (12) then as a 
consequence of Theorem 2, Remark 5, and Remark 6 we have 

T H E O R E M 3 . Letp : N —• R+ be such that one of the following conditions 
hold 

(i) limsup„^ooPn > 0, 
(ii) there exist K € N and a > 0 such that npnK > ot for all n £ N, 

(iii) there exists positive, increasing sequence {<fn} such that limn_>oo <pn 

= oo and l i m s u p ^ o o i l / p n ) E j=m f j P j >0 for me N. 
Then every solution of (E) is oscillatory. 
This work is motivated by the paper of Ladas, Philos and Sficas [2], 

where these authors considered the equation 

(E3) Ayn+pnyn-k = 0 

and where they have given sufficient conditions for ail solutions of (E2) to 
be oscillatory, in the form 

n_1 kk 

(Jfc+l)fc+i (22) limmf [(1/*) £ P j 

j=n—k 

and stated that this result is sharp (in some sense). Here we want to say 
that difference equation like (E3) can be treated as the first order equa-
tion with constant delay but on the other hand, and sometimes better, it 
should be treated as the ordinary difference equation of order k + 1, and 
then the methods of higher order equation are more adequate and can give 
better results. As an example illustrative of our statement let us consider 
the equation 

(E4) Ayn + pnyn.x = 0. 

The condition (22) reduces here to 

(23) l iminfp n > 1/4. 
TL—»OO 

Now, we treat (E4) as the second order difference equation 

(24) yn+1 - yn +PnJ/„-i = 0. 
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We shall transform (24) to the form (E). Dividing (24) by 2 n + 1 and substi-
tuting yn = z n / 2 " we get after simple transformations 

(25) A 2 z n - ! + (4P n - l ) z n _ ! = 0. 

This equation is of the type (E) and therefore by Theorem 3 we obtain 
conditions on oscillation of all solutions of (E4) (because solutions of (E4) 
and (25) are of the same behavior in relation to oscillation) 

l imsuppn > 1/4, 
n—>00 

which is essentially better than (23). 
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