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ON SOME RELATIONSHIPS BETWEEN AFFINE SPACES
AND TERNARY SEMIGROUPS OF AFFINE MAPPINGS

1. Introduction

In the present paper we introduce the notion of a ternary semigroup of
affine mappings. This ternary semigroup is the counterpart of the semigroup
of affine endomorphisms. In the main theorem of this paper we give necessary
and sufficient conditions for a certain characterization of affine spaces by
means of ternary semigroups of affine mappings. The paper is a continuation
of some ideas contained in the papers [1], [2], [3].

2. Basic definitions .

DEerFINITION 2.1 (cf. [1]). A ternary semigroup is an algebraic struc-
ture (A, f) such that A is a nonempty set and f : A3 — A is a ternary
operation satisfying the following associative law: f(f(z1,z2,23),24,%5) =
f(z1, f(z2, 23, 24),25) = f(z1,22, f(23,24,25) for all zy,...,25 € A.

DEFINITION 2.2 (cf. [1]). A nonempty subset [ C A is called an ideal of
a ternary semigroup (A4, f)if f(I,A,A)C I, f(A,1,A)C I, f(A, A D) C 1.

DEFINITION 2.3. An element z¢ € A is said to be a left zero of a ternary
semigroup (A, f) if f(zo,z1,22) = 2o for all z,,2; € A.

Throughout this paper the letter f will be reserved to denote the ternary
operation in ternary semigroups.

Let (X,V(X),w) and (Y,V(Y),w) be affine spaces over a field K. Let
A(X,Y) be the set of all affine mappings from (X, V(X),w) to (Y, V(Y,w).
Put A[X,Y] = A(X,Y)xA(Y, X). Define the ternary operation f : A[X,Y]?
— A[X,Y] by the rule:

f((pr,01),(P2,92) (P3,93)) = (P10 g2 0 p3,q1 P2 © g3)
for all (p;, ;) € A[X,Y], where i =1,2,3.
The algebraic structure (A[X,Y], f) is a ternary semigroup.
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DEFINITION 2.4. The ternary semigroup (A[X,Y], f) is called the ter-
nary semigroup of affine mappings of the affine spaces X and Y.

For characterizing two affine spaces X and Y by means of affine mappings
of these spaces we should consider affine mappings from X into Y, and
conversely. The ternary semigroup A[X,Y] meets the above requirements,
and it is useful to achieve the desirable aim.

3. Main result
Let (X,V(X),w) and (Y,V(Y),w) be affine spaces over a field K. Let
A[X,Y] be the ternary semigroup of affine mappings of the afline spaces X
and Y.
Consider the following sets:
A(X,)Y)={pc A(X,Y): 3y € YVz € X : p(z) =y},
A (Y, X)={q€e A(Y,X):Fzo € XVy €Y :q(y) = zo}.
The affine mappings p € A.(X,Y) and ¢ € A.(Y, X) such that their single
values are yp € Y and zp € X we denote by p,, and ¢ ,, respectively. Put
A[X,Y] = A(X,Y) x A(Y,X). It is easy to notice that A[X, Y] is a

ternary subsemigroup of A[X,Y].
Define an affine space (A.(X,Y),V(Y),w) over K by the rule:

w(pywpyz) = w(yl,y2)
for all py,,py, € Ac(X,Y).
Define an affine space (A.(Y, X),V(X),w) over K by the rule:
w(Qzu‘hg) = w(r1,23)
for all ¢z,, ¢z, € Ac(Y, X).
Consider the set
M(K) = {(a1,...,ax) : k € Nyay,...,ax € K,a1 4 ...+ a, = 1}.
Assume that py,,...,py,, Py € A(X,Y) and (ay,...,ax) € M(K). Then
a1py, +. .-+ ampy, =pyiff ey +...+anym = y. Similarly, if ¢z, ..., ¢z,
gz € A(Y,X), then a19z, + ...+ arqz, = ¢z iff a1z1+ ...+ agzp = .
LEMMA 3.1. Let X and Y be affine spaces over a field K. A pair of affine
mappings (p,q) is a left zero of the ternary semigroup A[X,Y] if and only
if (p,q) € Ac[X,Y].
Proof. Let (p,q) be a left zero of A[X,Y]. By Definition 2.3 we have

f((P,Q)a(Pla(Il),(P:’,m)) = (P,Q) for all (plaql)a(pZan) € A[X,Y] Put
(P1,¢1) = (Pyo» 4z, ) for some zg € X, yo € Y. Hence

f((P1 Q)v(Pyo’Qz‘o)v(P% Q2)) = (p,q) and
P=POqz, %P2, G =qOPy, ©Qq2.
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Therefore, Vz € X : p(z) = p(zo) and Vy € Y : ¢(y) = ¢(w), and so
(p’ q) E AC[‘X'7 Y]'

Conversely, suppose that (p,q) € A.[X,Y]. Consequently p = p,, and
¢ = gz, for some z¢9 € X, yo € Y. For any (p1,q1), (P2, 2) € A[X,Y] we
obtain f((p’ q)a(pl’QI)a(p%(D)) = f((pquro)’(plvql)a(p2’q2)) = (pyo °oq o
P2,qz0 01 0G2) = (Pyos Gzo) = (P, q)- Thus, (p, q) is a left zero of A[X,Y].

PROPOSITION 3.1. The set A[X,Y] is the smallest ideal of the ternary
semigroup A[X,Y].

Proof. It is easy to check that A.[X,Y] is an ideal of A[X,Y]. Put
I. = AJ[X,Y]. Let I C A[X,Y] be an ideal of A[X,Y]. By Lemma 3.1
f(I.,1,I) = I.. On the other hand, f(I.,1,I) C I. Hence I. C I.

LEMMA 3.2. Let X; and Y; for i = 1,2 be affine spaces over a field K.
Let F : A[X,,Y1] = A[X2,Y;] be an epimorphism of the ternary semigroups
A[X1,Y:] and A[Xz, Y. Then F(AJ[X1,Y1]) = Ac[X3, Yal.

Proof. Suppose that (p,q) € A.Xi,Y1]. By Lemma 3.1 we have

f((p, 0, (p1,01), (P2, 92)) = (p, ¢) for all (p1,q1),(P2,q2) € A[X1,Y1]. There-
fore, f(F(p,q), F(p1,q1), F(p2,92)) = F(p,q) for all (p1,q1),(p2,92) €
A[X1,Y1]. Again by Lemma 3.1 F(p,q) € A[X2,Y2]. Conversely, suppose
that (r,s) € A.[X2,Y2]. This implies that r = r,, and s = s, for some z3 €
X3, y2 € Yz. There exists a pair (p',q") € A[X,,Y1] such that F(p',q') =
(Tyz»Sz,)- Assume that (py:, ¢z ) € Ac[X1,Y1]is an arbitrary fixed pair and
take (P1,¢11) € A[XI’YI]' Put (p7 Q) = f((P',ql)’(Py;,Qx'l),(Pla‘11))- Hence
p=pogop and ¢ = ¢ opy oq. Set y; = p'(z}) and z1 = ¢'(y1).
Thus p = p,, and ¢ = g¢,, hence (p,q) € A[X1,Y1]. We have F(p,q) =
f(F(pl’ ql)’F(py’l’qz’l)aF(pl,QI)) = f((ry27 Szz),F(py;,Q.t’l)vF(Pth)) =
(Typ» Sz,) = (7,8). Therefore, there exists a pair (p,q) € A;[X1,Y1] such
that F(p,q) = (r,s).

Remark. Notice that a mapping Fp : A[X1,Y1] = A[X2,Y2] is an
isomorphism of the ternary semigroups A.[X;,Y;] and A.[X,,Y2] if and
only if Fy is a bijection.

Let X; and Y; for ¢« = 1,2 be affine spaces over a field K. Suppose that
fi: Xy > X;and f, : Y7 — Y, are affine isomorphisms. Define the mapping
F: A[X;,Y1] — A[X2,Y,] by the rule:

(1) F(P,Q):(f2°P°f1_1,f1°¢1°f2_1)

for every (p, ¢) € A[X1,Y3]. It is easy to check that F' is an isomorphism of
the ternary semigroups A[X;, Y1) and A[X,, Y3].

DEFINITION 3.1. The mapping F defined by the formula (1) is called
the isomorphism of the ternary semigroups A[X1, Y1) and A[X;, 2] induced
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by the pair of affine isomorphisms ( fi, f2).

An isomorphism F of the ternary semigroups A[X},Y:] and A[X;,Y?]
need not imply the existence of isomorphisms f1 : X7 — Xz and f5 : Y] - 15
of the affine spaces X, X», Y1, V5.

The following example illustrates the above statement.

EXAMPLE. Assume that X7 = R, X, = R%, Y) = {51}, Y2 = {y2}. Thus
X1 and X, are affine spaces over the field of real numbers . The sets Y;
and Y; are one-element affine spaces over R. We have A(X1,Y1) = {py, },
A(}/l,Xl) = {‘le P xy € 1\'1}, A(AX’Q,},Z) = {Ty2}7 A(YQ,‘\'-‘;) = {81‘2 :
Iy € Xg} Notice that A(XI,YI) = Ac(./\'l,}fl), A(Yl,x\'l) = AC(Yl,Xl),
A(Xz,Yg) = AC(X2,Y2), A(Yz,x\'g) = AC(YQ,zYQ). Therefore, A[‘\'l,Yl] =
A [X1,Y1] and A[X,, Y] = A [X2,Y2]. Additionally, A.[X1,Y1]) and A4.[X>,
Y,) are the sets of the power of the continuum. Consequently, there ex-
ists a bijection F : A.[X1,Y1] — Ac[X3,Y2] of the set A.[X;,Y]] onto the
set A;[X2,Y2]. According to Remark the ternary semigroups A[X7y,Y;] and
A[X,,Y;] are isomorphic. However, the afline spaces X; and X, are not
isomorphic.

Let X; and Y; for ¢ = 1,2 be affine spaces over K. Let F': A[X},Y;] —
A[X2,Y;] be an isomorphism of the ternary semigroups A[Xy,Y;] and
A[X3,Y:] induced by a pair of affine isomorphisms (fi, f2). Assume that
((11 y @2, a'3) € M(I()' Suppose that Py1sPy2>Pys € Ac()(l ’ },l) and q1:92,93, 94
€ A.(Y1,X1). Put a1py, + azpy, + asp,, = py, for py, € Ac(X1,Y1). Thus
we have F(py,, ;) = (faopy. o f{' fiogio fy ') for i = 1,...,4. Notice that
faopy o fit = Tiy(wi) 10T 75,4y € Ac(X3,Y2), where ¢ = 1,...,4. Assume
that a17y,(y,) + @2rs,(y,) + 6374, (y,) = 7y for some 7, € A (X>,Y3). Thus
a1 fo(y1) + a2 f2(y2) + a3 f2(y3) = ¥, and so fo(a1y1 +a2y2 +a3ys) = y. Since
a1y1 + azy2 + azys = ya, it follows that a;7ryz,y,) + azrb(yé) + a3ry,(y) =

T f2(v4) -
Conversely, assume that a7 7,(y,) + @27 f,(y,) + @37 f,(y3) = Tfy(vs)- Hence

arfa(y1) + a2 fo(y2) + a3 f2(y3) = f2(ya), this means that fo(ary1 + a2y2 +
asys) = f2(ys). Therefore, ayy; + azy2 + azys = ys and so aypy, + azpy, +

a3Py; = Py, -
Let us denote by 7y and m, the projections of Cartesian product. From

the foregoing we have obtained the following condition:
(W1)  V(a1,a2,a3) € M(K)Vpy,...,ps € A(X,Y)Vq,...,q1 € A(Y, X)
[a1p1 + azp2 + a3ps = ps & a1 (F(p1, q1)) + a2mi(F(p2, ¢2))
+a3mi(F(ps, g3)) = m1(F(p4, q4)))-
A similar argument yields the following condition:
(W2)  Y(ai,az,a3) € M(K)¥py,...,ps € A(X, Y Vaq1,...,q1 € A (Y, X)
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[a1q1 + a2q2 + azgz = @4 & arm2(F(p1,q1)) + agm2(F(p2,2))
+a3my(F(p3,q3)) = m2(F(ps, 94))]-

Let X; and Y; for i = 1,2 be afline spaces over K. Assume that F :
A[X1,Y1]—A[X,,Y2] is an isomorphism of the ternary semigroups A[X1,Y1]
and A[X;,Y>] satisfying the conditions (W) and (W;). From the condition
(Wy) it follows that

(2) Vp1,p2 € A(X,Y)Va1,¢2 € A (Y, X)

[p1 = p2 & T (F(p1,q1)) = m(F(p2, 2))-
Similarly, the condition (W3) yields
(3) VPI»P2 € Ac(X,Y)VQI,(h € AC(Y,X)

(@1 = g2 & m2(F(p1,q1)) = ma(F(p2, g2)]-

THEOREM 3.1. Let X; and Y; for i = 1,2 be affine spaces over a field

K. An isomorphism F : A[X1,Y1] — A[X,,Y3] of the ternary semigroups
A[X1,Y1] and A[X2, Y] is induced by a pair of affine isomorkisms ( f1, f2)
if and only if the isomorphism F satisfies the conditions (W;) and (W3).

Proof. We have proved that the isomorphism F induced by the pair of
affine isomorphisms ( f1, f2) satisfies the conditions (W7) and (V).

Let us assume that F : A[X,Y1] — A{X,, Y] is an isomorphism of the
ternary semigroups A[X;,Y;] and A[X2,Y2) such that the conditions (W)
and (W,) are satisfied. In view of Lemma 3.2 we can define the mapping
F*: X, xY] = X3 XY, by the formula:

4) Fr(z1,11) = (22, 32) & F(py,9z,) = (Tyzvsrz)

for (z1,%1) € X1 xY1 and (z2,¥2) € X2 X Y3. It is easy to notice that F™* is a
bijection. Let yo € Y7 be an arbitrary fixed element. We define the mapping
f1: X1 — X, by the rule:

(5) fi(z1) = 22 & m(F*(z1,%)) = 22
for z; € Xy, 3 € X3. We will prove that
(6) fi(z1) =22 & Vy € Y11 (F (21, 31)) = 22

for z; € X;,z2 € X,. Suppose that F*(z1,y0) = (22,y2) and F*(y1,y1) =
(23, y3) for an arbitrary fixed element y; € Y;. Thus we have

F*(21,9%) = (22, 92) © F(Pyo1921) = (7425 52,),

F‘(zl’yl) = (zé,yé) < F(pyl’qu) = (ry’z’sr’z)°
In view of the condition (3) we infer that s;, = s;:, and so z; = z Hence
we get (6).
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It is easy to verify that
(7) fi(z1) = 22 & Iy € Y1 1 1 (F™(z1,31)) = 22

for z; € X1,z9 € Xs.
Next, we will prove that f; : X; — X, is a bijection. Suppose that
T3 € X5. Let us take an arbitrary fixed element y» € Yz. Thus there exists a
pair (z1,%1) € X1 X Y, such that F*(z1,y;) = (22, y2). Therefore using the
condition (7) we obtain fi(z1) = z2, and so fj is a surjection. Suppose that
fi(z1) = fi(zy) for 23,27 € X;. Hence fi(21) = 22 and fi(z]) = 23 for
some z3 € X3. By (5) it follows that F*(zy,y0) = (22,¥2) and F*(z{, %) =
(z2,y3) for some y,,y; € Y3. Hence we have F(py,,qz,) = (ry;,5z,) and
F(pyo»92,) = (7435 82,)- Using the condition (3) we get ¢., = ¢, and so
z1 = z. Therefore f; is an injection.
We will prove that f; : X; — X5 is an affine mapping. It is enough to
prove that
Y(a1,az,a3) € M(K)Vz1y, 212,213 € X1[fi(@1z11 + aaz12 + a313)
= a1 fi(z11) + a2 fi(212) + a3 f1(z13)].
Assume that ayz,7 + a2z12 + azzy3 = z; for some z; € X;. Suppose
that fi(z11) = 221, fi(z12) = Z22, fi(z13) = 223, fi(21) = z2 for some
T21,22,%23, T2 € X2. Thus,
flzn) = 201 © M (F* (211, %)) = z21,
f(z12) = 222 © T(F* (212, %0)) = T22,
f(z13) = 223 © m(F (213, %)) = 223,
fi(z1) = 22 & m(F7 (21, %)) = 22.
Assume that

F*(z11,%) = (z21,%21),

F*(z12,10) = (T22,922),

F*(z13,%) = (z23,%23),

F*(z1,%) = (22,72)
for some y21, ¥22, Y23, ¥2 € Yo.
We have

F*(Zu, ?/0) = (3321’3/21) < F(pyo,ql'n) = (ryn’sl‘n)’
F*(z12,%0) = (222, ¥22) € F(Pyor9212) = (Tyaar Sz20)>
F*(z13,%0) = (223,¥23) & F(Pyo)9z15) = (Tyasr Sz3)s
F*(zl, Yo) = (le,yz) « F(pquh) = (Tyz’szz)'
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Since a1z11+asz12+asz13 = z1, it follows that @19z, +a29;,,+a3q:,, = ¢z, -
In view of the condition (W>) we get a; 5.,, +a25z,,+a38z,, = Sz,. Therefore,
@121 + 2Z32 + a3z = g, and so ay fi(z1) + a2 fi(z12) + azfi(z13) =
fi(a1z11 + azz12 + azzy3). Summarizing, the mapping f; : X1 — Xg is an
affine isomorphism of the affine spaces X; and Xs.

Let zg € X; be an arbitrary fixed element. We define the mapping
f2: Yy — Y, by the formula:

(8) fo(y1) = 12 © m(F* (20, 11) = 12

for y; € Y7 and 3, € Y5.
The analogous argument applied to the mapping f, allows to prove that

(9) faly1) =y &V € Xy i m(F*(z1,11)) = Y2,
(10) faly) = g2 & 1 € Xy i m(F (21, 11)) = 12

for y, € Y7 and y; € Y5.

We can similarly show that the mapping fo : Y7 — Y2 is an affine
isomorphism of the affine spaces Y7 and Y5.

By the conditions (6) and (9) we get F*(z1,11) = (m1(F*(z1,%1)),
To(F*(z1,41))) = (fi(21), f2(y1)) for every (z1,y1) € X1 X Y.

Consequently,

(11) F* = (f1, f2).

We will prove that the isomorphism F'is induced by the pair of afline isomor-
phisms (f1, f2). First, we will show that the following condition is satisfied:

(12) Vz; € X4y € 1V(p,q) € A[X 1, V1]
F(p,q)(i(z1), fo(31)) = (f2(p(21)), F1(a(91)))-

Suppose that z; € X;,;n € Y1, and (p,q),(p1,q1) € A[X;,Y;]. Hence
SF((Ps 9) (Py1s 921)5 (P1,01)) = (PO gy ©P1,G0 Py, 0 91) = (Pp(y)s Ta(uy))- We
have F(pp(z,),9(s)) = FUUP 0 (Pyi»4z,)s (P1s@1))) = f(F(p,9),
F(py,18z,), F(p1,q1))- Set F(p,q) = (r,s) and F(p,q1) = (r1,81). By
Lemma 3.2 we get F(py,,qz,) = (7y;,8z,) for some z; € X,, y2 € Y. By
(11) F(py, s 4zy) = (T35 82,) € F*(z1,31) = (22,82) & (fi(z1), fo(mr)) =
(22,92) & (22 = fi(e1) Ao = faly1)). Therefore, F(py(zy)sdqyn)) =
J((r,9), (7 a1} s Sa(w) )1 (715 81)) = (1081,(21)0T1, 89T y(41)081) = (Tr(y(21))
Ss(f2(1)))- On the other hand, F(py(z,), 94(y1)) = (Tyss82,) for some z, €
Xo,y2 € Y2. By (11) F(pp(rl),qq(yl)) = (Ty2>s-"-‘2) A F‘(q(yl)’P(xl)) =
(22,32) & (fi(e(n1)), a(p(21))) = (22,32) & (22 = file(y)) A y2 =
f2(p(21))). Therefore, F(py(z1), da(v,)) = (7 1a(p(22))» $1r(a(s1)))- Consequent-
ly, r(fi(z1)) = f2(p(z1)) and s(f2(y1)) = fi(a(y1)). Thus, F(p,q)(f1(z1)
yfo()) = (r,8)(fi(z1), fo(mn)) = (r(fi(z1)),8(S2(01))) = (fa(p(21)),
f1(g(y1))). Therefore, we have obtained the formula (12).
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For z; € X; and 3, € Y; there exist z; € X; and y; € Y; such that
fi(x1) = z2 and fa(y1) = yo. Hence 2y = fl—l(.’ltz) and y; = f{l(yg). Using
the formula (12) we obtain F(p,q)(z2,y2) = ((faopo fl—l)(l'2),(f1 oqo
D)) = (faopo T, fiogo f51)(z2,y2) for any pair (p,g) € A[X1, Y1)

Therefore,
F(p,q) = (faopo f, fiogo f;)
for every (p,q) € A[X,,Y1].
Finally, we conclude that the isomorphism F' is induced by the pair of
affine isomorphisms ( f, f2) defined by the formulas (5) and (8). The proof
of Theorem 3.1 is completed.

DEFINITION 3.2. Let X; and Y; for ¢ = 1,2 be affine spaces over K. The
ternary semigroups A[X7,Y;] and A[X?, Y] are called W-isomorphic if there
exists an isomorphism F: A[X},Y;] — A[X;,Y2] of the ternary semigroups
A[X,,Y;] and A[X;,Y,] fulfilling the conditions (W;) and (W>).

From Theorem 3.1 we deduce the following two corollaries.

COROLLARY 3.1. Let X; and Y; for ¢ = 1,2 be affine spaces over a field K .
The ternary semigroups A[X1,Y1) and A[X2,Y2] are W-isomorphic if and
only if the affine spaces X1 and X3 are tsomorphic and the affine spaces Y
and Y, are isomorphic.

COROLLARY 3.2. Let X; and Y; fori = 1,2 be affine spaces over a field K.
Let G : A[X1,Y1] = A[X2,Y2] be an isomorphism of the ternary semigroups
A[X1,Y1] and A[X,,Ys]. The affine spaces X; and Xy are isomorphic and
the affine spaces Yy and Y, are isomorphic if and only if there ezists an au-
tomorphism p of the ternary semigroup A[X1,Y:] such that the isomorphism
F = G o u satisfies the conditions (W) and (W,).
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