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ON SOME CLASSES OF SYSTEMS 
OF INTEGRAL INEQUALITIES 

1. Introduction and main results 
In this paper we establish some generalizations of systems of integral in-

equalities due to Greene [2] and Pachpatte [4]. These inequalities can be used 
for solution's estimates of system integral, differential and integrodifferential 
equations. 

In this section we present our results on systems of integral inequalities. 
Their proofs will be given in section 2. Examples are considered in section 3. 
At last, in section 4 the further generalizations of our results are discussed. 

At first we formulate the following result for linear systems. 

T H E O R E M 1.1. Let f(t),g(t),Ci(t),C9(t),a(t),hi(t) (i = 1,2,7,8) (t > 
0); hj(t, r ) ( j = 3,4,9,10) (t > r > 0); hk{t,r) (fc = 5,6,11,12) (t > s > 
T > 0) be real-valued nonnegative continuous functions and c,(i = 2 , . . . , 16), 
MIjAM^i > > 0) be nonnegative constants such that 

t 

( 1 . 1 ) f(t) < Ci(i) + c(t){c2 + C3 f hi(s)f(s) ds 
o 

t t s 

+ c4 f h2(s)e»>3g(s)ds + Cs J J h3(s,r)f(T)drds 
0 0 0 

t s 

+ c6 J J h4(s,T)e^Tg(r)drds 
0 0 

t 3 T 

+ Cj J J J hs(s,T,x)f(x)dx drds 
0 0 0 

t 3 T 

+ C8 f f f h6(s,r,x)e"2Xg(x)dxdrds}, 
0 0 0 
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t 
(1.2) g(t) < C9(t) + <r(t){C10 + Cn J h7(s)e~^f(s) ds 

o 
t t a 

+ Ci2 f h8(s)g(s)ds + Ci3 f J h9(s,r)g(T)drds 
o o o 
í a 

+ CU J f h10(s,T)e-^Tf(r)dTds 
0 0 
t a T 4- Ci5 J* J J hii(s,T,x)g(x)dxdrds 

ooo 
t a T 

+ C16 J J J hu(s,T,x)e->ilXf(x)dxdTds} 
0 0 0 

/or a//1 > 0. 

Then for all t > 0 

(1.3) ¡(t) < eßltQ(t), g(t) < Q(t), 
where 

t 

(1.4) Q(t) = C17(t) + <r(0{c 1 8exp f [/n3(a)«r(«) 
o a a T + f hu(s,T)a(r)dT + J J hx$(s,T,x)a(x)dx dr 

o oo 

+ / {[M*)Ci7(*)+ f h1A{s,T)C17{T)dT 
0 0 

a T t 
+ f J hu(s,T,x)Cn(x)dx dr exp J |^13(r)<r(7-) 

0 0 a 
T TV 

+ j x)o{x)dx + J* J hn(r,y,x)<7(x)dx dy\dr\ds> 
o oo and 

(1.5) C17(t) = Ci(i) + C9(<); 
C is = Ci + Cio; 

hl3(t) = max{Cnfc7(0 + C^t)] C12hs(t) + C4Â2(0}î 
/ i i4(í ,á)= max{Ci3/i9(í,á) 

+ C«fc4(t,s); Ci4^io(í, s) + C5h3(t, a)}; 
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his (< ,s , r )= max{Ci5/iii(f, s, r) 
+ Csh6(t, s, r); C16/i12(f, s, t) + C7h5(t, 5,7-)} 

for all t > s > t > 0. 
Next, we formulate the following nonlinear generalizations of Pachpatte's 

inequalities. 

THEOREM 1.2. Let the conditions of Theorem 1.1 be true. Let G(t) be 
a continuous strictly increasing, convex and submultiplicative junction for 
r > 0, G(0) = 0; lim,.-,^ G(r) = oo; ai(t),a2(t) be continuous functions 
for all t > 0; £*i(i) and a2(t) > 0, ai(t) + a2(t) = 1. 

Let, next, instead of (1.1) and (1.2) the following inequalities be true 
t 

( 1 . 6 ) f(t) < C I ( I ) + A W G - ^ C A + C3 f h^Gifia)) ds 
o 

t t s 

+ C4 f h2(s)e^3G(g(s))ds + C5 f f h3(s,r)G(f(r))drds 
0 0 0 

t s 

+ c 6 f f h4(s,T)e"2TG(g(r))drds 
0 0 

t a T 

+ C7 f J J h5(s, t, x)G(f(x))dx drds 
0 0 0 

t a r 
+ C6 J J J r, x)e>i2XG(g(x))dx drds^, 

0 0 0 

( 1 . 7 ) ¿ ( O ^ C S W + ' I O G T ^ C W + C N f h7(s)e~^'G(f(s))ds 
o 

t t s 

+ C12 J hs(s)G(g(s))ds + C13 J J h9(s,T)G(g(T))dT ds 
0 0 0 

t 3 

+ C14 J f hio(s, r)e~MlTG(f(r))dT ds 
0 0 

t 3 T 

+ C15 J J J hn(s,T,x)G(g(x))dxdTds 
o o o 

t 3 T 

+ C16 f J J h12(s,T,x)e~fiiXG(f(x))dxdTds} 
0 0 0 



522 M. E. Titenskii 

for all t > 0, where is the inverse function of G. 
Then 

(1.8) M < G-'ie^Qoit)); g(t) < (T^QoW) 
for all t > 0, in which 

(1.9) Q0(t) = Cl7(t) + a(t){cls exp J [M«)«^) 

+ J hn(s,T)a(r)dT + J J hi5(s,T,x)<r(x)dx dr 

o 
S T 

ds 
o o o 

t s 

+ / {[ftiaCuM + J hu(s,r)Cn(T)dT 
o o 
ST t 

+ f f h15(s,T,x)C17(x)dxdr exp f l/ii3(r)â 
0 0 s 

T 

+ J hn{r,x)a{x)dx 
o 

T y 

+ J J hi5(T,y,x)o(x)dxdy^ cirj dsj, 
o o 

where 

C17(t) = a^GiC^a^it)) + ai(t)G(C9(t)a^(t)), 
cr(t) = a2{t)G(<r(t)a^(t)). 

THEOREM 1.3 . Let the conditions of Theorem 1.1 be true. Let F(t) be a 
continuous strictly increasing, submultiplicative and subadditive for r > 0; 
F(0) = 0. Let instead of (1.1) and (1.2) the following inequalities be true 

(1.10) /(*) < Cx{t) + a{t)F~l{c2 + C3J h!(s)F(f(s)) ds 
o 

t t s 

+ C4 J h2(s)e^sF(g(s))ds + C5 J J h3(s,r)F(f(r))dTds 
0 0 0 

t s 

+ C6 f f h4(s,T)e>"TF(g(T))drds 
0 0 

t 3 T 

+ C7 J J J h5(s,T,x)F(f(x))dxdTds 
0 0 0 
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t S T . 

+ Csf f f h6(s,r,x)e^F(g(x))dxdrdsJ, 
0 0 0 

t 
( 1 . 1 1 ) g(t) < C9(t) + <j(t)F~l{cw + Cu J h7(s)e-^°F(f(s)) ds 

o 
t t 3 

+ C12 f h8(s)F(g(s))ds + C13 f f h9(s,r)F(g(r))drds 
0 0 0 

t s 
+ Cu J f h10(s,T)e-^TF(/(r))drds 

0 0 
t S T 

+ Cl5 I I I HU(s,T,x)F(g(x))dxdTds 
0 0 0 

t S T 
+ c16 f f f h12(s,T,x)e-^xF(f(s))dxdTdsJ, 

0 0 0 

for allt > 0, where F_1 is the inverse function of F. 

Then 

( 1 . 1 2 ) f(t) < F~1(eliltQi(t))-,g(t) < f^QiW). 

where Q\(t) is defined in (1.9) 

(C17(t) = F(Ci(i)) + F(C9(t)y,c(t) = F(a(t))). 

2. Proofs of main results 
At first the following assertion is to be proved. 

L e m m a 2 . 1 . Let C i ( f ) , t > ( 0 > W ^ W O (* ^ 0 ) , w(t,s) (t > s > 0 ) , 
H(t,s,R) (t> S>T) be real-valued, nonnegative, continuous functions and 
Ci(i = 2 , 3 , 4 ) be nonnegative constants such that 

( 2 . 1 ) W(t) < Cx{t) 
t a 

+ o(t){c2 + C3 J [»(a)W(i) + J i»(a,r)IV(r)<fr] ds 
0 0 

t a r 
+ C4 J J f JI(s,T,x)W(x)dxdrds\. 

0 0 0 
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Then 

W(t) < Ci(i) + ff(<)[Caexp / v(s)ds 

(2.2) 

where 

o 
t 

(2.3) 

+1H ,s)exp f v 2 ( r )dr j ds], 

0 4 

t vi(t) = Ci(i)C3t;(0 + C3 / i»(i,T)Ci(r)dr o 
t 4 

+ C4 f f JI(t,s,r)Ci(r)dTds; 
0 0 

t 

«2(0 = C3»(i)(T(i) + C3 J w(t,s)a(s)ds 
0 

t 3 

+ C4 f J H(t,s,T)a(T)drds 
o o 

/or all t > 0. 

P r o o f . Let's denote 

r s 

(2.4) U(t) = C2 + C3 J [t>(a)W(a) + J w(s,t)W(r)dT 
o o 

t S T 

+ c4 J f f H(s,t,x)W(x) dx drds. 

ds 

o o o 
Now we rewrite (2.1) as 

(2.5) W(t) < Ci(t) + <r(t)U(t). 

Under the assumption of this lemma U(t) is a nonnegative, monotone non-
decreasing, continuously differentiable function for all t > 0. Using (2.4) and 
(2.5) we have 

t 
(2.6) U'(t) < C3i>(i)[Ci(<) + <r(t)U(t)] + C3 j w(t, r ) [Ci(i) + o{t)U{t) dr 

t 3 

+ C4 f f Hfas^XC^r) + <T(T)(f(T)]drds 
0 0 

< v1(t) + v2(t)U(t), 
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where t>i(i) and v2(i) are as defined in (2.3). 
From the differential inequality (2.5) we obtain the desired result. The 

lemma is proved. 

R e m a r k 1. If Ci(t) and a(t) are nonnegative constants, we come 
to the result of Theorem 2.1 [1]. If Ci(t) is a nonnegative constant and 
II(t,s,r) = 0, we obtain the result of Theorem 2.2. [1]. 

P r o o f of T h e o r e m 1.1. Multiplying both parts of (1.1) by e - / 11< 

we have 

(2.7) e~Mltf(t) < C x ( i ) + <r(t){c2 + C3 f h ^ e ^ ' f ^ d s 
o 

t t s 

+ c4 J h2{s)g{s)ds + C5 f J hz{s,T)e-^T}{T)dTds 
0 0 0 

t s 

+ C6 J f h4(s,r)g(r)dTds 
o o 

t S T 

+ C7 J f J hs(s,T,x)e-"lXf(x)dxdrds 
0 0 0 

i s r 
-f C& J J J h6(s,r,x)g(x)dxdrdsj. 

0 0 0 

Adding (2.7) and (1.2) and setting }V(t) = c - " 1 ' / ^ ) + ff(t) we obtain the 
inequality 

(2.8) W(t) < C i ( t ) + C9(t) + <r{t)[c2 + Cio 

t 

+ / [Ci iM«) + C3Ms)]e~MlV(*)<fc 
0 

t 

+ J [C4h2(s) + C12h8(s)}g(s)ds 
o 

t 3 

+ J J [Ci3^9(«,T) + C6/i4(«,r)]flf(r)dTda 
0 0 

t S T 

+ I I I [Ci6hn(s,T,x) + C7h5(s,T,x)]e-^xf(x)dx} 
0 0 0 
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or 
i 

(2.9) W(t) < Cn(t) + ff(i){c18 + f h13(s)W(s)ds 
o 

t 3 t 3 T 

+ I I
 hu(s,T)W(T)dTds+ f f f h15(s,r,x)W(x)dxdrds\, 

0 0 0 0 0 

where Ci7(t) ,Cig,hi3(t) ,hu(t ,s) ,his(t ,s ,T) are as defined in (1.5). From 
(2.9) by virtue of Lemma we have 

(2.10) W{t) < Q(t), 

where Q(t) is as defined in (1.4). The inequality (2.10) implies that the 
desired bounds in (1.3) are obtained. 

P r o o f of T h e o r e m 1.2. Rewrite (1.6) and (1.7) as below 

(2.11) / ( i ) < « 1 ( 0 ^ 1 ( 0 ^ ( 0 
t 

+ a2(t)a{t)a^1G-1{c2 + C3 f h!(s)G(f(s))ds 
o 

t 3 

+ C 4 / e » * a G ( g { s ) ) d s + C s J J h 3 ( s , r ) G ( f ( r ) ) d T d s 

0 0 0 
t 3 

+ C 6 J f h 4 ( s , T ) e ' i a t G ( g ( T ) ) d T d 3 

0 0 
t S T 

+ c 7 J f f h s ( s , r , x ) G ( f ( x ) ) d x d r d s 

0 0 0 

t S T 

+ C 8 J J f h 6 ( s , T , x ) e " ' x G ( g ( x ) ) d x d T d s } , 

0 0 0 

(2.12) <7(Z) < a i ( i )C 9 (0«r X (0 + oc2{t)<j{t)a^G-1 {c 1 0 

t t 
+ C u J e - x > s h 7 ( s ) G ( f ( s ) ) d s + C 1 2 f h a ( s ) G ( g ( s ) ) d s 

0 0 
t 3 

+ C 1 3 J J h 9 ( s , T ) G ( g ( T ) ) d r d s 

0 0 
t 3 

+ C U J J h 1 0 ( s , r ) e - ^ T G ( f ( r ) ) d T d s 

0 0 



Systems of integral inequalities 527 

t 3 T 

+ f f J hn(s,T,x)G(g(x))dxdTds 
o o o 

t 3 T 

+ Cie f J f h12(s,r,x)e~'ilXG(f(x))dxdrdsJ. 
0 0 0 

Since G(r) is submultiplicative, converse [5] and strictly increasing, we have 
from (2.11) and (2.12) 

(2.13) G(/(t)) < a^OGCCiiOar^O) + a2(<)G'«<K1(0){^2 
t t 

+ C3 f h1(s)G(f(s))ds + C4 J h2{s)e"*sG{g{s))ds 
0 0 

t s 

+ C5 J f h3(s,T)G(f(r))drds 
0 0 

t s 

+ C6 J f hi{s,T)e^TG{g{T))dTds 
0 0 

t S T 
+ c7 J J J h5(s,T,x)G(f(x))dxdTds 

o o o 
t S T 

+ C8f J J h6(s,T,x)e^xG(g(x))dxdTdsY 
0 0 0 

(2.14) G(g(t)) < ai(t)G(Cs(t)a^(t)) 
t 

+ a2(t)G(<r(t)a21(t)){cw + C11 f h7(s)e~^G(f(s))ds 
o 

t t s 

+ C\2 J h&(s)G(g(s))ds + C13 J f h9(s,r)G(g(T))dTds 
o o o 

t s 

+ CU J J h10{s,T)e-^TG(f{r))drds 
0 0 

t 3 T 

+ Cn J J J hn(s,T,x)G(g(x))dxdrds 
o o o 

t 3 T 

+ C16 J J J h12(s,T,x)e-^xG(f(x))dxdTds}. 
0 0 0 
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Let's denote 

/(<) = G(f(t)),g(t) = G(g(t)), 

(2.15) C1(t) = a^GiC^a^^C^t) = a^GiC^a^it)), 

a{t) = a2(t)G(a(t)aj\t)). 

It follows from (2.13) and (2.14) that for the functions f ( t ) and g(t) the 
inequalities (1.1)-(1.2) are true (there are Ci(t),Cg(t) and cr(t) instead of 
Ci(t),Cg(t) and cr(t) correspondingly). 

Then by Theorem 1.1 we conclude that 

f ( t ) < e^Qo(t),g(t) < Qo(t), 

where the function Qo(t) is as defined in (1.9). Q.E.D. 
Proof of Theorem 1.3 is analogous to that of Theorem 1.2. The bounds 

in (1.12) follow by first using the fact that F is subadditive [5], submul-
tiplicative and strictly monotonous and then applying Theorem 1.1 with 
f ( t ) = F(f(t)),g(t) = F(g(t)),a(t) = f(a(i)),Ci(t)) = F ^ t ) ) ^ ) = 

3. Examples 
It's known that the equations of motion of viscoelastic medium can be 

written as [3] 

d2u , da a .. „ ^ . 
(3.1) p — = p J i + ^ l ( , = 1 , 2 , . . . . ) . 

Here u = («,•) is a vector of some transfer along the direction of the ith 

coordinate axis (there is the fixed orthogonal coordinate system x\ ,x2 ,xz) \ 
<Tij are the stress tensor's components; F, is a projection of the outer mass-
strength; p is a medium density. 

There is the next relation [3] between the stress tensor and the strain 
tensor 

l 
(3.2) Oij = f r W j ^ n f a j M d r 

o 

t t 
+ J J ( n ) o o 

where £,j are the strain tensor's components; • are integral kernels. 
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Substituting the value of (3.2) in (3.1) and using the fact that 
dui duj 

2e - = —- -| -v d x j d x i ' 

we come to the nonlinear integrodiiTerential equations describing motion 
of visco-elastic medium. These equations contain some multiple integrals 
which are much similar to ones of the right-hand sides in (1.6)-(1.7) or 
(1.10)—(1.11) (if G(r) or F(r) are chosen appropriately). 

Let, for example, G(r) = rp(p > 1). rp is a convex function [5] and it's 
clear that this function satisfies ail the hypothesises of Theorem 1.2., i.e., 
from the inequalities 

f(t) < Ci(i) + <r(t){c2 + C3 J (*)/"(*)ds 
o 

t 
+ C4 f h2{s)e^sg('{s)ds 

o 
t 3 t S 

+ C5 f J h 3 ( s , r ) f f , ( r ) d r d s + C6 f J h4(s,T)e^Tgp(T)dTds 

0 0 0 0 

t S T 

+ C7 J f J h s ( s , T , x ) f ( x ) d x d T d s 

0 0 0 

+ C& J J J h6(s,r,x)e'l2Xgp(x)dxdTds] , 

o o o 

g(t) < C9(t) + a(i){Cio + Cn J h7(s)e-^3fp(s) ds 
o 

t t s 

+ c12 f h8(s)g"(s)ds + c13 J J h9(s,T)gp{T)dTds 

0 0 0 

t s 
+ CUJ J hw(s,r)e-^xfp(T)dTds 

0 0 
t a r 

+ C15 J J J hu(s,T,x)gp(x)dx dr ds 
o o o 

t 3 T . , 

+ C l 6 I I I hi2(s,T,x)e~'ilXfp(x)dxdTdsj 
0 0 0 
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we conclude that 

f(t)<(e^Qo(t))Kg(t)<(Qo(t))K 

where Qo(t) is as defined in (1.9) 

(Cn(t) = a^tXCxWa^it))" + ai(t)(C9(t)a^(t)y, 

a?(<) = a2(t)(cr(t)a^(t)n 

4. Concluding remarks 

R e m a r k 2. Let 

hi(i = 3 ,4,5,6,9,10,11,12) = 0, C2 = Cw = 0, m = m = fi 

in Theorems 1.1-1.3. Then we coine to the inequalities of Pachpatte [4]. If 
in addition a(t) = l , C i ( f ) = A'i, Cg(t) = K2, where A'i, K2 are nonnegative 
constants and the functions hi(i = 1,2,7,8) are bounded in Theorem 1.1, 
we obtain the inequality of Greene [2]. 

R e m a r k 3. The lemma proved in the paper can be generalized for the 
inequality 

(4.1) W(t) < C\{t) + O(T)[C2 + C 3 f [t>(3)W(a) 
0 

S t S T 

+ f W(s,T)W(R)dT\ds + CI J J J II1(s,R,X)W(x)dx dr ds 
0 0 0 0 

t S T X1 

+ C5 J f f f il2(s,t,x,xi)W(xi)dxidxdrds + .. 
0 0 0 0 

t S T X1 

+ i f f - -
0 0 0 0 

X n - 1 

... J IIn(s,t, x,xi.. . x n - i ) W ( x n - i ) d x n - i .. .dx\ dx drdsl, 
0 

where W(t),v(t),Ci(t),a(t)(t > 0) , w(t,s)(t > s > 0), Hj(j = In ) are 
nonnegative and continuous functions defined for t > s > T > x > X I > 
. . . > xn-i > 0 and Cj ( j = 2n + 3) are nonnegative constants. 

In fact an estimate analogous to (2.2) is also valid here. The proof of 
this assertion follows as above (see the proof of the lemma) and is therefore 
omitted. So, our results can be established for systems of integral inequalities 
given in the form of (4.1) as well. 
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