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ALMOST r-CONTACT SEMI-SYMMETRIC METRIC 
FINSLER CONNECTION ON VECTOR BUNDLE 

1. Introduction 
The purpose of the present paper is to define almost r-contact semi-

symmetric metric Finsler connection on the total space V of the vector 
bundle V(M) = (V,JI,M) and to study its various properties. In partic-
ular, they are studied for almost r-Sasakian semi-symmetric metric and 
r-Sasakian semi-symmetric metric Finsler connection on the total space of 
the vector bundle. 

Let V(M) = {F, II, M} be a vector bundle whose total space V is an 
(ra+m)-dimensional C°°-manifold and the base space M is an ra-dimensional 
C°°-manifold. The projection map II : V —• Af, that is II (u) = X 6 M, 
for u e V, where u = (X,Y) and Y G Rm = II^(X), is the fibre of V(M) 
over X . 

A non-linear connection N on the total space V of V(M) is a differen-
tiable distribution u Nu G Tv(V) for u £ V such that 

(1.1) TU{V) = NU® 

where 

v: = {Xe TU(V) : = 0}. 

Now Nu is called the horizontal and Vv the vertical distribution. Thus 
for each X 6 TU(V) we can write 

(1.2) X = XH + XV, XHeNu and Xv G V*. 

Let X*, i = 1 , 2 a n d ya, a = 1 , 2 , . . . , m, be the coordinates of 
u e V. The local base of Nu is (S/Sx*) = (d/dxi - N?(x, y)d/dya) and that 
of V„ is (d/dya), where iV" are the coefficients of N. Their dual basis is 
(cfaMy8)» where 6ya = dya + N?(X,Y)dX\ 
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Let X = Xi6/6xi + Xad/dya, X £ TU(V), then 

(1.3) XH = Xi6/6x\ Vv = Xad/dy\ Xa = Xa + N?X*. 

Let u be a 1-form, u = u>i dx% + ua6ya. Then 

(1.4) a)H = tJidx\ Gi=ui-N?ua, uv = uaSya 

which gives uH(Xv) = 0, uv(XH) = 0, where u = uH + uv. 

D E F I N I T I O N 1.1. A Finsler connection FT on V is a linear connection 
V on V which is preserved by the parallelism of NU the horizontal and VV 

the vertical distribution. 
A Finsler connection V on V is characterised by the conditions 

(VXYH)V = 0, ( V X Y V ) H = 0 for X,Y <E YU{V). 
A linear connection V on V is a Finsler connection on V if 

VxY = ( V x Y H ) H + ( V x Y v ) v 

= (Vxu>H)H + (Vxuv)v for X,Y € TU(V), 

and U E T*{V). 
For any Finsler connection V on V we define 

V%Y = VXYH, VV
XY = YXYV, v £ / ' = V ^ , , 

= for X,Y E TU(V), /'€ 
where V H is called the /i-covariant and the F-covariant derivative. 

The torsion tensor field T of a Finsler connection on V is given by 

T(X, Y) = VXY - VyA' - [X, Y] for X, Y £ TU(V), 

and is characterized by five Finsler connection V on F is torsion free, then 
we have [4] 

T(XH, YH) = 0, T(XH, YV) = 0, T{XV, YV) = 0 
for each X, Y G TU(V). 

2. Almost r-Sasakian structure on vector bundle 
Let / be an almost r-contact Finsler structure on V given by the Finsler 

tensor field of type (j j) with the property 

' / 2 = -IN+E;=i u f ® (E)H+E;=I VW)v, 

(2 1) = = W W " + = 

vgux") = 0» ri'(fxv) = 0, = 0, 
p,q = l,2,...,r, 

where TJP is r, 1-form, £p is r-vector fields and <5£ is the Kronecker symbol. 
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Let G be the Finsler metric structure on V which is symmetric, positive 
definite and non-degenerate on V. The metric structure G on V can be 
decomposed as 
(2.2) G = GU + GV, 

where G H is of type Q) , symmetric positive definite and non-degenerate on 
Nu and Gv is of type (jj , symmetric, positive definite and non-degenerate 
on N v , that is, for X,Y € TU(V), 

(2.3) G(X, Y ) = G h ( X , Y ) + G V ( X , Y ) , 

where 

G h ( X , Y ) = G ( X " , Y n ) , G V ( X , Y ) = G ( X V , Y V ) . 

Let Finsler metric structure G on V satisfy 
G ( f X J Y ) = G ( X , Y ) - rjp(X)r)p(Y), 

(2 .4 ) G » ( f X J Y ) = G » ( X , Y ) - Zr
p=l ^ ( X ) r j ^ ( Y ) , 

G v ( f X , f Y ) = G V ( X , Y ) - Zr
p=1 v ! ( X ) t f ( Y ) 

which is equivalent to 
R G H ( X , p ) = tfix), G v ( X , = < ( x ) , 

' \ G H ( f X , f Y ) = - G H ( f X , Y ) , G v ( f X , f Y ) = - G v ( f X , Y ) . 

Then, ( / , t]0, £p, G), p = 1 , . . . , r, is called almost r-contact metrical Finsler 
structure on V. 

Now, let us define 

(2.6) F ( X , Y ) d= G ( f X , Y ) , 

that is 

F ( X H , Y h ) = G H ( f X , Y ) F ( X V , Y V ) = G v ( f X , Y ) . 

Then, from (2.6) we obtain 

, , R F ( f X H , f Y « ) = F ( X » , Y H ) , F ( f X v , f Y v ) = F(XV , Y V ) , 
{ '> \ F ( X H , Y H ) = - F ( Y h , X " ) , F ( X V , Y V ) = - F { Y V , X V ) , 

for each X,Y G TU(V). 

D E F I N I T I O N 2.1. Let V be a Finsler connection on V and F be the 
fundamental 2-form which satisfies 

(2.8) 

F ( X , Y ) = drjp(X, Y ) , p = 1 ,2 , . . . , r, that is 
f F ( X « , Y « ) = (V»Vp)(Y") - ( V ^ ) ( A ' W ) + r j p ( T ( X H , Y H ) ) 

F ( X V , Y v ) = - ( V ^ p ) ( x ^ ) + V p ( T ( X v , Y v ) ) 

F ( X » , Y » ) = (V%vP)(YH) ~ (V?vP)(XV) + VP{T(Xv,YH)). 
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Then the almost r-contact metrical Finsler structure is called almost r-
Sasakian Finsler connection on V. 

THEOREM 2.1 . Let F be the fundamental 2-form and almost r-Sasakian 
Finsler connection V on V be torsion free. Then we have for each X, Y € 
TU(V). 

( F(xH,YH) = (VSNJIY») - (V^X*") 
(2 .9 ) { F ( X V , Y V ) = (VVVP){YV) - ( ^ R J P ) ( X V ) 

{ F ( X V , Y H ) = ( V ^ P ) ( Y " ) -

Proof follows from (1.1), (2.9). 

DEFINITION 2 .2 . An almost r-Sasakian Finsler structure on V is said to 
be r-Sasakian Finsler structure if the r, 1-form r/p is a Killing vector field, 
that is 

(2 .10 ) 
(VxVp)(yH) + (V?TJP)(X») = 0 

( V S I F R X O + = 0 
. (VFVP)(YV) + (V^P)(X") = 0 

for each X,Y € TU(V) and the Finsler connection V on V is torsion free, 
which is called r-Sasakian Finsler connection. 

THEOREM 2.2. Let V be the torsion free Finsler connection together with 
an r-Sasakian Finsler structure on V and F be the fundamental 2-form. 
Then for each X,Y £ TU(V) we have 

F(XH , Y H ) = 2{V%T)P)(YH) = - 2 ( V ^ P ) ( X " ) 
(2.11) { Y V ) = 2 ^ R , P ) ( Y V ) = —2{VYT]P)(XV) 

F { X » , Y V ) = 2 (V»TJp)(YV) = - 2 ( V ^ X * " ) -

Proof follows easily from (2.9), (2.10). 

3. Almost r-contact semi-symmetric Finsler connection 

DEFINITION 3.1. A Finsler connection V on V is said to be semisym-
metric, if the torsion tensor T satisfies 

„ , . J [T(XH, Yh)]h
 = XHUH(YH) - Y H U H ( X H ) 

\ [T(XV, Y V ) ) V = XVU>V(YV) - Y V U V ( X V ) 

for each X,Y 6 TU{V) and w G T*(V). 

DEFINITION 3.2. An almost r-contact Finsler connection V on Y is 
semi-symmetric, if the torsion tensor T of V satisfies 

T(X,Y) = V X Y - VYX - [X,Y] = XVp(r) - YTJP(X) 
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which gives 

, , J IT(X", Y")]" = XHri?<Y») - Y«rtf{X«) [6.2) | [ r ( x V> rV)]V = J f V ^ y V ) _ Y V ^ ( X V ) 

for each X,Y e TU(V). 

THEOREM 3.1 . For an almost r-contact semi-symmetric Finsler connec-
tion V on V, we have 

/ [T(x", (£»)")]" = *H - n?{xHW)H 

(3.3) j [ T { x y ^ ( v t ) V ) ] V = x y _ fl^wr, 

/ p[T{XH,YH)]H + [T(Xh,Yh)]h = 0 
(¿J) I p[T(xv,Yv)]H + [r(xv,y*X = 0. 

P r o o f . Follows easily from definitions 3 .1 , 3 .2 and from (3 .1 ) . 

THEOREM 3.2. Let V be an almost r-contact semi-symmetric Finsler 
connection on V. Then for every X,Y £ TU(V), there exists a Finsler tensor 
field A such that 

f2[A(XH,YH)]H = [T(XH,YH)]H, 

f2[A(Xv,Yv)]v = [T(XV,YV)]V, 

}2[A{XH,YH)]n + [A(Xh ,YH)]H = 0, 

f2[A(Xv,Yv)]v + [A{XV,YV)}V = 0. 

P r o o f . Putting [A(XH,YH)]l{ = f[T(YH,XH)]H. In view of (3 ,3 ' ) , we 
have the required result. 

4. Almost r-contact semi-symmetric metric Finsler connection 

DEFINITION 4 .1 . An almost r-contact semi-symmetric Finsler connec-
tion V on V is said to be an almost r-contact semi-symmetric Finsler con-
nection on V if and only if = 0, V ^ = 0. 

o 

If V is the almost r-contact Finsler metric connection on V which is 
torsion free, then any almost r-contact semi-symmetric metric Finsler con-
nection V is given by 

(4.1) VXY = VxY + H(X,Y) for X,Y eTu(V), 
where 
, , r H(X,Y) = i[T(I,y) + P(X,Y) + P(Y,X)] 
W \ P(X,Y) = t}p(X)Y - G(X,Y)£P. 
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PROPOSITION 4.1. The Finsler tensor field H(X,Y) satisfies for each 
X, Y £ TU{V) the following relations 

( H(X»,YH)]H = r#{Y»){iP) a - G(X»,Y»)(e)H 

(4.3) \[II(XH,YH)]V = 0, H(Xh,Yv) = 0 
{ [H(XV, Y v ) ] v = v%(Yv)(e)V ~ G(XV, YV)(^)V. 

P r o o f . In view of T(X,Y) = r ] P ( X ) Y - VP(Y)X, we have 

H(X,Y) = \[T(X,Y) + P(X,Y) + P(Y,X)} = -G(X,Y)l + Vp(Y)X 

which gives (4.3). 
THEOREM 4.2. Let V be an almost r-contact semi-symmetric metric 

Finsler connection and V be any fixed torsion free Finsler connection. Then, 
for each X, Y € TU(V), we have 

(4 4") ! = < J " f Y H + Y H ) ( ^ ) H 

\ v v x f Y v = <7vxfYv + F ( X v , Y v ) ( e ) v , p=l,2,...r. 

P r o o f . In view of (4.1), (4.2), we have 

(4.5) v Z = V $ + V p ( Y ) - G ( X , Y ) e . 

Replacing Y by fY, we get 

VxfY = VxfY - G(XJY)e = VxfY + F(X,Y){P, 
o 

since V and V are Finsler connections. Therefore, 

V%fYH + V%fYv = 

= V$fYH + fYv + F { X h , Yh)(C) + F(XV, Yv)(e)V 

which gives (4.4). 
COROLLARY 4 .1. We have 

(4 6} ! = ^ " V p ) i f y H ) ~ F ( X H , YH) 

\ WvP)(fYv) = ( ^ r j p ) ( f Y v ) - F(XV,YV), 

for each X, Y e TU{V) and p = 1 , 2 , . . . , r. 

P r o o f . From (4.5) we obtain 

(VxVpKY) = (Vxr)p)(Y) + rtP(X)r,P(Y) - G(X,Y). 

Replacing Y by fY, we get, 
(V*7lp)(fY) = (VxVP)(fY) - G(X,fY) = (VA-r?p)(/F) - F(X,Y). 
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0 

Since V and V are Finsler connections, we can write 

( V x V P ) ( f Y ) = ( V h P ) ( f Y H ) + ( V v
x V p ) ( f Y V ) 

= (V%r,p){fYn) + (V$r)P)(fYV) - F { X H , Y H ) - F(XV , Y V ) 

which gives the desired result (4.6). 

THEOREM 4.3 . Let V be an almost r-contact semi-symmetric metric 
o 

Finsler connection and V be r-Sasakian torsion free Finsler connection. 
Then, for each X , Y € TU(V) we have 

(V?xVP)(fYH) + (VfyifcX/XH) = 2 G ( f X H , f Y H ) , 

+ (VJTYrjp)(fXv) = 2 G ( f X v , f Y v ) , p = 1 ,2 , . . . , r 

P r o o f . Using Corollary 4.1, we obtain 

( ^ j x V p ) ( f Y ) + ( V f Y V p ) { f X ) = 

= & / x r i p ) ( f V ) + ( V f Y r , p ) ( f X ) - 2 G ( f X , f Y ) . 

Since V is r-Sasakian Finsler connection, we have 

C V / x V p X f Y ) + ( V f Y V P ) ( f X ) = 0 

which gives the required result. 

THEOREM 4 .4 . Let V be an almost r-contact semi-symmetric metric 
Finsler connection. Then, for each X,Y £ TU(V), we have 

(VxVP)(YH) - = F ( X h , Y h ) , 

(VxVP)(Yv) - ( V ^ p ) ( X v ) = F { X V , Y V ) . 

P r o o f . From (4.5), we have 

U 7) J ( Y . ^ r > ) ( Y ) = (VxVP)(Y) + VP(X)rjP(Y) - G(X, Y ) 
I ( V y V p ) ( X ) = ( V ^ P ) ( X ) + vP{X)Vp{X) - G ( X , Y ) . 

From (4.7), (2.9), we obtain 

C?XVP)(Y) - (Vyr,p)(X) = F ( X , Y ) . 

Since V is a Finsler connection, we get 

(V$Vp)(Y") + ( ^ x t } p ) ( Y v ) - (V?r,P)(XH) - ( ^ h P ) ( X v ) = 

= F ( X H , Y H ) + F ( X V , Y V ) , 

which proves our theorem. 
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THEOREM 4.5. Let V be an almost r-contact semi-symmetric metric © 
Finsler connection an V be r-Sasakian torsion free Finsler connection. Then 
for each X,Y 6 TU(V), we have 

( Y $ V P ) ( Y a ) + (Y_YVP)(XH) = - 2 G(fXH,fYH), 
(VW)(YV) + (.VYVp)(YV) = ~2G(fXv,fYv). 

P r o o f . Using 

(VxVP)(Y) + (VYVp)(X) = (VxVP)(Y) + (VYVPXX) ~ 2 G ( f X , f Y ) 
and (2.10), we get 

(yxVp)(Y) + (VYVP)(X) = - 2 G(fX, fY) 
and, since V is a Finsler connection, we obtain the desired result. 
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