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ON THE CONVERGENCE OF THE ISHIKAWA ITERATES 
TO A COMMON FIXED POINT FOR A PAIR OF MAPPINGS 

In [5], [6] and [7] it has shown that for a mapping T satisfying certain 
conditions, if the sequence of Mann iterates converges, then it converges to 
a fixed point of T. In [4], the author has shown that, for a pair of mappings 
5 , T satisfying some contractive conditions, if the sequence of Mann iterates 
associated with 5 or T is convergent, then its limit point is a common fixed 
point of S and T. 

In the present paper we extend the results of [4] for a pair of mappings 
S, T in a normed space, using Ishikawa iterates process. 

Let 5 , T be self-mappings on a Banach space X. We shall consider the 
Ishikawa iterates {a;n} [3] associated with S as: 

(1) z n + i = (1 - an)xn + anSyn, yn = (1 - /3n)xn + PnSxn, n > 0, 

where {«„}, {/?„} satisfy 
oo 

0 5: an < fin < 1 for all n, lim 0 n = 0 and a„/3„ = oo. 
n—»oo ' 

n = l 

We shall use the conditions 
(i) o < « „ , / ? „ < 1 , (ii) limn^oo p n = 0, 
(iii) l i m ^ o o a n = h, 0 < h < 1. 

If (3n = 0, the Ishikawa iterates process reduces to the Mann iterates process. 
We present our main result in the form of the following theorem. 
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T H E O R E M . Let K be a closed bounded and convex subset of a normed 
space N, and 5, T be two self-mappings on K satisfying one of the following 
conditions: 

(I) \\Sx-Ty\\ < a | |x- i / | |+6[ | |x-5a ; | | + | | J / - ry | | ] + C[| |x-T i/ | | + ||2/-5a:||], 
for all x, y in K and 1 — b — c > 0 , a > 0 , b> 0, c > 0. 

(II) ||5x—Tj/|| < gmax{||x — | | x —Sx||-)-||y—Ty||, ||x—Ty|| + ||y—5x||}, 
for all x, y in K and 0 < q < 1. 

(Ill) | | Sx -Ty | | < gmax{| |x-y| | , ||x - Sx||, | |y-Ty| | , | | x -Ty | | , | |y-Sx| |} , 
for all x, y in K and 0 < q < 1. 

If for some xq in K, the sequence {xn} of the Ishikawa iterates asso-
ciated with either S or T is convergent, then its limit is a common fixed 
point of S and T. Moreover, if (III) holds, then this common fixed point is 
unique. 

P r o o f . Suppose first that Su = u for a point u in K. Then putting 
x = y = u into any of the inequalities (I)—(III), we easily see that Tu = u. 
Similarly Tu = u implies Su = u. Now, let {xB} be a sequence of the 
Ishikawa iterates associated with 5 such that lim„_»oo xn = u. From (1) 
Zn+1 -xn = oin{Syn-xn). Since limn^oo xn = u, we have ||xn+i -®n| | 0. 
The condition (iii) implies ||5t/n-xn||—>0. It follows that ||u— 

If S, T satisfy (I), then 

(2) ||SyB - r « | | < a\\yn - tt|| + 6[||yn - SyB|| + ||U - T«||] 

+ c[||j/n - Tu\\ + ||u - 5j/„||]. 

From (1), we have 

f lli/n - till < (1 - (3n)\\xn - till + f3n\\Sxn - till, 
(3) I ||J/n - £y„|| < (1 - Pn)\\Xn - Syn\\ + Pn\\Sxn - Syn\\, 

[ ||i/n - Tu\\ < (1 - (3n)\\xn - TuII + (3n\\Sxn - r« | | ; 

introducing (3) in (2), we get 

(4) \\Syn - Ttt|| < a[( 1 - 0n)||xn - u|| + /3n\\Sxn - tt||] 
+ 6[(1 - /3n)\\xn - Syn\\ + /3n\\Sxn - 5y„|| + 11« - Tu\\] 
+ c[( 1 - (3n)\\xn - Tu|| + f3n\\Sxn - Tu\\ + ||U - SyB||]. 

If 5, T satisfy (II), then 

(5) ||5j/n - Tu\\ 
< ?max{||i/n - «H, ||yn - 5»B|| + ||tt - Tu||, ||yB - r t t | | + ||u - Syn\\); 
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introducing (3 ) in (5 ) , we get 

( 6 ) ||Syn - Tu|| < 9 m a x { ( l - f3n)\\xn - tt|| + ¡3n\\Sxn - u||, 

(1 - 0n)\\xn - Syn|| + 0n\\Sxn - 5t/n||, 

(1 - f}n)\\xn - Tu\\ + /3n||Szn - Tu\\ + ||u - 5»B||}. 

If S, T satisfy (III), then obviously satisfy (II) as well. 
Taking in (4 ) , ( 6 ) the limit as n —* oo, we have 

||u — Tu\\ < A||u — Tu||, where A = m a x { 6 + c, q} < 1. 

In view of our remark on the beginning of the proof, u is a fixed point of S, 
as well. 

In order to show the uniqueness of u in the case (III) , suppose that 
v (v u) is another common fixed point of S and T ; then, using (III) , we 
have 

||«-t>|| < ||Sti-r»|| 

< 9max{||u - Su||, ||u - St>||, ||t> - Tv||, ||u - rt>||, ||w - 5u||} 

< g||u-

whence v = u follows. 

R e m a r k 1. Note that if (I) holds and in addition a + 2b + 2c < 1, 
then, by Theorem 1 in [1], each of S, T has a unique fixed point and these 
points coincide. Thus in this case the above theorem adds fact that this 
common fixed point is the limit of any convergent sequence of Ishikawa 
iterates associated with either S or T. 

R e m a r k 2. The uniqueness of a common fixed point does not hold in 
the case of the conditions (I) , (II) as is shown by the example of 5 = T = Id, 
where Id denotes the identity mapping. 
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