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ALMOST r-CONTACT SEMI-SYMMETRIC METRIC
FINSLER CONNECTION ON VECTOR BUNDLE

1. Introduction

The purpose of the present paper is to define almost r-contact semi-
symmetric metric Finsler connection on the total space V of the vector
bundle V(M) = (V,II, M) and to study its various properties. In partic-
ular, they are studied for almost r-Sasakian semi-symmetric metric and
r-Sasakian semi-symmetric metric Finsler connection on the total space of
the vector bundle.

Let V(M) = {V,II, M} be a vector bundle whose total space V is an
(n+m)-dimensional C'*°-manifold and the base space M is an n-dimensional
C%-manifold. The projection map II : V — M, thatis II(u) = X € M,
for u € V, where u = (X,Y) and Y € R™ = II"}(X), is the fibre of V(M)
over X.

A non-linear connection N on the total space V of V(M) is a differen-
tiable distribution u — N, € T,(V) for v € V such that

(1.1) Tu(V)=N.® VY,
where
V) ={X € Ty(V): II.(X) = 0}.

Now N, is called the horizontal and V¥ the vertical distribution. Thus
for each X € T,,(V') we can write

(1.2) X=XH4+xV, xHeN, and XV eV

Let X', i =1,2,...,n, and 4%, a = 1,2,...,m, be the coordinates of
u € V. The local base of N,, is (§/éz') = (8/0z* — N2(z,y)8/0y®) and that
of V! is (0/0y®), where N? are the coefficients of N. Their dual basis is
(dz1,6y%), where §y* = dy® + N#(X,Y)dX".
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Let X = X'§/6z' + X°0/0y*, X € Ty(V), then
(1.3) XH = X%6/6', VV=X°9/0y*, X°®=X°+NX'
Let w be a 1-form, w = w; dz* + w,6y®. Then
(1.4) wl =5 dzt, @ =w; - Nlw,, w'=uw,6y"
which gives w?(XV) = 0, wY(X¥) = 0, where w = wH + WV,
DEerINITION 1.1. A Finsler connection FI' on V is a linear connection
V on V which is preserved by the parallelism of N, the horizontal and V'V
the vertical distribution.
A Finsler connection V on V is characterised by the conditions
(VxYH)Y =0, (VxYV) =0 for X,Y € Yy (V).
A linear connection V on V is a Finsler connection on V' if
VxY = (VxY)H L (VxYV)V
Vow = (Vxw)H £ (VxoV)Y  for X,Y € T (V),
and w € T (V).
For any Finsler connection V on V we define
ViY =vyYH  viy=vyYV, vif=vi,,
Vif =Vxp, forX,YeTuV), fes(V),
where VH is called the h-covariant and VV the V-covariant derivative.
The torsion tensor field T of a Finsler connection on V' is given by

T(X,Y)=VxY - VyX - [X,Y] for X,Y € T,(V),
and is characterized by five Finsler connection V on V is torsion free, then
we have [4]
T(xH,y") =0, T(XHYV)=0, TXV,YV)=0
for each X,Y € T,(V).

2. Almost r-Sasakian structure on vector bundle
Let f be an almost r-contact Finsler structure on V' given by the Finsler
tensor field of type (i ;) with the property

=L+ 0 @)+ 3 10 (€P)Y,

(2.1) e =0, fE) =0, nHE)" +n¥(E)Y =er,
nH(FXH) =0, nf(fXV)=0, nY(fX¥)=0,
p,g=L12,...,1,

where 7, is 7, 1-form, £? is r-vector fields and 67 is the Kronecker symbol.
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Let G be the Finsler metric structure on V which is symmetric, positive
definite and non-degenerate on V. The metric structure G on V can be
decomposed as

(2.2) G=G6G"+GY,
where G# is of type ( ) symmetric positive definite and non-degenerate on

N, and GV is of type ( 2) symmetric, positive definite and non-degenerate
on NV, that is, for X,Y € T,(V),

(2.3) G(X,Y)=GH¥(X,Y)+ GY(X,Y),
where
GH(X,Y)=G(xXH,Y"), GY(X,Y)=G(X",YY).

Let Finsler metric structure G on V satisfy

GUX,JY) = G(X,Y) = oy np(X)mp(Y),
(2.4) GH(fX,fY)=G"(X,Y)- 3], n,, H(X)mHE(Y),

Gv(f‘Xv fY) = GV(X, ),) - zp_l Mp (X)ﬂp () )
which is equivalent to
25) {GH(X, &) = nfi(X), GY(X,&)=rnY(X),

GH(fX,fY)=-GH(f?X,Y), GY(fX,fY)=-GY(f’X,Y).

Then, (f,70,&7,G), p = 1,...,r, is called almost r-contact metrical Finsler

structure on V.
Now, let us define

(2.6) FX, V)Y 6(rx,v),
that is
FXH yM=cH(fx,Y) FXV,YV)=GY(fX,Y).
Then, from (2.6) we obtain
) {EUEIIE= G, PR 7)< BT
(XH,Y")y=-FY",X"), FX",Y")=-FYV",X"),
for each X,Y € T,,(V).
DEFINITION 2.1. Let V be a Finsler connection on V and F be the
fundamental 2-form which satisfies
F(X,Y)=dn(X,Y), =1,2,...,r, that is
F(XH,YH)y = (Vi (Y H) - (V’an,,)(X”) +1p(T(XH,YH))
(2.8) { F(XV, YY) = (VEn)YY) ~ (VYm)(XY) + n(T(XY, YY)
FXH,YH) = (VEn )Y H) — (VEnp)(XY) + np(T(XY, Y H)).
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Then the almost r-contact metrical Finsler structure is called almost -
Sasakian Finsler connection on V.

THEOREM 2.1. Let F be the fundamental 2-form and almost r-Sasakian
Finsler connection V on V be torsion free. Then we have for each X,Y €

Tu(V).

(2.9) F(XV,YV)=(Vin)(YV) - (Vy np)(XV)
F(x" Y”)—(Vxnp)(Y”) (V¥np)(XY).

Proof follows from (1.1), (2.9).

{F(-X” Y7 = (VEm) (Y1) = (Vifn, (X )

DEFINITION 2.2. An almost r-Sasakian Finsler structure on V is said to
be r-Sasakian Finsler structure if the r, 1-form 7, is a Killing vector field,
that is
(210) (VER)(YY) + (VEn,)(XY) = 0
(VEn)(YY) + (Vi) (XH) = 0
for each X,Y € Ty(V) and the Finsler connection V on V is torsion free,
which is called r-Sasakian Finsler connection. .

{ (VEm)(YH) + (V¥ )(XT) =

THEOREM 2.2. Let V be the torsion free Finsler connection together with
an r-Sasakian Finsler structure on V and F be the fundamental 2-form.
Then for each X,Y € T,,(V) we have

F(XH YH) = 2(V np)(YH) = _2(V Up)(XH)
(2.11) { F(XV,YV)=2(VY np)(YV) = -2(Vyn)(XV)
F(XH,YV) = o(Viin)(YV) = ~2(Vn,)(X ).

Proof follows easily from (2.9), (2.10).

3. Almost r-contact semi-symmetric Finsler connection

DEFINITION 3.1. A Finsler connection V on V is said to be semisym-
metric, if the torsion tensor T satisfies

(3 1) {[T(XH YH)]H xXH, H(YH) YHy H(XH)
. [T(XV YV)]V ){V V(YV) YV V(XV)

for each X,Y € T,,(V) and w € T (V).

DEFINITION 3.2. An almost r-contact Finsler connection V on V is
semi-symmetric, if the torsion tensor T of V satisfies

T(X,Y)=VxY = VyX — [X,Y] = Xn,(r) — Y, (X)
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which gives
{ [T(XH, Y ) = X Hp[[(Y ) - YHp (X H)
[TXV, Y)Y = XVl (YV) - Y Vol (XY)

for each X,Y € T, (V).

(3.2)

THEOREM 3.1. For an almost r-contact semi-symmetric Finsler connec-
tion V on V, we have

3.3 { [T(XH, (EP)H)]H =XH - nf(XH)(fp)H
( ' ) [T(XV’(EP)V)]V = XV — n;’(/\'v)(é-p)v,
¥ (e oty o

( . ) f2[T(XV’YV)]H + [T(XV,YV)]V - 0.

Proof. Follows easily from definitions 3.1, 3.2 and from (3.1).

THEOREM 3.2. Let V be an almost r-contact semi-symmetric Finsler
connection on V. Then for every X,Y € T, (V), there exists a Finsler tensor
field A such that

£laXH, Yy =[x, y"H,
FAXY, Y)Y = [ xY, YY)y,
PIAXT YT+ [AX YT =0,
FIAXY Y)Y + AV, Y)Y =o.

Proof. Putting [A(XH, Y| = f[T(YH, XH)]H. In view of (3,3'), we
have the required result.

4. Almost r-contact semi-symmetric metric Finsler connection

DEFINITION 4.1. An almost r-contact semi-symmetric Finsler connec-
tion V on V is said to be an almost r-contact semi-symmetric Finsler con-
nection on V if and only if V%H =0, Vg"(v =0.

If V is the almost r-contact Finsler metric connection on V which is
torsion free, then any almost r-contact semi-symmetric metric Finsler con-
nection V is given by

(4.1) VxY = VxY + H(X,Y) for X,Y € T (V),
where

(4.2) { H(X,Y) = 3[T(X,Y) + P(X,Y) + P(Y, X)]

P(XvY) = nP(‘X)Y - G(XvY)é.p
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PROPOSITION 4.1. The Finsler tensor field H(X,Y) satisfies for each
X,Y € Ty(V) the following relations

H(XH, YN = pli(YH)(ep)" - G(XH, Y H)(en)H
(4.3) { [HXH,YH)V =0, H(XH,YV)=0
[HXY, YY)V =9/ (YV)(€)" - G(XV,YV)(eP).

Proof. In view of T(X,Y) = n,(X)Y — ,(Y) X, we have
1
H(X,Y) = 5[T(X,Y) + P(X,Y) + P(Y, X)] = -G(X,Y){ + m,(Y)X
which gives (4.3).

THEOREM 4.2. Let V be an almost r-contact semi-symmetric metric

Finsler connection and V be any fized torsion free Finsler connection. Then,
Jor each X,Y € T, (V), we have

VEfYH = VEfYH + F(XH, Y H)(er)H

(44) {ﬁ}’(fYV = 6)‘(—va + F(XV,YV)(¢P)Y, p=1,2,...7.

Proof. In view of (4.1), (4.2), we have
(4.5) VY = VE +n(Y) - G(X,Y)er.
Replacing Y by fY, we get

VxfY = VxfY - G(X, fY)¢ = Vx Y + F(X,Y),

since V and V are Finsler connections. Therefore,

VEfYH 1 VY YV =

= VESYH 4 VYV + F(XH,Y)(Er) + F(XY,YV)(E)Y

which gives (4.4).

COROLLARY 4.1. We have

(4.6) { (Vi)Y H) = (Viin)(fYH) - F(XH,Y )
(VEm) (YY) = (VEmp) (YY) - F(XV,YY),

for each X, Y € T, (V) and p=1,2,...,r.
Proof. From (4.5) we obtain
(Vaxmp)(¥) = (Vxp)(¥) + 1(X)7p(Y) = G(X,Y).
Replacing Y by fY, we get,
(Vxm)(fY) = (Vxmp)(fY) = G(X, Y) = (Vxnp)(fY) = F(X,Y),
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Since V and 6 are Finsler connections, we can write
(Vxn)(FY) = (VEn)(FY ) + (Vimp)(FYY)
= (VEn)(fY ™) + (Vi) (YY) - F(XH,YH) - F(XV,YY)
which gives the desired result (4.6).

THEOREM 4.3. Let V be an almost r-contact semi-symmetric metric

Finsler connection and V be r-Sasakian torsion free Finsler connection.
Then, for each X,Y € T, (V) we have

(VEm)(FY ) + (Vim)(fXH) = 26(£ X7, fYH),
(fonp)(fyv) + (VfYT’P)(fXV) = 2G(fX afYV)1 pP= 1) 27 YA
Proof. Using Corollary 4.1, we obtain
(fonp)(fy) + (vanp)(fX) =
= (Vexmp)(fY) + (Viyn)(fX) - 2G(f X, Y).
Since V is r-Sasakian Finsler connection, we have
(Vyxmp)(FY) + (Vyynp)(fX) = 0
which gives the required result.

THEOREM 4.4. Let V be an almost r-contact semi-symmetric metric
Finsler connection. Then, for each X,Y € T,(V), we have

(VEn)(Y™) ~ (Vinp)(XH) = F(XH,YH),
(VEm)YY) = (Vyn)(XY) = F(XV,YY).
Proof. From (4.5), we have
@ { (Vxmp)(Y) = (Vxnp)(¥) + 1(X)m,(Y) = G(X,Y)
(Vynp)(X) = (Vynp)(X) + np(X)7p(X) - G(X,Y).
From (4.7), (2.9), we obtain
(Vxm)(Y) = (Vyn,)(X) = F(X,Y).

Since V is a Finsler connection, we get

(VER)Y ) + (Vinp) (YY) - (V¥n)(XH) - (Vynp)(XY) =
= F(x",Y®) + F(xV,Y"),

which proves our theorem.
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THEOREM 4.5. Let V be an almost r-contact semi-symmetric metric
Finsler connection an 'V be r-Sasakian torsion free Finsler connection. Then
for each X, Y € T, (V), we have

(VEn)(Y™) + (Vi) (X7 = 2G(f X7, fY™),
(Vi) (Y") + (Vi) (YY) = ~2G(f XY, fY").
Proof. Using

(Vxnp)(Y) + (Vyn)(X) = (Vxn,)(Y) + (Vynp)(X) - 2G(F X, fY)
and (2.10), we get
(Vxmp)(Y) + (Vymp)(X) = =2G(fX, fY)

and, since V is a Finsler connection, we obtain the desired result.
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