DEMONSTRATIO MATHEMATICA
Vol. XXVIII No 2 1995

R. A. Rashwan

ON THE CONVERGENCE OF THE ISHIKAWA ITERATES
TO A COMMON FIXED POINT FOR A PAIR OF MAPPINGS

In [5], [6] and [7] it has shown that for a mapping T satisfying certain
conditions, if the sequence of Mann iterates converges, then it converges to
a fixed point of 7'. In [4], the author has shown that, for a pair of mappings
S, T satisfying some contractive conditions, if the sequence of Mann iterates
associated with § or T is convergent, then its limit point is a common fixed
point of S and T'.

In the present paper we extend the results of [4] for a pair of mappings
S, T in a normed space, using Ishikawa iterates process.

Let S, T be self-mappings on a Banach space X. We shall consider the
Ishikawa iterates {z,} [3] associated with § as:

(1) Tntl = (1 - an)zn + anSyn, Yn = (1 - ﬂn)zn + B,.5zx, n >0,

where {a,}, {8,} satisfy

oo
0<a, <6, <1forall n,nlirr;oﬂn =0 and Eanﬂn = 00.
n=1
We shall use the conditions
(i) 0<ayf, L1, (ii) lim, o Br =0,
(iii) impyoo an = R, 0 < A < 1.
If B, = 0, the Ishikawa iterates process reduces to the Mann iterates process.
We present our main result in the form of the following theorem.
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THEOREM. Let K be a closed bounded and convex subset of a normed
space N, and S, T be two self-mappings on K satisfying one of the following
conditions:

(D [|Sz~Ty|| < aljz—yl|+blllz—Sz||+|ly-Tyll]+c[llz—Tyll+ly—S=ll],
forallz,yin K and1-b—-¢>0,a>0,b>0,c>0.

(1) [|Sz=Ty|| < gmax{|lz—yl|, |lz—Sz||+/ly-Tyll, ll=—Tyl|+|ly—Sz||},
forallz,yin K and0 < ¢< 1.

(1) ISz~ Ty|| < gmax{|jlz —yl|, [}z — Szl ly—Tyll, ll=—Tyll, l|ly— 5=},
forallz,yin K and0 < g < 1.

If for some z¢ in K, the sequence {z,} of the Ishikawa iterates asso-
ciated with either S or T is convergent, then its limit is a common fixed
point of S and 7'. Moreover, if (III) holds, then this common fixed point is
unique.

Proof. Suppose first that Su = u for a point » in K. Then putting
z = y = u into any of the inequalities (I)-(III), we easily see that Tu = u.
Similarly Tu = u implies S« = u. Now, let {z,} be a sequence of the
Ishikawa iterates associated with § such that lim,_, 2, = u. From (1)
Tp41—~Zn = ap(Syn—2y,). Since im0 T, = u, we have ||2p41 —2Z4|| — 0.
The conditien (iii) implies ||Syn—z.||—0. It follows that ||u—Sy,||—0.

If S, T satisfy (I), then

(2) Sy — Tull < allyn — ull + Olllyn — Syall + llu — Tul]]
+ clllyn — Tull + [l - Syafil-
From (1), we have

lgn — 2l < (1 = Bu)llzn — ull + BullSzn — ull,
(3) l9n = Syall < (1 = Ba)llzn — Syall + BullSzn = Synll,
l9n — Tull < (1 = Ba)lizn — Tull + BnllSza — Tul;
introducing (3) in (2), we get
(4) 1Syn — Tull < af(1 - Ba)llen — ull + Bnll Sz — ull]
+b[(1 = Br)lizn — Synll + Bull Sz — Syall + llu - Tu||]
+¢[(1 = Bn)llen — Tull + Bal|S2n — Tl + |[# — Syall]-
If §, T satisfy (II), then
(5)  ISyn — Tull
< gmax{|lyn ~ ull, lgn — Syall + lle = Tull; ly2 — Tull + [|u = Syall};
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introducing (3) in (5), we get
(6) 1S9 — Tull < gmax{(1 = Ba)llzn ~ ull + BullSzn — ull,
(1 - ﬂn)”zn - Syn“ +,6n“5zn - Syn”7
(1= Bu)llzn = Tul| + BullSzn — Tul| + |Ju — Syall}-

If S, T satisfy (III), then obviously satisfy (I1) as well.
Taking in (4), (6) the limit as n — oo, we have

llu ~ Tu|| < A||Ju — Tu||, where X =max{b+c,q}<]1.

In view of our remark on the beginning of the proof, u is a fixed point of §,
as well.

In order to show the uniqueness of u in the case (IlI), suppose that
v (v # u) is another common fixed point of S and T'; then, using (III), we
have

llu = ol < [|Su—Tof
< qmax{Jju - Sul, llu - Sl Ilv = Toll, llu = Tol, v - Sul}
< qllu- v,
whence v = u follows.

Remark 1. Note that if (I) holds and in addition a + 2b + 2¢ < 1,
then, by Theorem 1 in [1], each of S, T has a unique fixed point and these
points coincide. Thus in this case the above theorem adds fact that this
common fixed point is the limit of any convergent sequence of Ishikawa
iterates associated with either S or T'.

Remark 2. The uniqueness of a common fixed point does not hold in
the case of the conditions (I), (II) as is shown by the example of S = T = 1d,
where Id denotes the identity mapping.
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