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SOME PROPERTIES OF TANGENCY RELATIONS

The relation T;(a,b,k,p) of the tangency of the sets in a metric space
(E,p) is dependent on a real non-negative functions a and b. The paper
gives a certain conditions towards to the real non-negative functions a and
b if relation of the tangency of sets Ti(a,b, k,p) is non-empty.

Let (E,p) be an arbitrary metric space.For any set A C E, we denote
r-neighbourhood

(1.1) A, = U K(p,r) forr>0,
» pEA

or

(1.2) A=A forr=0.

The K(p,r) (S(p.r)) denotes the open ball (sphere) with the center at the
point p and the radius r.

Let a and b be any non-negative real functions defined in a certain right-
hand side neighbourhood of 0 such that

(2) a(r) >0 and &(r)— 0forr — 0.
A pair (A, B) of subsets of E will be called (a, b)-clustered at the pif 0is a
cluster point of the set @ of all real numbers r > 0 such that the sets

AN S(p, T)a(r) and BnN S(p, T)b(r)

are non-empty.

Here §(p,7)q(r) is an a(r)-neighbourhood of the set S(p,r), (1.1) and
(1.2).

Let | be a real non-negative function defined on the Cartesian product
Eo x Ey, where Ej is a family of all non empty subsets of the set E, satisfying
the condition

3) I({z}, {s}) = p(z,y) forz,yek.
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The set A is (a,b)-tangent of order k at the point p € E to the set B if
the pair (A, B) is (a, b)-clustered at the point p of the space (£, p) and

1
(4) ,,._kl(An S(p,7)a(r), BN S(p,T)e(r)) = 0 for r — 07,
where k is an arbitrary positive real number.

Let
(5) Ti(a,b,k,p)= {(A,B) : AU B C FE and (A, B) is (a,b)-clustered at

the point p of the space (E,p) and

1
ZHA N (7)o B0 S0, ty) —= 0.

The relation (5) will be called the relation of the (a, b)-tangency of order
k at the point p (or shortly relation of the tangency) of the sets in the metric

space (E, p).
The metric p induces some functions /; (¢ = 1,2,...,6) defined by

(6.1) (A, B) = inf{inf{p(z,y) : y € B} : x € A},
(6.2) (A, B) = sup{inf{p(z,y) : y € B} : z € A},
(6.3) l3(A, B) = inf{sup{p(z,y) : y € B} : z € A},
(6.4) l4(A, B) = sup{sup{p(z,y):y € B} : z € A},
(6.5) I5(A, B) = max{l2(A, B),l2(B, A)},
(6.6) lg(A, B) = max{l3(A, B),l3(B,A)},
for A, B € Ey.

Let (E, p) be a metric space. We denote
(7) Q@A) = {r>0: AN S(p,7) £ 0},

where ) 2 AC FE and p € E.

LEMMA 1. If the set Q,(A) is dense in the (0,s), for some number s > 0,

then
sup{p(p,z):z € AN S(p,r)e}=r+1
and
inf{p(p,z): z € AN S(p,r):} = max{0,r —t},

forr+t<s.

Proof. Let z € AN S(p,r):. Then there exists ¢ € S(p,r) such that
z € K(q,t). From the triangle inequality we obtain

r—t<p(p,z)<r+t.

Consequently
sup{p(p,z):z € ANS(p,r)e} <r+t
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and

inf{p(p,z):z € AN S(p,7):} > max{0,r — t}
The set Q,(A) is dense in the (0, s) and

(max{0,r — t},7+t) C (0,s).
Hence
sup{p(p,z):z € ANS(p,r)e} =1+t

and

inf{p(p,z):z € AN S(p,7):} = max{0,r — t}.
We suppose that

sup{p(p,z):z € ANS(p,r)e} =u<t+r.

Then for an arbitrary z € ANS(p,r), we obtain p(p,z) < u < r+¢, hence it
follows that there exists a number v € (u,r+t) and certain a neighbourhood
U such that Q,(A) N U = 0. That is contradictory. This ends the proof.

THEOREM 1. If sets Qp(A), Qp(B) are dense in the (0,s) for some num-
ber s and non-negative real functions a and b defined in the (0, s) satisfying
the conditions (2) and

r—a(r)

(*) lim sup =0 and lim sup r = b(r)

r—0+ rk r—0+ rk

=0,
the pair (A, B) is (a,b)-clustered at the point p, then (A, B) € Ty, (a,b, k,p)
and (A, B) € T\,(a, b, k,p), for arbitrary number k > 0.

Proof. Let € > 0. From (*) and from 2 it follows that there exists a real
number é > 0 such that

r—a(r)< %srk and r-b(r)< %srk

for 7 € (0, min{é, s}). There exists points z € AN 5(p,7)q(r) and y € BN
S(p, 7)s(r) such that
1 1
r—a(r) < p(p,z) < 551‘" and r-b(r) < p(p,y) < 567‘".
Hence and from the triangle inequality we have
p(z,y) < p(p,z) + p(p,y) < €T,
Therefore
inf{inf{p(z,y) : y € BN S(p,r)o(r)} : ¢ € AN S(p,7)a(r)} < €7F,
then (A, B) € T, (a, b, k, p).
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Let ¢ € (0,s) and € < 1. There exists number 0 < § < ¢ such that
r—a(r) < zer¥, r—b(r) < Lerk, r+a(r) <eand r+b(r) < € for r € (0,6).
From the triangle inequality, we obtain

lo(p, ) = (P, y)| < p(2,y),

for z € AN S(p,7)a(r), ¥y € BN S(p,7)s(r). Hence

sup{p(p,:v) iz€AN S(p,’l')a(r)} - inf{p(p,y) :ye BN S(P,"')b(r)} <

< sup{sup{p(z, y) SN Bn S(p, r)b(r)} iz €AN S(pa T)a(r)}-
Hence and from Lemma 1 and (6.6) we obtain
a(r) + b(r) < L(ANS(p,7)ar), BN S(D,7)e(r))
or else
r+ a(r) S 14(A n S(P, r)a(r)’ Bn S(P,T)b(r))-

Therefore

2 1
5 — € < FL(AN STy, BOS(p o).

Because TkL_l —-£> 1,,,2—_1 —1>1, then

1
T_kl4(A n S(pa r)a(r), Bn S(pa r)b(r)) > 1.
Consequently (A, B) € Ti,(a, b, k, p). This ends the proof.
LEMMA 2. If set Q,(A) is dense in the (0,s) for some real number s > 0
and
1
T_kl4(A N S(p,r)a(,.), AN S(p, T)a(,.)) — 0 and

a(r) = 0 forr — 0%, then

-@—)0 forr — 0%,
T

Proof. There exists § € (0, }s) such that a(r) < 1s for r € (0,6) and
7+ a(r) < s. Hence and from Lemma 1
sup{p(p,z) rz€AN S(p, 7')a(r)} =r+ a(r)
and
inf{p(p,z):z € AN S(p,7)a(r)} = max{0,r —a(r)}
for r € (0, 6).
Let z,y € AN S(p,7)a(r), from the triangle inequality we obtain

lp(p,z) — p(p,¥)| < p(2,v).
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Therefore

sup{p(p,a:) :z€AN S(p’ T)a(r)} - inf{p(p,y) ‘Y€ An S(p’r)a(r)} <
< 14(‘4 N S(]), 7')a(r)a AN S(p7r)b(r))-

Hence and from Lemma 1 we obtain
20(7‘) S 14(A n S(p, T)a(r), AN S(pa T)a(r)) for r — a(r) Z 0.
Consequently

a(r 1
0< '%r) < Fl(ANS(pr)a(r), ANS(P,T)a(r)-

Hence 3};’2 — 0 for r — 0. This end the proof.

If the set Q,(A) is not dense set in any right-hand side neighbourhood
of 0 then Lemma 2 may be not true.

Example. Let A be a subset of £ and let p be a cluster point in a
metric space (E,p). The point p € A is not a cluster point of set A. There
exists number ¢t > 0 such that AN A (p,t) = {p}. Let a(r) > r in a certain
right-hand side neighbourhood of 0 and a(r) — 0 for r — 0. There exists
the number é§ € (0,1¢) such that r + a(r) < t for r € (0,6). Therefore
S(p,7)a(r) C K(p,t). Hence AN S(p,7)a(r) = {p} for r € (06), then

l4(A n S(p, T)a(,.), AN S(p,T)a(.,-)) =0
and '
a(r)

li —=2>1 fork2>1.
i oup T 2L for k2

THEOREM 2. If there exists two dense sets Q,(A), Q@,(B) in a interval
(0, 8) for some real number s > 0 and (A, B) € Ti,(a,b,k,p), then

%—»O and b—f:—)—>0forr—»0+.

Proof. From the triangle inequality and from properties of supremum
and infimum we obtain

14(‘4 n S(Pa r)a(r)a AN S(pvr)a(r)) < 214(‘4 n S(p’ T)a(r), Bn S(p, r)b(r))a
14(B n S(P’T)b(r)v Bn S(p,T)b(-,-)) < 214(‘4 n S(p’r)a(r)) Bn S(p7r)b(r))'

Hence and from Lemma 2 we obtain
b
9@—»0 and (—:)—>0 for r — 0t.
T T
This ends the proof.

Analogously we prove the following theorems:
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THEOREM 3. If there exists the pair (A, B) € Ti,(a,b,k,p) and two sets
Qp(A) and Qp(B) are dense in the interval (0,s), for some s > 0, and

%Q—-»O, then ﬂr{—l — 0 forr — 0%,
r—0+

THEOREM 4. If there ezists the pair (A, B) € Ti,(a,b,k,p) and the set
Qp(A) is dense in the interval (0,s), for some real number s > 0, then

Q(TT)——>O forr — 0%,
r

THEOREM 5. If there exists the pair (A,B) € T, (a,b,k,p) and sets
Qp(A) and Q,(B) are dense sets in the interval (0,s), for some s > 0,
then

2(_]:2__,0 and f)LI?—>O forr — 0%
T T

THEOREM 6. If there ezists the pair (A,B) € Ty (a,b,k,p) and sets
Q@p(A) and Q,(B) are dense in the interval (0,s) for some s > 0, then
___la(r) _k b(r)| -0 forr—0t.
r
Proof. Let ¢ € (0,1s). Then there exists a number 6 > 0 such that
1
lS(A N S(p?r)a(r)7 Bn S(p, T)b(r)) < 557"‘7,
1, 1 1, 1
b(r) < €T < 33 and a(r) < €T < 58
for r € (0, min{4, 1 s}).
From definitions (6.2) and (6.5) we obtain I3(A, B) < [5(A,B)for A, B €
Ep.
Hence and from inequality
sup{p(p,z) : z € ANS(p,r)an} < sup{p(p,y): ¥ € BN S(p,m)e(ry}+
+ l2(A N S(p’ r)a(r)a Bn S(p,r)b(r))

and symmetry of function /5 we obtain

| sup{p(p,z):x € AN S(p,7)a(r)} —sup{p(p,y) 1y € BN S(p,7)p(r)} <
< l5(A n S(p7r)a(r)’ Bn S(p, r)b(r)) < Erk'

From Lemma 1 we have |a(r) — b(r)| < er¥. Therefore
o(r) =40l _
r

for r — 0.

This ends the proof.
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