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ON SOME CLASSES OF SYSTEMS
OF INTEGRAL INEQUALITIES

1. Introduction and main results

In this paper we establish some generalizations of systems of integral in-
equalities due to Greene [2] and Pachpatte [4]. These inequalities can be used
for solution’s estimates of system integral, differential and integrodifferential
equations.

In this section we present our results on systems of integral inequalities.
Their proofs will be given in section 2. Examples are considered in section 3.
At last, in section 4 the further generalizations of our results are discussed.

At first we formulate the following result for linear systems.

THEOREM 1.1. Let f(t),g(t),Ci(t), Co(t),0(t),hi(t) (: = 1,2,7,8) (t >
0); hi(t,7) (G = 3,4,9,10) (t > T > 0); hi(t,7) (k = 5,6,11,12) (t > s >
. T 2 0) be real-valued nonnegative continuous functions and ¢;(i = 2,...,16),
f1, po(p1 > p2 > 0) be nonnegative constants such that

(L1) 1) S Cu(t) +o(){C2+ Cs [ ha(s)f(s)ds

+Cs [ ha(s)e*?’g(s)ds+Cs [ [ ha(s,7)f(r)drds

0 o

t 8
+ Cs f fh4(s,r)e“77g(r)d7'ds

+ Cs hs(s,7,z)f(z)dz drds

+
$

S, O« °
or\“ °%h ©
O

he(s, 7, z)e"* g(z)dz dr ds} ,
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t
(1.2) g(t) < Co(t) + o(t){Cro + Cu1 [ ha(s)e™**f(s)ds
0
t t s
+ Ci2 f hs(s)g(s)ds + Ci3 f f ho(s,7)g(r) dr ds
0 0 0
t Ed
+ C14 f f hio(s, T)e "7 f(T)dr ds
0

hi11(s, 7, 2)g(z)dz dr ds

+ Ci¢ hi2(s,7,2)e™#1% f(z)dx dr ds}

Chew O
o%m o%m e
Py O

forallt > 0.
Then forall t > 0

(1.3) ft) <e"Q(t),  g(t) < Q)

where

(1.4) Q(t):Cl7(t)+a(t){Clgexp [ [hlg(s)a(s)
' 0

+ jh14(s,r)a(r)dr+ fs fh15(s,r,z)a(w)dxdr] ds
0 0 0

+

o,

{ [h13(5)cl7(5) + fs h14(s, 7)Crz(7)dr
+
0

+ fh14(r,z)a(z)dz+ f ihls(r,y,x)o(:v)d:cdy] dr} ds}
0

0 0o

C =

has(s,7,2)Crr(z)de dr] exp [ [has(r)o(r)

and
(L) Curl®) = Cu(t) + Co();
Cis = C3 + Cho;
hi3(t) = max{Ci1h7(t) + C3h1(t); C12hs(t) + Csha(t)};
hi14(t,8) = max{Cishe(t,s)
+ Csh4(t, 3); CMhlo(t, 8) + C5h3(t, s)};
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h15 (t, 8, T) = max{Cl5h11(t, S, T)
+ Cshe(t, 8, 7); Ci6h12(t, s, 7) + C7hs(t,s,7)}
foralt>s>7120.
Next, we formulate the following nonlinear generalizations of Pachpatte’s

inequalities.

THEOREM 1.2. Let the conditions of Theorem 1.1 be true. Let G(t) be
a continuous strictly increasing, convez and submultiplicative function for
r >0, G(0) = 0; lim,, G(r) = 005 a1(t), a2(t) be continuous functions
Jor allt > 0; ai(t) and az(t) > 0, a1(t) + aa(t) = 1.

Let, next, instead of (1.1) and (1.2) the following inequalities be true

(16) f(t) < C1() +o()GH{C2+Cs [ mi(s)G(S(s))ds
0

+Cy [ ha(s)e*°G(g(s))ds + Cs [ f hs(s, 7)G(f(7)) dr ds
0 0 0

+ Ce f fs hy(s,T)e**"G(g(7))dr ds
0
+Cr hs(s,7,2)G(f(z))dz drds

+Cs he(s,1,2)e"**G(g(z))dz dr ds},

o, O ©
o%h o%u
Cmy O

(17) 9(t) < Co(t) + a()G™{Cro + Cur [ ha(s)e™1°G((s)) ds
0

+C12 [ ha(s)G(g(s))ds+ Cis [ [ ho(s,7)G(g(r))dr ds
0 0 0

t E]
+Cu [ [ hio(s,7)e™ " G(f(r))dr ds
0
+Cis hi1(s, 7,2)G(g(z))dz dr ds

+ Cie hiz(s,7,2)e” M *G(f(z))dz dr ds}

e, O« . °
°%u o%b
sy O
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for all ¢ > 0, where G~ is the inverse function of G.
Then

(1.8) F(8) SG7HeM Qo(1));  9(t) < GTH(Qo(t))
for all ¢ > 0, in which

(1.9)  Qo(t) = Crz(t) + a(t){c18 exp [ [hlg(s)a(s)
0
+ jh14(s,r)5(1’)dr+ j fh15(s,r,a:)5(z)da: dr] ds
0 0 0
+ { [h13517(8) + j h14(3, T)517(T) dr .
0

+

o%u o%u

, ¢
fh15(s,1',:c)6'17(a:)da:dr] exp f [hw,(T)E(T)
+ [ ha(r,0)5(a)da

0

+ fT ih15(r,y,z)5(w)dxdy] dr}ds},

where
Crr(t) = a1 ()G(Ci(t)ar (1) + e ()G(Co(t)oi (1)),
5(t) = aa(t)G(o(t)az (1))

THEOREM 1.3. Let the conditions of Theorem 1.1 be true. Let F(7) be a
continuous strictly increasing, submultiplicative and subadditive for r > 0;
F(0) = 0. Let instead of (1.1) and (1.2) the following inequalities be true

(110)  1(t) < Ca(t) + o(®)F{Cr+Cs [ hu(s)F(f(s))ds

+Cy [ ha(s)e** F(g(s))ds + Cs [ f ha(s,7)F(f(r))dr ds
0 0 o

+ Cs f jh4(s,r)e”27F(g(T))des

0
+ Cq f fh5(s,r,z)F(f(z))dzdrds
0 o

o ¢ “O
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+Cs

S,

f fhg(s,‘r,m)e“’zF(g(a:))d:cdrds},
0 0

(1.11)  g(t) < Co(t) +o(t)F! {Clo +Cn f h7(s)e " °F(f(s))ds
0

t

+Cr2 [ ha(s)F(g(s))ds+ Cis [ f ho(s, 7)F(g(7)) dr ds
0 0 0

+Cu [ f hio(s,T)e~ "M F(f(7)) dr ds
0

0
t s T
+Cis [ [ [ hu(s,7,2)F(g(z))de dr ds
0o 0 o
4 8 T
+ Cie f f f hia(s,1,2)e T F(f(s))dx dT ds} ,
0 0 0

for allt > 0, where F~! is the inverse function of F.
Then

(1.12) f()) S F7H(e ' Qu(0))i9() < F7H(Q(1)),
where Q1(?) is defined in (1.9)

(Cua(t) = F(Ci(2)) + F(Cs(1)); 5(2) = F(a(2)))-

2. Proofs of main results
At first the following assertion is to be proved.

LemMMa 2.1. Let Cy(t),v(t),W(t),o(t) (¢t > 0), w(t,s) (t > s > 0),
H(t,s,7) (t > s > 7) be real-valued, nonnegative, continuous functions and
Ci(i = 2,3,4) be nonnegative constants such that

(21)  W() < Ci(2)

+ a(t){Cz + Cs f [v(s)W(s) + j w(s,-r)W(r)dr] ds
0

0

+C4j j f]l(s,r,z)PV(z)dzdrds}.
0 0 0
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Then
W(t) < Ci(t) + o(t) [02 exp [ v(s)ds
(2.2) t L
+ f [vl(s) exp f ’vz(T)dT] ds],
0 8 .
where
vi(t) = C1(t)Cav(t) + Cs [ w(t, 7)Ci(r)dr
0
+C'4f j][(t,s,T)Cl(T)des;
(2.3) 0 0 t
v(t) = Csv(t)a(t) + Cs [ w(t,s)o(s)ds
0
+ Cy f jH(t,s,’r)a(r)drds
[ I ]
forallt > 0.

Proof. Let’s denote
t

(24) UW=C+Cs [ [v(s)W(s)+ [ w(s,t)W(r)dr] ds
0 0

+C4f j fH(s,’r,z)W(z)dzdrds.
0 0 o

Now we rewrite (2.1) as
(2.5) W(t) < Ca(t) + o ()U(2).
Under the assumption of this lemma U(t) is a nonnegative, monotone non-
decreasing, continuously differentiable function for all t > 0. Using (2.4) and
(2.5) we have
t
(2.6) U'(t) < Cav()[Ca1(t) + a()U(1)] + C3 f w(t,T) [Cl(t) + U(T)U(T)] dr
0
t

+ Cy f j H(t,s,7)[Ci(T)+ o(T)U(T))dT ds
< u(t) + 2 ()U(2),
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where v;(t) and v;(2) are as defined in (2.3).
From the differential inequality (2.5) we obtain the desired result. The
lemma is proved.

Remark 1. If Ci(t) and o(t) are nonnegative constants, we come
to the result of Theorem 2.1 [1]. If Cy(t) is a nonnegative constant and
H(t,s,7) = 0, we obtain the result of Theorem 2.2. [1].

Proof of Theorem 1.1. Multiplying both parts of (1.1) by e~#1*
we have

(27) e Mif(t) < C’l(t)+a(t){Cz +Cs [ hu(s)e™* f(s) ds

t t s
+ Cy f ha(s)g(s)ds + Cs f f hs(s,7)e "7 f(r)drds
0 0 0

+Cs f ha(s,7)g(T) dr ds
0 0

+ C7 hs(s,7,z)e 7 f(z)dz dr ds

o,
S,
® =

Cs

-+

he(s, 7, 2)g(z)dz dr ds}.

o,
o%n
.

Adding (2.7) and (1.2) and setting W(t) = e=#1tf(t) + g(t) we obtain the
inequality )

(28) W(t) S Cl(t) + Cg(t) + G(t){c;z + ClO

+ [Cuh-((s) + Cghl(s)]e_“l’f(s)ds

S,

+ [ [Caha(s) + Crahs(s)lg(s)ds
0

+ [Ci3ho(s,T) + Cehy(s, 7))g(r)dr ds

+

S, O
o%h o%h

f [Ci6hi2(s, T,z) + Crhs(s, T, a:)]e"“lzf(a:)dz}
0
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or

(2.9) W(t)sCl7(t)+&(t){Clg+ [ has(s)W(s)ds

+j jh14(s,T)W(T)drds+ j j fThls(s,r,m)ﬂ’(z)dzdrds},
0 o 0 o

0

where Cy7(t), C1s, h13(t), h1a(t, s), h1s(t, s, 7) are as defined in (1.5). From
(2.9) by virtue of Lemma we have

(2.10) w(t) < Q(1),

where Q(t) is as defined in (1.4). The inequality (2.10) implies that the
desired bounds in (1.3) are obtained.

Proof of Theorem 1.2. Rewrite (1.6) and (1.7) as below
(2.11)  f(t) € ea(t)Ca(t)ai ' (1)

+a()o(t)a;'GH{Cr +Cs [ hi(s)G(f(s))ds

+Cy [ €°G(g(s))ds + Cs [ f ha(s, T)G(f(T))dr ds
0 0 0

t

+ Cs f jhds,r)e“‘G(g(r))des

0 o
+ Cy f j f hs(s,7,2)G(f(z))dz dr ds
0 0 0
t s T
+ Cs f f f he(s,1,2)e"**G(g(z))dz dr ds},
0 0 0

(2.12)  g(t) < a1 (t)Co(t)ast(t) + az(t)o(t)a; ' G {Clo
+Cn f e M1 ha(8)G(f(s)) ds + Ci2 f hs(s)G(g(s)) ds
0 0

+ Cis f jhg(s,T)G(g(T))des
0 0

+Cu [ f hio(s, T)e M G(f(r)) dr ds

o 0
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t s T
+Cis f f f h11(s, 7,2)G(g(z)) dz dr ds
0 0 o

i 3
+Cis [ [ [ haa(s,m,2)e 7 G(f(2))dz dr ds}.
0 0 0

Since G(r) is submultiplicative, converse [5] and strictly increasing, we have
from (2.11) and (2.12)

(213)  G(f(t) < a()G(Cr(t)ar (1) + ea(t)Glo(t)es ()| C

+Cs [ hi(s)G(f(s))ds+ Cy [ ha(s)e***G(g(s)) ds
0 0

+Cs [ f ha(s, 7)G(f(r))dr ds
0 0

+Cs [ f ha(s,7)e*2"G(g(r)) dr ds
0 o

+Cr [ [ [ hs(s,7,2)G(f(2)) dz drds
¢ 0 O

+Cgf f fhs(s,‘r,z)e“”G(g(w))da;d‘rds},

0o 0 o0

(214)  G(9(1)) £ aa(D)G(Co(t)ar (1))

+ a()G(o(taz W){Cro + Cua [ ha(s)e™ 2 G(f(s)) ds
0

+Cr2 [ ha(s)G(g(s))ds+Crs [ f ho(s, T)G(g(T)) dr ds
0 0 0

t 3
+Cu [ [ hio(s,m)e ™7 G(f(r)) dr ds
0

+ Cis

o%h
© =

hi1(s,7,2)G(g(z)) dz dr ds

+Cis

S, O . ©

hiz2(s,7,2)e "1 *G(f(z))dz dr ds}.

I

O =
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Let’s denote

7(t) = G(F(1)),5(t) = G(g(2)),
(215)  Ci(t) = ar()G(Cr(t)ar (1)), Co(t) = a1(t)G(Co(t)ar (1)),
#(1) = aa(t)G(o(t)az (1))

It follows from (2.13) and (2.14) that for the functions f(¢) and g() the
inequalities (1.1)-(1.2) are true (there are C1(t), Co(t) and o(t) instead of
C1(t), Co(t) and o(t) correspondingly).

Then by Theorem 1.1 we conclude that

(1) < em1Qo(t), 5(t) < Qo(t),

where the function Qo(t) is as defined in (1.9). Q.E.D.

Proof of Theorem 1.3 is analogous to that of Theorem 1.2. The bounds
in (1.12) follow by first using the fact that F is subadditive [5], submul-
tiplicative and strictly monotonous and then applying Theorem 1.1 with

F(t) = F(f(£)),5@) = F(g(t)),3(t) = F(o(2)),Ci(2)) = F(C1(2)),Co(2) =
F(Cg(t))

3. Examples
It’s known that the equations of motion of viscoelastic medium can be
written as [3]

?u 60’,']' .
(31) p?)ﬁ-—pf,-}-T (1—1,2,....).

Here u = (u;) is a vector of some transfer along the direction of the i**
coordinate axis (there is the fixed orthogonal coordinate system zi, z;, z3);
g;; are the stress tensor’s components; F; is a projection of the outer mass-
strength; p is a medium density.

There is the next relation [3] between the stress tensor and the strain
tensor

1
32) o= [Tt m)ensn(n)dr
0
tot
+ f fI‘Ejzljlt,(1'1,Tg)eiljl(rl)e,-zjz(rg)drldr2+...,
0 0

where ¢;; are the strain tensor’s components; ¢ . are integral kernels.

ijirs1
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Substituting the value of (3.2) in (3.1) and using the fact that
gui | Ou;
8z,- 6z,~ ’

we come to the nonlinear integrodifferential equations describing motion
of visco-elastic medium. These equations contain some multiple integrals
which are much similar to ones of the right-hand sides in (1.6)-(1.7) or
(1.10)-(1.11) (if G(r) or F(r) are chosen appropriately).

Let, for example, G(r) = r?(p > 1). 7* is a convex function [5] and it’s
clear that this function satisfies all the hypothesises of Theorem 1.2., i.e.,
from the inequalities

25,‘_,' =

1) < Cr(t) +o@){Ca + Cs [ ha(s)f7(s) ds

t
+ Cy fhz(s)e””g”(s)ds
0

t s t s
+Cs f fhs(s,r)f”(r)drds+Ce f fh4(s,r)e“2fg”(r)d1'ds

0 © 0 O

+ Cy hs(s,7,z) f*(z)dz dr ds

o
o%n
.

1/
+Cs he(s, T,z)e**"g?(z)dz dr ds} p,

ol

I

9(t) < Co(t) + o()){Cro + Cu1 [ ha(s)e™*f2(s) ds
0

© ==

t t s
+ Ch2 f hs(s)g?(s)ds + Cia f f ho(s,7)g?(7)dr ds
0 0o o

t

+ 014 f f hlo(S,T)e_”lzfp(T) drds

+ Cis h11(s,7,2)g°(z) dz dr ds

/e

1
+ Cis hi2(s, T z)e 1% fP(z)dz dr ds} ,

o, O« °
o%“ o%u e
Cmy O
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we conclude that

(1) < (e'Qu(1))7, 9(t) < (Qu(t))7,
where Qo(t) is as defined in (1.9)

(Crr(t) = ar()(Ca(t)ar (1) + ar ()(Co(B)ai (1)),
5(t) = ea(t)(o(t)ez ™ (1))*).

4. Concluding remarks
Remark 2. Let
hi(i = 3,4,5,6,9,10,11,12) =0, Cp=Ci10=0, p =ps=p
in Theorems 1.1-1.3. Then we come to the inequalities of Pachpatte [4]. If
in addition o(t) = 1,C\(t) = K1,Ce(t) = K, where K1, K, are nonnegative
constants and the functions h;(¢ = 1,2,7,8) are bounded in Theorem 1.1,
we obtain the inequality of Greene [2].

Remark 3. The lemma proved in the paper can be generalized for the
inequality
t
(4.1) W(t) < Ci(t) + a(:r){c2 +Cs [ [v(s)W(.s)

0

+ jw(s,T)PV(T)dT]ds+C’4j‘ j f] T1(s, 7, 2)W(z)dz drds
0 0o 0 0

T

f Hy(s,t,z,21)W(z1)dz1 dedrds+ ... +
0

® e~

i s
o f |
0 0
t s T T3
rew | J T
0 0 0 0
. ] 1Hn(s,t,a:,ar:l coibpo1))W(zpo1)dtpn—y ...dzy dz dr ds},
0

where W (t),v(t),C1(2),a(t)(t > 0),w(t,s)(t > s > 0), Hj(j = In) are
nonnegative and continuous functions defined for ¢t > s > 7 2z > z; >
..2Zp_1 2 0and C; (j = 2n + 3) are nonnegative constants.

In fact an estimate analogous to (2.2) is also valid here. The proof of
this assertion follows as above (see the proof of the lemma) and is therefore
omitted. So, our results can be established for systems of integral inequalities
given in the form of (4.1) as well.



(1]

(3]
(4]
(5

Systems of integral inequalities 531
References

A. N. Filatov, L. V. Sharova, Integral inequalities and the theory of nonlinear
oscillations, Izdat, “Nauka”, Moscow, 1976, pp. 152 (Rus).

D.E. Greene, An inequality for a class of integral systems, Proc. Amer. Math. Soc.
62 (1977) 101-104.

A. A. I’jushin, B. E. Pobedrja, Foundations of the mathematical theory of ther-
mal viscoelasticy, Izdat “Nauka”, Moscow, 1970, 288 pp. (Rus).

B. G. Pachpatte, A note on Greene’s inequality, Tamkang J. Math, 15, (1984),
49-54.

R.T.Rockafellar, Conver analysis, Princton Math. Series, No 28, Princeton Univ.
Press, Princeton, N.J., 1970, 451 pp.

DEPARTMENT OF MATHEMATICS AND COMPUTER, SCIENCE
BEN-GURION UNIVERSITY OF THE NEGEV
P.O.B. 653, 84105, BEER SHEVA, ISRAEL

Received November 25, 1992.






