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STRICT DISCONJUGACY CRITERIA FOR LINEAR
VECTOR DIFFERENTIAL EQUATIONS WITH DELAYS

In [3], the author has introduced the notions of disconjugate and strictly
disconjugate linear differential equations with delay (which are generaliza-
tions of a similar notion for ordinary differential equations without delay)
as well as new types of multipoint boundary value problems for differential
equations with delay (which are generalizations of de la Vallee Poussin’s mul-
tipoint boundary value problem for ordinary differential equations without
delay). It turns out that such equations are disconjugate (strictly discon-
jugate) iff each generalized boundary value problem has exactly one solu-
tion. The purpose of this paper is to derive the tests for strict disconju-
gacy of linear vector differential equations with delays on a compact inter-
val.

Let us consider the n-th order linear vector differential equation with
delays

(E2) 24 303 A0t - 4,(0) = o,

i=1 j=1
z® = z, n2>2,

where the coefficients A4;;(t), (i = 1,...,n; 7 =1,...,m) are real v X v ma-
trix functions; z is the v-dimensional vector-column z = (zy,...,z,)7 and
A;(t)>0,7=1,...,m are delays; t € I = {(a,b) and © := (0,...,0).

By a solution of (E}) we shall mean any function with an absolutely
continuous derivative of order n — 1, satisfying (EY) almost everywhere.

AMS (1991) subject classification: 34C10, 34K10.
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For o € (a,b) let us denote by B'(EY,ty) the set of all solutions of (E?)
with constant initial vector functions

¢0(t)1 ¢1(t), ey ¢n—-l(t)

defined on the initial set E;,.
A point £ € (tp,b) will be called a zero point of order p of a solution
S B'(E%,to) iff
2(f)=...=zP V) =0 and zP(¢) £0.
If p = 1, such a point will be referred to as a simple zero point of z. The
solution z(t) = @, t € (to,b) (in this case ¢i(t) = @,i=10,...,n—1 for
t € E;,) will be called trivial.

Let z € B'(EX, o), z(t) £ O on (to,b). The n-th consecutive zero (in-
cluding multiplicity) of z(¢) to the right of ¢, will be denoted by n(z, t).

DEFINITION 1. Let ¢ € I. By the first adjoint point to the point ¢ (with
respect to (EY)) we mean the point
a1(e) = inf{n(z,c) : = € B'(EL,c),a(t) # O}.
DEFINITION 2. The equation (E?) is said to be strictly disconjugate on
an interval J iff for each ¢ € J the following implication holds
ce€J=>afc) ¢ J

By C™(I, R) we denote the class of real-valued functions defined on an
interval I with a continuous derivative of the n-th order.

Let w € C™({a,b), R) and A(t) > 0 for t € (a,b). We define w'?(t—A(¢)),
(i=0,1,...,n)t€®b) a5 follows
) ()¢ — iff ¢ —
(i) (g — = J (- A()), ifft— A(2) € (a,b)
Wt = AQ) : { w')(a) T ¢ — A(1) < a.
In the following we shall put 22=1 ar = 0.

Before establishing tests for disconjugacy, we give some lemmas which
will be needed in the sequel.

LEMMA 1. Leta <ty <...<t, <b,q>1. Then

(b— a)atl

b
- (- ?dt <
afl(t ) (E= )" dt S g

Proof. The above inequality follows from the proof of Lemma 2.1 in [8].

LEMMA 1. Leta <t < ...<t, < b, g >1 and A(t) € C({a,b), R),
A(t) 20, fort € (a,b).
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Then

b q
L= [ [it-Aw-u)...(t~ A(t)—tn)|"dt]l/

n - b 1/2q
(b-a nt1/q ( n ) (b — a)n—k)29+1 k2
<— A"Y(t) dt .
=~ (ng+1)Y/q +kz=:l n—k) (n—£k)2¢+1 af ®)
Proof. Multiplying the terms in absolute value and then using Minkow-
ski’s Inequality we get

b q
1< [ I |(t—t1)...(t—tn)|"dt]1/

b

+[fA"(t)l(t—tg)...(t—tn)+...+(t—t1)...(t—tn-1)|th]l/q
H 1/q
+[fA2"(t)|(t—-t3)...(t—tn)+...+(t—t1)...(t—tn_2)]th]

b 1/q b 1/q
+ [ fA("‘l)q(t)l(t—-tl)+...+(t—tn)|th] "y [ fA""(t)dt] /

a

Now applying the Holder’s Inequality (with p = 2) to the right hand mem-
bers of the above inequality we get

1< [fl(t—tl)-.-(t—tn)lth]l/q+ [fbA”(t)dt]lnq

b 1/2q
(S Ie=t) =ttt = 1) a0 d]

+| fb A229() dt]l/ e

b 1/2¢
(S i=te) = ta) bt = tr) ot = tas) PO ]

b b
+ [ fA("'l)z‘I(t)dt]mq[ J |(t—t1)+...+(t—tn)|2°dt]l/2q
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+ [fbAn:'q(t)dt]mq[fb dt]mq

a

and by Minkowski’s Inequality we have

I< [fb|(t—tl)...(t-tn)|th]”q+ [ fbA%(t)dt]”2

a

{ [ j ((t=ta). - (t=tu)"" dt] %+' -t [ fb [(t—t1).. .(t—tn-1)|2th] %}

5 1/2¢ ¢ & L
+[ Jarm @] [ [ie-t). - t)rra T+

a

+] fb l(t—tl)--.(t—tn—i')'zqd‘]%}
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+ [i4"2q(t)dt]1/2q[j dt]mq.

Finally using Lemma 1 to evaluate the right hand members of the last
inequality we get the inequality of Lemma 1'.

LEMMA 2. Let the function w € C"({a,b), R) have at least n zeros (in-
cluding multiplicity) in the interval (a,b), ¢>1 and p:=max,e 4,y [w(™(1)|.
Then

n=| fb |w(t—A(t))|"dt]1/q

n b 1/2q
(= ayrt s bogfeen gl )
t)dt .
{(nq+1)1/q +kz: n~k) (n—k)2¢q+1 !A (t)d
Proof. If t;,...,t, denote the succesive zeros of w(t) (where a < t; <
.. <ty <b) we have

(1) w®)l < Sl —t)...(t= 1), 1€ (ab)
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(see [7], p. 156). Moreover, the following inequality holds as well
(2) Jw(t- AW Slt- AW) - ). (t - AW~ t)l, L€ {a,b).

In fact, if i) t — A(t) € (a,b), then (2) follows from (1),
if ii) t — A(t) < a, then (see the definition of w(t — A(?))

Jw(t - AW)| = lw(@)] < Sla - 1)...(a = ta)]
< ;lli!l(t —A@) = t)...(t= A@R) = ta)].

Lemma 2 now follows from the inequality (2) and Lemma 1.

If w € C™({a,b),R) has at least n zeros (including multiplicity) in
(a,b), then the function w(*~9(t) (i = 1,...,n) belongs to Ci({a,b), R)
and has at least ¢ zeros in (a,b). Applying Lemma 2 to w(®~9(¢), we
get

COROLLARY 1. Let the function w(t) satisfy the assumptions of Lemma 2.
Then

b
I := [f lw("“)(t—A(t))lth] 1/g

. i . , ’ 2
p [ (n— a)iti/e ( i \(b—a)i-P2e+1 B %

<ckyt—a) q

s i!{ G+ Difa +k§ i-k) G-k2g+1 af“ O]
1=0,1,...,n— 1.

Now let us denote by ||z]| := ¥ ;_, |z4| the norm of an element z €
R and by ||A|| := mazj=1,.,4 ) -y |ak;| the norm of the matrix 4 =
(ak;)-

Let z = (z1,...,2,)€C"((a,b), R") (i.e. 2:€C™({a,b),R), k=1,...,v)
and A(t)>0, t € (a,b). Then by 2()(t ~ A(2)), (: = 0,1,...,n) t € {a,b) we
shall mean

- amy= {00540 1A £

LEMMA 3. Let the function z € C"((a,b), R*) have at least n zeros (in-
cluding multiplicity) in (a,b), ¢ > 1 and let p := (3, _, p1)1/9, where

JIPRES mazte(a,b)lzﬁn)(tﬂ, k=1,...,v.

Then
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@) Ioe=| [t -agira]”’

vl—l/q{(b )n+l/q n (n—k)29+1 0 .

(g + D178 Z[ N T J A“"(”dtr}-

Proof. Let q = 1. Then

(4) f ll2(t = A(t))]} dt = Z f |2k(t — A(1))] dt.

k=1 a
Now to prove Lemma 3 it suffices to utilize Lemma 2 for the evaluation

of the integrals on the right hand side of (4). Let ¢ > 1. Then, applying
Holder’s Inequality,

b q v, b 1
L= ||z(t-A(t))||°dt]1/ <[ Y [ lat - Al at] /

k=1 a

Sp—

Using now Lemma 2 for the evaluation of the right hand term of this
inequality we get (3).

LEMMA 4. Let the assumptions of Lemma 3 be satisfied. Then

b
Ini= [ [ 19— a@))edge

vl—l/q (b —_ a)i+1/q i i (b _ a)(i_k)2q+1 ‘b " -21—
< q
=E { (ig + 1)1/9 +k§1 [(z - k) (i—k)2q+ 1 ;f A™(t) dt} }>

i=0,1,...,n—1.

Y

Proof. The proof of Lemma 4 proceeds analogically as that of Lemma 3
but Corollary 1 should be used instead of Lemma 2.

THEOREM 1. Let the coefficients A;j(t), (i = 1,...,n;5 = 1,...,m) be
measurable and bounded on (a,b)(||Ai;(t)|| € Aij € R,t € (a,b)), Aj(t) >

0, 7 = 1,...,m be continuous on (a,b) and let the following inequality
hold
© 25

i=1 j=1

{(b—ay*i[(z:f )%fA§*<t>dt]%}<l.

Then the differential equation (EY) is strictly disconjugate on {a,b).
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Proof. Suppose on the contrary that (EY) is not strictly disconju-
gate on (a,b). Then there is a point t; € (a,b) and a nontrivial solution
z € B'(EX, tg) with at least n zeros (including multiplicity) in (to, ). This
fact by Rolle’s Theorem yields the existence 7¢ € (to,b), k = 1,...,v such
that

2" () =0
Therefore

t
a:gcn’l)(t) = f :z:i")(s)ds, k=1,...,v
T

from which we get
b
-1
V< [ 120 (s)] ds
to

and thus

v

o— (n-1) (n) _
0= 2 e, Lo l(t)'ﬂof (S leen) - f =)l ds.

Since z € B'(EY,ty), we have

n m b
(6) 6< Z E J 1450llle™=(t - 4ay())]| dt

<3 Ay f ==t — 2;(t))llde.

i=1 j=1

In view of Lemma 3 and Lemma 4 applied to ¢ € C"~1({a,b), R¥) with
g = 1, we see that

5<6ZZ(,_1)'

i=1 j=1
{0 T 5 S f arod] )

Since z # 0 in (t,b), then 6§ > 0. Dividing the above inequality by 6§ we
obtain an inequality which is opposite to (5).

LEMMA 5. Forz; > 0, p > 1 we have

(7) - (sz,-)””<§:z.

i=1
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Proof. Inequality (7) is an immediate consequence of Theorem 1.19.5
of [1] which is formulated as follows: For z; > 0, p > 1, we have

(Z :cf) o max Y T;¥;
i=1 R I
where R(y) is defined by

=1.

Suf=1, %20 and -+

-

THEOREM 2. Let the coefficients A;;(t), (1 =1,...,n;5 = 1,...,m) be
such that ||A;;(t)|| € LP({a,b)), Aj(t) > 0,5 = 1,...,m be continuous on
(a,b),p > 1 and let the inequality

(b - a)i—1+1/q

» n m 1
®) Y 1)!{((z‘ “Dgt DT

i=1 j=1

i-1 . _ . N
i—1 ) (b-a)(i-1-K)2e+1 20 2
+;[(i—1—k> (t—1-k)2¢+1 afAk (t)dt X

x 1@l < 1,

(where [|Aij(®)llp := [ | Ai;()IPde] /P - L + 1 = 1) hold,
Then the differential equation (E?) is strictly disconjugate on (a, b).

Proof. The first part of the proof of Theorem 2 is the same as that
of Theorem 1. Hence we shall start with the inequality (6) from which by
Lemma 5 we have

n m b
<Y D [ AN - A;()ll de,
i=1 j=1 ¢4

where

- 1/q
= 9 — (n-1) _
Boi= (zﬂk) v Mk .—tér(ltao)’(b)lxk ®Lk=1,...,v.

Applying Hélder’s Inequality to the integral on the right hand side of
the above inequality, we get

p< Zn: i ( fb llAu(t)II”dt)”p( fb [ENd (2 Aj(t))ll"dt)l/ !

i=1l j=1 ¢
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Using Lemma 4 (applied to z € C™~1({to,b), R”)) to evaluate the last term
of the above inequality and then magnifying the right hand side of this
inequality by writing a instead of ¢y, we obtain

n I pl-1/g (b_a)i—1+1/q
MEEY LTy "{((i—l)qu)l/q*

i=1 j=1
i-1 . R b "
1—1 (b~ a)(t—1—k)2q+1 ' =
A(t)dt
+,§[(i—1—k) G—1-ky2q+1 f i@ X
b

< [ [ lasora]”.

a

Dividing this inequality by u > 0 we obtain an inequality which is contrary
to (8).

Remark 1. Theorem 1 and Theorem 2 are valid also in the case A;(t) =
0,t € (a,b);7 = 1,...,m. In this special case they are reduced almost to
the respective criteria for disconjugacy of linear vector differential equations
without delay proved in [8]: in these criteria in (5) resp. (8) the sign <
occurs. This is caused by the fact, that in B'(E},tp) there are nontrivial
solutions with a zero point of multiplicity n.

Remark 2. In the case v = 1 Theorem 1 and Theorem 2 provide cri-
teria for strict disconjugacy of scalar linear differential equations which are
supplementary to that of [4].
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