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FIXED POINT THEOREMS 
ON PRODUCT OF COMPACT METRIC SPACES 

Results generalizing and unifying fixed point theorems of Edelstein, 
Fisher, Jungck, Matkowski, Rhoades, Seghal and others are obtained for 
four systems of maps on a finite product of compact metric spaces. 

1. Coordinatewise weakly / asymptotically commuting maps 
Throughout this paper we shall follow the following notations (cf. [l]-[2], 

[9], [14]-[15]). 

and c^j are defined recursively by 

f c ( t ) c ( 0 +c ( t ) c(<) for i ^ k 
f i o \ - i + l _ J CH C«+1,A+1 + c t + l , l c l , f c + U I o r 1 T K 

cik - < (i) _ 
k c n c t + i , f c + i ¿+i,i > l o r 1 - K ' 

i, k = 1,..., n — t — 1, t = 0 , . . . , n — 2; 
(1.3) c(

{? > 0, i = 1 , . . . , n — t, i = 0 , . . . , n — 1; n > 2. 

If n = 1, we define c ^ = a n . 
Let (X,-, dj), i = 1 , . . . , n, be metric spaces, 

X := Xi x X2 x . . . x Xn, 
x(l,n) := (xl,x2,...,xn), t = l , . . . , n , 

s n : = x U > n ) = (^1 >®2 )> Xx ^ A,-, l = l , . . . , 7 i , 
to = 1 , 2 , 3 , . . . ; 
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and 
P i , S i : X X i , i = 1 , . . . , n . 

Note that here or simply {s™} denotes a sequence from the 
product space X of n metric spaces X i , i = 1 , . . . , n . 

D E F I N I T I O N 1 . Two systems of maps { P I , . . . , P N } and { S I , . . . , S N } are 
coordinatewise commuting at a point a;(l,ra) € X if and only if 

Pii'S'iC^Cl.«))»- - - » » ) ) ) 
= 5 i (P i (x ( l , r a ) ) , . . . ,P„ (x( l ,n ) ) ) , i = l , . . . , n . 

Two systems of maps { P i , . . . , P n } and { S i , . . . , £„} are coordinatewise com-
muting on X (cf. [15]) if and only if they are coordinatewise commutating 
at every point of X . 

D E F I N I T I O N 2. Two systems of maps { P i , . . . , P n } and { S i , . . . , S n } are 
coordinatewise weakly commuting at a point x ( l , n ) € X if and only if 

d i ( n ) ) , . . . , SB(*(1,»))), Si(Pi(*( l , n ) , . . . , P n ( z ( l , n)))) 
< d i ( P i ( x ( l , n ) ) , S i ( x ( l , n ) ) ) , i = 1 , . . . , n . 

Two systems of maps { P i , . . . , P n } and { S i , . . . , S „ } are coordinatewise 
weakly commuting on X (cf. [15]), if and only if they are coordinatewise 
weak commutating at every point of X . 

D E F I N I T I O N 3 . Two systems of maps { P i , . . . , P n } and { S i , . . . , £ n } are 
coordinatewise u( l , ra)-asymptotically commuting (or simply coordinatewise 
asymptotically commuting or, following the terminology of Jungck [6], co-
ordinatewise commuting-compatible) if and only if 

l i m ^ ( S i K 1 ) , . . . , S B ( 0 , S i ( P i W ) , P n ( C ) ) ) = 0 
771 

as soon as limm P i ( s ™ ) = limm S^s™) = Ui for some Ui e X i , i = 1 , . . . , n . 

Notice that Definitions 1-3 with n = 1 are the standard ones of commut-
ing, weakly commuting (see [13]) and asymptotically commuting [17] (also 
called compatible [6]) maps. 

We remark that the following examples show that (i) weakly commuting 
systems of maps need not be commuting, and (ii) asymptotically commuting 
systems of maps need not be weakly commuting. 

E X A M P L E 1 . Let X \ = [l,oo) and X i = [ 0 , 1 ] be metric spaces with 
absolute value metrics and 

Pi, Si : Xi x Xi -» A*i; P2 , S2 : Xx x X2 X2 such that 
P i ( x l t x 2 ) = l + x 1 , P 2 ( x u x 2 ) = x 2 / 2 , 

S i ( x 1 , X 2 ) = 1 + 2 X 1 , S i { x x , x i ) = X 2 / A . 
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The following two inequalities show that {Pi, A } and {Si,S2} are coordi-
natewise weakly commuting but not commuting systems of maps 

dl(Pl{Si(x1,X2),S2{xl,X2)),Sl(Pl(x1,X2),P2(x1,X2))) 

= 1 < X! = d1(Pi((x1,x2), Si(x1,x2)); 

and 

d2{P2{Si{xl,x2), S2(xi,X2)), S2{Pi(xi,x2), P2(xi,x2))) 

= 0 < d2(P2(xi,x2), S2(xi,x2)). 

The first inequality shows that there does not exist a sequence {(s™)} 
in X! x X2 for which limm d ^ P ^ s ? ) , S2(s?), S i ( P i ( ^ ) , P2{s?))) = 0 
is not satisfied. Therefore the systems of maps {Pi,P2} and {Si, £2} are 
(vacuously) coordinatewise asymptotically commuting (or compatible). 

EXAMPLE 2. Let Xi = [0,oo) and X2 = (—00,00) be metric spaces 
with absolute value metrics on them. Consider the following coordinatewise 
non-commutative systems of maps {Pi,P2} and {Si, 52} such that 

Pi ,S i : Xi x X2 Xi, Pi{xi,x2) = Ax\, Si(zi,X2) = 2xf; 
P2,S2:X i x X 2 - > X 2 , P2(xi,x2) = Ax], S2(xi, x2) = 2x\. 

Then 
di(Pi{xi,x2), Si(xi,x2)) = 2x1 —• 0 iff x i —> 0 

and 

¿i(^i(Si(xi , «2), S2(x 1, x2)), Si(Pi(xx , x2), P2{x\,x2))) 

= 96x\ 0 iff X\ —• 0. 
Similarly 

d2(P2(x i,X2),S2(x1,X2)) 0 iffx2—>0 
and 

d2(P2(Si{x1 ,x2) ,S2(xi ,x2)) ,S2(P l(x1 ,x2) ,P2(xi ,X2))) -* 0 iff a;2 0. 
Consequently the systems {Pi,P2} and {Si,S2} are coordinatewise asymp-
totically commuting but not coordinatewise weakly commuting. 

2. Fixed point theorems 
We need the following generalization of Fisher [4], Kubiak [8], Matkowski 

[9], Sessa-Rhoades-Khan [13], and Singh-Singh [16] to prove our main result. 

THEOREM 1 [15]. Let (Xi, d{) be complete metric spaces and Pi, Qi, Si,Ti : 
X —* Xi, i = 1 , . . . , n such that 

(2 .1 ) Pi(X) C Ti(X), Qi(X)CSi(X), i = 1 , . . . , n; 
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(2.2) systems of maps { P i , . . . , P n } , { 5 i , . . . , 5 „ } and {Qu---,Qn}, 
{Ti,..., Tn} are coordinatewise weakly commuting pairs; 

(2.3) Si or Ti is continuous, i = 1 , . . . , n. 

If there exist nonnegative numbers b and a i , k = 1 ,...,n defined in 
(1.1) such that (1.2), (1.3) and the following hold: 

n 

(2.4) 0 < b < 1 — h and h = max ^r,"1 ^ aikrkj, 
k=i 

and 

(2.5) di(Pi(x(l,n)),Qi(y(l,n))) 
n 

< max | aikdk(Sk(x(l, n)),Tk(y(l, n))),bm&x{di(Si(x(l, ra)), 
fc= l 

P, (s( l , n))), di(Ti(y(l, n)), Qi(y(l, n))), ¡[di(Si(x(l, n)), Qi(y(l, n))) 

+ d ;(Ti(y(l ,n)),Pi(x(l ,n)))]}J 

for all x( l , n), y(l, n) in X, i = 1,..., n, then the system of equations 

Pi(x{l,n)) = 5i(x(l ,n)) = ^ Qi(*(l ,n)) = 2;(ar(l,n» 

has a unique common solution xi,...,xn such that 

Xi G Xi, i = 1,..., n. 
THEOREM 1 bis. Theorem 1 wherein the condition (2.2) is replaced by 

(2.2a): 

(2.2a) Systems {Pu..., Pn}, {Slf..., Sn} and {Qu..., Qn}, {Tu... ,T n } 
are coordinatewise asymptotically commuting pairs. 

P r o o f . The proof of Theorem 1 works. 

R e m a r k 1. An examination of the proof of Theorem 1 (see[15]) suggests 
that the condition (2.4) of the above theorems may be replaced by (2.4a): 

(2.4a) 0 < b < 1. 

Matkowski [9] has shown that the system of inequalities X)fc=i a»fcrfc < Tii 
i — 1 , . . . , n, has a solution r,- > 0, i = 1 , . . . , n, iff (1.3) holds. This clearly 
explains the definition of h in (2.4). For a detailed analysis on this aspect, 
refer to [9] (see also [2], [14] and [15, p. 795]). 

THEOREM 2. Let ( ) be compact metric spaces, and let Pi,Qi, S{,Tj 
be continuous maps from X —> X{, i - 1,..., n. If there exist nonnegative 
numbers an,, i,k = l,...,n, defined in ( 1 . 1 ) , such that ( 1 . 2 ) , ( 1 . 3 ) , ( 2 . 1 ) , 
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(2 .2a) and the following hold: 

(2.6) di(Pi(x(l,n)), Qi(y(l ,n)))<Mi(a:( l ,n) , 2/(1,n)), » = 1 , . . . , » 

for such x ( l , n ) , 2/(1, n) G A' that the right hand side of the inequality is 
positive, where 

n 

Mi(x(\,n),y(l,n)) = max j ^ aikdk(Sk(x(l, n)),Tk(y(l, n ) ) ) , 
Jt=i 

diiSiixihn^^iixi^n^diiTiiyihn^Qiiyi^n))), 

H ^ i i ^ l ^ W . g i i y C l . n J J J + d K W l . n J J . P i C i C l , « ) ) ) ] } , 

i = 1,..., n. 

Then the system of equations 

Pi(x(l ,n)) = S i ( * ( l ,n) ) = Xi = Qi(x{l,n)) = r , (x ( l ,n) ) 

has a unique common solution xi,...,xn such that X{ € Xi, i = 1,..., n. 

P r o o f . We assert that M,(x(l ,n), j/(l,n)) = 0 for some x(l,ra),y(l,n), 
otherwise functions ¿ (»(1 , n), y( 1, n)) = , i = h • • •, n, 
are continuous and satisfy /,(x(l, ra), j/(l, n)) < 1 on X X X, i = l , . . . , n . 
Since X xX is compact, there exist u(l,n),v(l,n) 6 X such that /¿(x(l,n), 
2/(1'n)) ^ = /¿(w(l, n), ra)) < 1 for x(l,ra),j/(l,n) G A. Conse-
quently, dj(P,(x(l ,n) ,y(l ,n))) < A,M,(x(l, n), y(l, n)), i = 1 , . . . , n, on A" 
with Aj < 1. That is 

n 

< max | y}T(\iaik)dk(Sk(x(l,n),Tk(y(l,n))), 

6max{dj(5'j(x(l,n)), »))), 4 ( 7 ^ ( 1 , n ) ) , Qi(y(l,n))), 

$[di(Si(x(l,n))t Qi(y(l,n))) + d,(r,(y(l,n)), P,(x(l, n» ) ] } } , 

i = 1 , . . . , n, where b = max{Ai, . . . , An}. 

So, by Theorem 1 bis and Remark 1, there exists a z(l, n) 6 X such that 

Pi{z{\,n)) = 5 < ( * ( l , n ) ) = * = Ti(z(l,n)) 

= Qi(z(l,n)), i = l , . . . , n . 

Consequently we have the contradiction Mj(z( l ,n) ,z( l ,n) ) > 0, and 
Mj(z( l ,n) ,z( l ,n) ) = 0. Since Mi(x(l,n),y(l,n)) = 0 for some x( l ,n) , 
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n) € X , t h e n (2.6) impl ies 

(2 .7) 5 i ( x ( l , n ) ) = T i ( y ( l , n ) ) = Pi(x(l,n)) = Qi(y(l,n)) = wu 

say i — 1 , . . . , n . 
Since t h e sy s t ems {Pi,...,Pn} a n d { 5 i , . . . , 5 n } are coord ina tewise 

a sympto t i c a l l y c o m m u t i n g , t h e n t h e equa l i ty 5 i ( x ( l , n ) ) = Pi(x(l,n)) 
(cf. (2 .7 ) ) impl ies , by consider ing t h e sequence {s™} where s™ = x(l,n) 
for m G N , t h a t 

P , ( £ i ( * ( l , n ) ) , . . . , S „ ( s ( l , » ) ) ) = 5 i ( P i ( a r ( 1, n ) ) , . . . , Pn(x( 1, n ) ) ) 

i.e. P{(w(l, n)) = 5 i ( w ( l , r a ) ) . Similarly 

Qi(w(l,n)) = Ti(w(l,n)). 

Now let 

¿ ¿ ( P i M M ) ) , ^ ) = d i ( P i K i . « ) ) » Q i ( y ( i » » ) ) ) ? o. 

T h e n 

¿ . • ( f i H l , » ) ) , ^ ) = ¿ ¿ ( P i M l . n ^ Q i M l . n ) ) ) 
n 

< m a x | £aikdk(Sk(w(l,n)), Tk(y(l,n))), di(Si(w(l,n)), Pi(w(l,n))), 
k=l 

di(Ti(y(l,n)), Qi(y(l,n)), Q i ( » ( l > « ) ) ) 

+di(Ti(y(l,n)), P i ( W ( l , n ) ) ) ] } , i = l , . . . , n . 

Since w i t h o u t any loss of genera l i ty we can a s s u m e d i ( P i ( w ( l , n ) ) , W i ) < r ; , 
t h e a b o v e inequal i t ies yield 

di(Pi(w(l, n)), W{) < ma,x{hri,di(Pi(w(l,n)),Wi)} 

t h a t is di(Pi(w(l,n)),Wi) < hri, i = l , . . . , n , where in 
n 

h = m a x j r , " 1 ^ a i f c r f c | . 

Induc t ive ly 

diiPiiwil^Wi) < hmn. 
Since h <E ( 0 , 1 ) (see, [2,p.137], [9, p.11-12] a n d [14, L e m m a 1]), m a k i n g 
m oo we h a v e 

Pi(w(l,n)) = wu i = 1,..., n. 

Similar ly Q , ( w ( l , n ) ) = W{, i = 1 , . . . , n. 
T h e un iqueness of W{, i = 1 , . . . , n , follows easily. 
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R e m a r k 2. In view of Theorem l(xxviii) and the proof of Theorem 
l(xxvi) of Rhoades [11], it easily follows that (2.5) implies (2.6) but not 
conversely. 

R e m a r k 3. Theorem 3 of Rhoades [11] is proved under his contractive 
condition (22), and generalizes the results of Edelstein [3] and Sehgal [12]. 
The condition (22) is our condition (2.6) with n = 1, a n = 1, P\ = Q\ and 
Six — TiX = x for every x in 

R e m a r k 4. Recently Jungck [6] discussing the relative roles of commu-
tativity and compatibility (or asymptotic commutativity) has obtained a 
generalization of Fisher's theorem [5] under very tight hypotheses. Theorem 
2 extends and unifies the main results of Fisher [5] and Jungck [6]. 

R e m a r k 5. Contractive conditions studied by Czerwik [1], Kasahara-
Rhoades [7], Naimpally-Singh-Whitfield [10, cf. Cor.3] and several others on 
compact setting may be obtained as special cases of (2.6). 

Acknowledgement. The second author (S.L. Singh) thanks Professor 
G. Jungck of Bradley University, Peoria for receiving implicit suggestions 
on the results of this paper. Further, the authors thank the referee for his 
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