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ON SOME RELATIONSHIPS B E T W E E N A F F I N E SPACES 
A N D T E R N A R Y SEMIGROUPS OF AFFINE M A P P I N G S 

1. Introduction 
In the present paper we introduce the notion of a ternary semigroup of 

affine mappings. This ternary semigroup is the counterpart of the semigroup 
of affine endomorphisms. In the main theorem of this paper we give necessary 
and sufficient conditions for a certain characterization of affine spaces by 
means of ternary semigroups of affine mappings. The paper is a continuation 
of some ideas contained in the papers [1], [2], [3]. 

2. Basic definitions 

D E F I N I T I O N 2.1 (cf. [1]). A ternary semigroup is an algebraic struc-
ture (A, / ) such that A is a nonempty set and / : A3 —• /I is a ternary 
operation satisfying the following associative law: f ( f ( x i , x2, X3), 14,15) = 
f(x1,f(x2,x3,Xi),x5) = f(xux2,f(x3,xi,x5) for all xu . . . , x5 € A. 

D E F I N I T I O N 2.2 (cf. [1]). A nonempty subset / C A is called an ideal of 
a ternary semigroup (A, f) if f(I,A,A) C I, f(A,I,A) C / , f(A,A,I) C I. 

D E F I N I T I O N 2 . 3 . An element XQ € A is said to be a left zero of a ternary 
semigroup (A, f ) if f(x 0,21,2:2) = 2:0 for all x\,x2 € A. 

Throughout this paper the letter / will be reserved to denote the ternary 
operation in ternary semigroups. 

Let (X, V(X),w) and (V, V(Y),w) be affine spaces over a field K. Let 
A(X, F ) be the set of all affine mappings from (X, to (Y, V(Y,w). 
Put A[X, Y] = A(X, Y)Xi4(K, X). Define the ternary operation / : A[X, Y]3 

A[X, Y] by the rule: 

/ ( (Pi , 9i)» (P2,92), (i>3,93)) = {Pi °q-2 °P3,qi °P2 093) 
for all (pi,qi) G A[X,Y], where i = 1,2,3. 

The algebraic structure (A[A',y] , /) is a ternary semigroup. 
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DEFINITION 2 . 4 . T h e t e r n a r y semigroup (A[X,Y],f) is called the ter-
nary semigroup of affine mappings of the affine spaces A and Y. 

For characterizing two affine spaces A' and Y by means of affine mappings 
of these spaces we should consider affine mappings from A' into Y , and 
conversely. The ternary semigroup A[X, V] meets the above requirements, 
and it is useful to achieve the desirable aim. 

3 . Main result 
Let (X, V(X),w) and (V, V(Y),w) be affine spaces over a field K. Let 

A[X, Y] be the ternary semigroup of affine mappings of the affine spaces X 
and y . 

Consider the following sets: 

AC(X,Y) = {p G A(X, Y) : 3y 0 <E YVx G A : p(x) = y0}, 

AC(Y,X) = {qe A(Y, X) : 3 Z 0 G XVy G Y : q(y) = x0}. 

The affine mappings p £ AC(X,Y) and q € AC(Y,X) such that their single 
values are yo € Y and xo G A we denote by pyo and qXo, respectively. Put 
AC[X,Y] = AC(X,Y) x AC(Y, A ) . It is easy t o notice t h a t AC[X,Y] is a 
ternary subsemigroup o{ A[X,Y]. 

Define an affine space (A c(X,Y),V(Y),w ) over K by the rule: 

wi.Py^Py2) = ^ ( > 1 , 2 / 2 ) 

for all pyi,pV2 G AC(X,Y). 

Define an affine space (AC(Y, A"), V(A'), w) over K by the rule: 

»(in,?!,) = w(xi,x2) 

for all qXl,qX2 € AC(Y,X). 

Consider the set 

M(K) = { ( a 1 ; . ..,ak) : k G N, a x ,..., ak G A', a i + . . . + ak = 1 } . 

A s s u m e t h a t pyi,..., pyk, py G AC(X,Y) and (au...,ak) G M(K). T h e n 
aipyi+... + ampym = iff a i y i + . . . + a m2/m — V- Similarly, if q X l q X k j 
qx G AC{Y, A ) , then aiqXl + . . . + akqXk = qx iff aixx + . . . + akxk = x. 

LEMMA 3 . 1 . Let X and Y be affine spaces over a field K. A pair of affine 

mappings (p, q) is a left zero of the ternary semigroup A[X, V] if and only 

if(p,q)eAc[X,Y}. 

P r o o f . Let (p, q) be a left zero of A[A,Y]. By Definition 2.3 we have 
/ ( ( j > » i ) , ( P i » 9 i ) » ( P 2 , 9 S ) ) = ( P , 9 ) for all (pu q{), (p2, © ) G A[X,Y]. P u t 

= (PyoiQxo) f° r s o m e ^o € A , y0 € Y. Hence 

/ ( (P i9 )» ( j>vo»?*o )> (P2>52) ) = (p,g) and 

p = poqX0op2, q = qopyooq2. 
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Therefore, Vz £ X : p(x) = p(x0) and \/y £ Y : q(y) = q{yo), and so 
(p,q)eAc[X,Y\. 

Conversely, suppose that (p, q) £ AC[X,Y]. Consequently p = pyo and 
q = qXQ for some x0 £ X , y0 £ Y. For any (pi, gi), (p2, q-i) € A[X,Y] we 
obtain / ( ( p , g), (pi, (p2,22)) = f((pyo, Qx0), {pi, ?i), ( f t , I2)) = (pyo°qi ° 
P2,qx0 0 Pi ° ft) = (Pyo,Qx0) = (p, g). Thus, (p, q) is a left zero of ¿ [ A , y] . 

PROPOSITION 3 . 1 . The set A c [ A ' , y ] is the smallest ideal of the ternary 
semigroup A[X,Y\. 

P r o o f . It is easy to check that AC[X,Y] is an ideal of yl[A", V]. Put 
Ic = Ae[X,Y]. Let I C A[X,Y] be an ideal of A[X,Y]. By Lemma 3.1 
/ ( / c , / , / ) = I c . On the other hand, / ( / c , / , / ) C I . Hence I c C I . 

LEMMA 3 . 2 . Let Xi and Y{ for i — 1 , 2 be affine spaces over a field K. 
Let F : A[Xi,Y\] — A[X2,Y2] be an epimorphism of the ternary semigroups 
A[X\,Yi] andA[X2,Y2}. Then F(AC[XU H]) = AC[X2, Y2]. 

P r o o f . Suppose that (p, q) £ Ac[A'i,Yi]. By Lemma 3.1 we have 
/((P, 9), (Pi,9ih(P2,9i)) = (P,g) for all (pi, qi), (p2, q2) £ 4[A"i,yi]. There-
fore, f(F(p,q),F(p1,q1),F(p2,q2)) = F(p,q) for all (pi,qi),(p2,q2) £ 
A[X\,Yi\. Again by Lemma 3.1 F(p,q) £ AC[X2,Y2]. Conversely, suppose 
that ( r , s ) £ Ac[X2,Y2]. This implies that r = ry2 and s = sX2 for some x2 £ 
X2, y2 £ y 2 . There exists a pair (p ' ,q ' ) £ j4[A"i,yi] such that F(p',q') = 
(ry2,sX2). Assume that (py £ Ac[X\,Yi] is an arbitrary fixed pair and 
take (p i , ? i ) G A[Xx,Yx]. Put (p,q) = / ( (p ' , ff')» 0»»i > fe', )> (Pi> 9i))- Hence 

p = p' o qx>i 0 px and q = q' o p^ o qx. Set yi = p'{x[) and x^ = q'{y[). 
Thus p = pyi and q = qXl, hence (p, q) £ Ac[Xi,Yi]. We have F(p,q) = 

f(Ftf,Q'),F(Pyl>qx'1),F(Pu9l)) = f((ry2^sx2)^FiPy'^qx'1),F(pi,qi)) = 
( fy 2 , s X 2 ) = ( r , s ) . Therefore, there exists a pair (p,q) £ A c [ A i , y i ] such 
that F(p , q) = (r,s). 

R e m a r k . Notice that a mapping Fo : AC[X\,Y{\ —> ylc[A'2,y2] is an 
isomorphism of the ternary semigroups Ac[Xi,Yi] and AC[X2,Y2] if and 
only if Fo is a bijection. 

Let Xi and Y{ for i = 1,2 be affine spaces over a field K. Suppose that 
f i ' X\ —*• X2 and f2 :Yi Y2 are affine isomorphisms. Define the mapping 
F : A[Xi,Y!] A[X2,Y2] by the rule: 

(1) F(p,q) = ( f 2 0 p 0 f - \ f l 0 q 0 f - 1 ) 
for every (p, q) £ A[-Xi,Yi]. It is easy to check that F is an isomorphism of 
the ternary semigroups A[Xi,Y\] and A[X2,Y2], 

DEFINITION 3 . 1 . The mapping F defined by the formula ( 1 ) is called 
the isomorphism of the ternary semigroups A[Xi,Y\] and A[X2,Y2] induced 
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by the pair of affine isomorphisms ( / i , / 2 ) . 
An isomorphism F of the ternary semigroups A[X\, Yi] and A[X2,Y2\ 

need not imply the existence of isomorphisms j\ : X\ —• A'2 and f2 : Yi —• Y2 

of the affine spaces A'2, Y\, Y2. 
The following example illustrates the above s ta tement . 

EXAMPLE . Assume tha t A'I = R, X2 = R2, Yi = {2/1}, Y2 = {y2}. Thus 
Xi and X2 are affine spaces over the field of real numbers R. The sets Y\ 
and y 2 are one-element affine spaces over R. We have / l ( A ' j , Yj) = {pyi}, 
A(Yi,Xi) = {qXl : X! e A'!}, A(X2,Y2) = {ry2}, A(Y2,X2) = {sX2 : 
x2 e X2}. Notice tha t A(A' i ,Yi) = ¿ c ( A ' i , V i ) , A{YUA'i) = AcQ'^Xt), 
A(X2,Y2) = AC(X2,Y2), A(Y2,X2) = AC(Y2,X2). Therefore, = 
Ac[XuYi] and A[X2,Y2] = /1c[A '2, Y2], Additionally, /lc[A"i, Y[] and v4c[A'2, 
Y2] are the sets of the power of the continuum. Consequently, there ex-
ists a bijection F : Ac[Xi,Y\] —> ^4c[Ar

2,Y2] of the set Ac[Xi,Y\\ onto the 
set AC[X2,Y2]. According to Remark the ternary semigroups /l[A'i ,Yi] and 
A[X2, Y2] are isomorphic. However, the affine spaces X i and A'2 are not 
isomorphic. 

L e t X{ a n d Y i for i = 1 , 2 b e affine s p a c e s over K. L e t F : / 1 [ A ' i , Y l ] —* 
A[X2,Y2] b e a n i s o m o r p h i s m o f t h e t e r n a r y s e m i g r o u p s i 4 [ A ' i , Y i ] a n d 

A[X2,Y2] i n d u c e d b y a p a i r of affine i s o m o r p h i s m s ( / i , / 2 ) . A s s u m e t h a t 

( a i , a 2 , a 3 ) e M(K). S u p p o s e t h a t pyi,py2,py3 € A c ( A ' i , Y i ) a n d <71, q2, q3, q4 

€ v4 c (Yi,A'i) . Put aipyi + a2py2 + a3pys = p„4 for pVi G AC(A'X , Yx). Thus 
we h a v e F(pyi, <?,) = (/2 0 p y . 0 / j - 1 , f l o g,- 0 / 2

_ ) for i — 1 , . . . , 4. N o t i c e t h a t 

h 0 PVi
 0 / f 1 = rh(vi) for rMvi) G M*2,Y2), where i = 1 , . . . ,4. Assume 

t h a t a i r / 2 ( y i ) + <i2»72(y2) + a 3 r / 2 ( j , 3 ) = ry for s o m e ry € AC(X2,Y2). T h u s 
a i / i 2 (3/1) + a 2 / 2 ( ) + 0 3 / 2 ( 2 / 3 ) = V, a n d so / 2 ( a i y i + ^2 2/2 + 032/3) = J/- S i n c e 

«12/1 + «22/2 + 132/3 = 2/4, i t fol lows t h a t a i r / 2 ( j / l ) + a 2 r h { y 2 ) + a 3 r j 2 ( y 3 ) = 

rf2(yi)-
Conversely, assume tha t ^ r h ( y i ) + a 2 r h ( y 2 ) + a 3 r h ( y 3 ) - r j 2 ( y i ) . Hence 

«1/2(2/1) + 02/2(2/2) + a3f2(y3) = h{Vi), this means tha t /2(ai3/ i + 02^2 + 
032/3) = /2(2/4)• Therefore, ax?/i + a2 j /2 + a32/3 = 2/4 and so a ^ + a2py2 + 
a3Py3 = Pyi-

Let us denote by -K\ and TC2 the projections of Cartesian product . From 
the foregoing we have obtained the following condition: 

(Wi) V(a1,a2,a3)eM(K)VPl,...,P4eAc(X,Y)Vq1,...,q4<=Ac(Y,X) 

[01P1 + a2p2 + a3p3 = P4& 01^1(^1,91)) + aiKi{F{p2,q2)) 

+a3ir1(F(p3,q3)) = vi(F{pit g4))]-

A similar argument yields the following condition: 

(W2) V ( a i , a 2 , a 3 ) € M{K)VPl,... , P i € A c ( A ' , Y ) V 9 l , . . . , g 4 € A C ( Y , X ) 
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[etigi + a2q2 + «393 = «4 ai7r2(F(pi,gi)) + a2n2(F(p2,q2)) 

+a3n2(F(p3,q3)) = iT2(F(p4,q4))]. 

Let X{ and Yi for i = 1,2 be affine spaces over K. Assume that F : 
A[XI¥I)^-A[X2,Y2\ is an isomorphism of the ternary semigroups j4[A'i,Yi] 
and A[X2,Y2] satisfying the conditions (V^i) and (W2). From the condition 
(Wi) It follows that 

( 2 ) V p i , p 2 G Ae(X,Y)Vquq2 € Ae(Y,X) 

[p i = P2 & *i(F{pi,qi)) = MF(P2,q2)]-

Similarly, the condition {W2) yields 

( 3 ) V P l , p 2 £ A c { X , Y ) V q i , q 2 e A c ( Y , X ) 

[qi = 92 *2{F(pi,qi)) = 7T2(F(p2,92)]. 

THEOREM 3 . 1 . Let X,- and Yi for i = 1 , 2 be affine spaces over a field 
K. An isomorphism F : ,4[A'i, Yi] —• A[X2,Y2] of the ternary semigroups 
A[Xi, Y\] and yl[X2,y2] is induced by a pair of affine isomorhisms ( / i , / 2 ) 
if and only if the isomorphism F satisfies the conditions (Wi) and (W2). 

P r o o f . We have proved that the isomorphism F induced by the pair of 
affine isomorphisms ( / i , / 2 ) satisfies the conditions (Wi) and (W2). 

Let us assume that F : J4[A"I, VX] —• A[X2,Y2] is an isomorphism of the 
ternary semigroups i4[Xi,Vj] and A[X2,Y2] such that the conditions (M7i) 
and (W2) are satisfied. In view of Lemma 3.2 we can define the mapping 
F* : Xi X Yi X2 X Y2 by the formula: 

(4) F*(x 1,2/1) = (x2,y2) F(pyi,qXl) = (ry2,sX2) 

for (xi, 2/1) G Xi X Y\ and (x2,y2) G A"2 X Y2. It is easy to notice that F* is a 
bijection. Let j/o G be an arbitrary fixed element. We define the mapping 
fi : Xi —• X2 by the rule: 

( 5 ) f i { x i ) = x2 ^i{F*(xi,y0)) = X2 

for xi G X\, x2 G X2. We will prove that 

(6) /i(®i) = ® 2 ^ V y i G Y1 : M ^ ( x l , y 1 ) ) = x2 

for xi G X"i,x2 € A"2. Suppose that F*(xi,y0) = (x2,y2) and F"(y1,yi) = 
(x2,y2) for an arbitrary fixed element yi G Y\. Thus we have 

F*{xi,y0) = (x2, y2) o F(pyo,qXl) = (ry2,sX2), 

F*(xi,yi) = (®a.»a) O F(Pyi»9«i) = (»»;>**;)• 

In view of the condition (3) we infer that sX2 = sx<2, and so x2 = x2 Hence 
we get (6). 
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It is easy to verify that 

(7) fi{xi) = x2 3yi G i i : 7ri(F*(xi, t/i)) = x2 

for xi € Xi,x2 G X2. 
Next, we will prove that / i : A'i —>• A 2 is a bijection. Suppose that 

x2 G X2 - Let us take an arbitrary fixed element y2 G Y2. Thus there exists a 
pair (®i,2/i) G X\ X Y2 such that F*(xi,y1) = (x2,y2). Therefore using the 
condition (7) we obtain / i ( x i ) = x2, and so }\ is a surjection. Suppose that 
/ i ( x i ) = fi(x[) for xi,x[ G A"i. Hence fi(xi) = x2 and fi(x[) = x2 for 
some x2 6 X2. By (5) it follows that F*(xi,yo) = (x2,y2) and F*(x[,yo) = 
{x2,y2) for some y2,y2 G Y2. Hence we have F(pyo,qXl) = (ry2,sX2) and 
F(pyo,qx[) = Using the condition (3) we get qXl = and so 
xi = x'x. Therefore fi is an injection. 

We will prove that /1 : A'i —> X2 is an affine mapping. It is enough to 
prove that 

V(ai,02,03) G M(K)Vxn,xi2,xi3 G A' i [ / i (a iXn + a2x12 + a 3 x 1 3 ) 

= aifi(xii) + a2/i(xi2) + a3/i(xi3)]. 

Assume that a i x n + 02^12 + «3^13 = x\ for some x\ G A'i. Suppose 
that fi(xn) = x 2 i , fi(xu) = x22, / i ( x i 3 ) = x23, h(xi) = x2 for some 
x2i,x22,x23,x2 G X2. Thus, 

/i(xn) = x2i n1(F*(xn,yo)) = x21, 
fi(xn) = x22 & Ki(F*(x12,y0)) = x22, 
fi(x13) = x 2 3 iri{F*(x13,y0)) = x23, 
fi(xi) = x2 & w1(F*(x1,y0)) = x2. 

Assume that 

F*(xn,y0) = (x21,y2i), 

F*(x12,y0) = (x22,y22), 

F*(x13,y0) - (x23,2/23), 
F*(xi,y0) = (x2,y2) 

for some y2i,y22,y23,y2 G Y2. 
We have 

F*(x\\,yo) = (X21,3/21) ^ F(pyo,qXll) = (ry21,sX21), 
F*(xl2,y0) = (x22,y22) & F(pyo,qXl2) = (ry22,sX22), 
F*(x13,y0) = {x23,y23) O F{pyo,qXl3) = {ry23,sX23), 
F*(xuyo) = (x2,y2) & F(pyo,qXl) = (r^,«,,). 
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S i n c e a i x n + 0 2 ^ x 2 + a 3 a ; i 3 = x\, i t f o l l o w s t h a t a i g X l l + a 2 g X l 2 + a 3 g X l 3 = qXl. 

I n v i e w o f t h e c o n d i t i o n ( W 2 ) w e g e t o,iSX21-\-a,2sX22-{-a3SX23 — sx2. T h e r e f o r e , 

0 1 ^ 2 1 + 0 2 ^ 2 2 + « 3 ^ 2 3 = « 2 » a n d s o fli/i(xn) + a 2 / i ( x i 2 ) + « 3 / 1 ( ^ 1 3 ) = 

/ i ( o i » n + « 2 ^ 1 2 + 0 3 2 1 3 ) - S u m m a r i z i n g , t h e m a p p i n g / 1 : A ' i X2 is a n 

a f f i n e i s o m o r p h i s m o f t h e a f f i n e s p a c e s A ' i a n d A ' 2 . 

L e t x0 G X\ b e a n a r b i t r a r y f i x e d e l e m e n t . W e d e f i n e t h e m a p p i n g 

¡ 2 : Y i —• F 2 b y t h e f o r m u l a : 

( 8 ) / 2 ( y i ) = 2/2 ^ 7 r 2 ( F * ( a ; o , 2 / i ) = 2/2 

f o r y i € Y i a n d 2/2 € Y"2 • 

T h e a n a l o g o u s a r g u m e n t a p p l i e d t o t h e m a p p i n g / 2 a l l o w s t o p r o v e t h a t 

( 9 ) f 2 ( y i ) = V2 O V x i € A ' i : , 2/1)) = 2/2, 

( 1 0 ) / 2 ( y i ) = 2/2 3 * i € A ' i : = 2/2 

f o r 2/1 € Y l a n d y2 £ Y 2 . 

W e c a n s i m i l a r l y s h o w t h a t t h e m a p p i n g / 2 : Y i —> Y 2 i s a n a f f i n e 

i s o m o r p h i s m o f t h e a f f i n e s p a c e s Y\ a n d Y 2 . 

B y t h e c o n d i t i o n s ( 6 ) a n d ( 9 ) w e g e t F * ( x \ , y i ) = ( 7 T i ( / 1 * ( x i , 2 / 1 ) ) , 

T 2 ( F * ( z i , i / i ) ) ) = ( / i ( ® i ) , / 2 ( y i ) ) for e v e r y ( a r x , y x ) € A j x Y i . 

C o n s e q u e n t l y , 

( 1 1 ) F * = { h , f 2 ) . 

W e w i l l p r o v e t h a t t h e i s o m o r p h i s m F is i n d u c e d b y t h e p a i r o f a f f i n e i s o m o r -

p h i s m s ( / i , / 2 ) . F i r s t , w e w i l l s h o w t h a t t h e f o l l o w i n g c o n d i t i o n is s a t i s f i e d : 

( 1 2 ) V ® ! € A i V t / i 6 Y M P , <l) e i 4 [ A ' i , Y i ] : 

F ( p , q ) U i ( * x ) , h { V i ) ) = (/2(i»(®i)),/i(i(»i))). 

S u p p o s e t h a t xi G A i , t / i G Y i , a n d ( p , q ) , ( p i , q i ) G v 4 [ A ' i , Y i ] . H e n c e 

/ ( ( P > ? ) , ( P y i , i * i ) , 0 » l , ? i ) ) = ( p o g X l o p u q o p y i o g x ) = ( P p ^ ) , ? , ^ ) ) - W e 

h a v e F ( p p ( x i ) , q q ( y i ) ) = F { f ( ( p , q ) , ( p y i , q X i ) , ( p l , q 1 ) ) ) = f ( F ( p , q ) , 

S e t F ( p , q ) = ( r , s ) a n d F ( p i , g i ) = ( r i , s i ) . B y 

L e m m a 3 . 2 w e g e t F ( p y i , q X l ) = ( r y 2 , s X 2 ) f o r s o m e x2 G A ' 2 , y2 G Y 2 . B y 

( 1 1 ) ^ ( P y n i x J = ( r y 2 ^ x 2 ) F ' i x u y i ) = { x 2 , y 2 ) ( / 1 ( x x ) , / 2 ( t / i ) ) = 

( £ 2 , 2 / 2 ) O (a;2 = f i ( x i ) A 2/2 = / 2 ( 2 / i ) ) - T h e r e f o r e , F ( p p ( x i ) , g , ( y i ) ) = 

/ ( ( r ) s ) ' ( r / 2 ( v 1 ) ' 5 A ( n ) ) ' ( r i ' - s i ) ) = ( r o s h { x 1 ) ° r i , s o r h ( y i ) o s i ) = ( r r ( / l ( a r i ) ) , 

• sa(/2(!/i)))- t h e o t h e r h a n d , F ( p p ( x i ) , qq(yi)) = ( r y 2 , s ^ ) f o r s o m e x 2 G 

^ 2 , 2 / 2 G Y 2 . B y ( 1 1 ) F ( p p ( x i ) , q q { y i ) ) = (ry2,sX2) F * ( g ( » i ) , p ( « i ) ) = 

( ^ 2 , 2 / 2 ) ( / i ( g ( f f i ) ) , / i ( p ( ® i ) ) ) = ( ^ 2 , 2 / 2 ) (®2 = / 1 ( 9 ( 2 / 1 ) ) A 2/2 = 

/ 2 ( p ( ® i ) ) ) - T h e r e f o r e , F ( p p ( x i ) , q q ( y i ) ) = ( r h M x i ) ) , s M q i y i ) ) ) . C o n s e q u e n t -

l y , r ( / i ( ® 0 ) = / 2 ( p ( * i ) ) a n d a ( / 2 ( y i ) ) = / i ( g ( y i ) ) . T h u s , F f o f X / i O n ) 

, / 2 ( 2 / i ) ) = ( r ^ K / j ^ J . / i ^ ) ) = ( r ( f l ( x l ) ) , s ( f 2 ( y i ) ) ) = ( / 2 ( p ( * i ) ) , 

f i ( q ( y i ) ) ) - T h e r e f o r e , w e h a v e o b t a i n e d t h e f o r m u l a ( 1 2 ) . 
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For x2 € X2 and y2 £ Y2 there exist x\ G X\ and y\ £ Y\ such that 
fi(xi) = x2 and f2(yi) = y2• Hence xx = / f ^ x 2 ) and yx = / 2

- 1 ( y j ) . Using 
the formula (12) we obtain F(p,q)(x2,y2) = ((/2 0 jj 0 f i l ) ( x 2 ) , ( f i 0 q 0 
f i 1 ) ^ ) ) = ( f i }\l,h°q° for any pair (p,q) € ¿ [ X i , ^ ] . 
Therefore, 

F{p,q) = U2°p°A ,h 09012 ) 
for every (p,q) € Yi]. 

Finally, we conclude that the isomorphism F is induced by the pair of 
affine isomorphisms ( f i , f 2 ) defined by the formulas (5) and (8). The proof 
of Theorem 3.1 is completed. 

DEFINITION 3 . 2 . Let Xi and YI for i = 1 , 2 be affine spaces over K. The 
ternary semigroups A[Xi, Y"i] and A[X2,Y2] are called W-isomorphic if there 
exists an isomorphism F : Yi] —> A[X2,Y2] of the ternary semigroups 
A[XuYi] and A[X2,Y2] fulfilling the conditions {Wi) and (VF2). 

From Theorem 3.1 we deduce the following two corollaries. 

COROLLARY 3 . 1 . Let Xi and Yi for i = 1 , 2 be affine spaces over a field K. 
The ternary semigroups A\X\, Yi] and A[X2,Y2] are W-isomorphic if and 
only if the affine spaces X\ and X2 are isomorphic and the affine spaces Yi 
and Y2 are isomorphic. 

COROLLARY 3 . 2 . Let Xi and Yi for i = 1 , 2 be affine spaces over a field K. 
Let G : Yi] —• A[X2, Y2] be an isomorphism of the ternary semigroups 
A[X\,Y\\ and A\X2,Y2]. The affine spaces X\ and X2 are isomorphic and 
the affine spaces Y\ and Y2 are isomorphic if and only if there exists an au-
tomorphism p, of the ternary semigroup A[X\, Y\] such that the isomorphism 
F = G 0 fi satisfies the conditions (Wi) and (W2). 
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