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NATURAL TRANSFORMATIONS OF ANY 
HIGHER ORDER COVELOCITIES BUNDLE FUNCTOR 

Recently, we have determined in [3] all natural transformations of the 
(1, r)-covelocities bundle functor T[" into itself, which constitute the r-
parameter family linearly generated bv the p-power natural transformations 
Ap for p = 1 , . . 

Moreover, we have obtained in [4] all natural transformations of the 
(2, r)-covelocities bundle functor T2

r* into T[*, which constitute the (2r + 
r( r~1) )-parameter family linearly generated by the p\, P2-power mixed trans-
formations j4p l ip2 for pi,p2 = 0 , 1 , . . . , r with pi + p2 = 1 , . . . , r . 

In this paper, we determine all natural transformations of the (k, r)-
covelocities bundle functor T£* into the (1, ¿)-covelocities bundle functor 
T{* in the cases r = s,r < s,r > s and any k, I. We deduce that all natural 
transformations of the functor TL* into 

the functor Tf* form the (( fc+ r) - 1 ) -
parameter family linearly generated by the Pi, • • - ,Pk-power mixed transfor-
mations a\,ri,...,Pk for pu...,pk = 0 , 1 , . . . , r with pi + ...-(- pk = 1 , . . . , r . 
Moreover, we deduce that all natural transformations of the functor T£* into 
the functor T[* constitute the l((k^r) — l)-parameter family of the above 
mentioned form for all I components. 

Also, we deduce that all natural transformations of the functor T£* into 
ji(r+q)* f o r m thg — l)-parameter family linearly generated by a gen-
eralized p i , . . . , pfc-power mixed transformations A ^ . t ^ for p i , . . . , pk = 
0 , 1 , . . . , r + q with px + ... + pk = q + 1 , . . . , q + r. 

At last, we deduce that all natural transformations of the functor 
into form the /((k+r

k~g) — l)-parameter family linearly generated for 
all / components by a generalized p\,... , ^ -power mixed transformations 
Apil'^k for pi,... ,pk = 0 , 1 , . . . , r - q with px + ... + pk = 1 , . . . , r - q. 
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1. Let M be a smooth n-dimensional manifold. Let T£*M = Jr(M, Rk)o 
be the space of all r-jets from a manifold M to Rk with target 0. 

A vector bundle km : T£*M —> M with a source r-jet projection is called 
the (k, r)-covelocities bundle on M. 

Every local diffeomorphism y? : M —> iV is extended into a vector bundle 
morphism T £ V : T£*M T^'N defined by jr

xF i-> jr
v{x)(F • ip~l), where 

<p~x is constructed locally. Thus, the (k , r)-covelocities bundle functor T£* 
is defined on a category M / „ of smooth n-dimensional manifolds with local 
difFeomorphisms as morphisms and with values in a category VB of vector 
bundles. 

There is a canonical identification 

(1.1) Tr
k*M = T[*M x . . . x T[*M (k - times) 

of the form jT
xF = (j*Fl,.. .,jr

xFk), where F = (Fl,...,Fk) : M —>• Rk. 
We have defined in [3], the p-power transformations Ap of T{* into itself 

of the form 

(1.2) A p : f x F ^ f x ( F y 

where ( F ) p denotes the p-th power of F : M —• R for p = 1 , . . . , r. 
(r) 

We define the pi,... ,/>fc-power mixed transformation APl\,..,Pk of the 
functor T£* into T{* as a generalization of the p-power transformation Ap 

of the functor T{* into itself. 

D E F I N I T I O N 1. A natural transformation A^t...tPk of the (k, r)-covelocit-
ies bundle functor T£* into the (1, r)-covelocities bundle functor T[* defined 
by 

(1.3) 4 1 „ p , : f x F ~ r x ( F 1 r . . . ( F k y 

is called p\,... ,j>fc-power mixed transformation for p\,...,pk = 0 , 1 , . . . , r 
with pi + • •. + Pk = 1,• • • , r , where F = (F1,...,Fk) and ( F m ) P m denotes 
the pm-th power of Fm. 

(r a) 

D E F I N I T I O N 2. A natural transformation Ap^.[.,pk of the functor T£* into 
the functor Tf* defined by 
(1.4) : £ F ~ £ ( F 1 ) » . . . ( F f c ) » 

is called a generalized p i , . . . , p^-power mixed transformation for p \ , . . . , pk 
= 0 , 1 , . . . , s with pi + ... + pk = 1 , . . •, s. 

We note that definition of in the case s = r + q is correct for 
pi + ...+pk = q + l,...,q+ r. 
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DEFINITION 3. A natural transformation p ( r ' r _ i ) of the functor into 

the functor defined by 

( 1 ,5 ) P{r'r-q) : j r x F ^ j r - " F 

is called a projection. 

Note that the generalized p i , . . . ,p;t-power mixed transformation 

^PIC.PI for pi,... ,pk = 0 , 1 , . . . , r - q with pi + ... + pk = 1 , . . . , r - g 
is a composition 

(1 fi't 4(r ,r-g) _ /»(r-?) 0 p ( r ' r - 9 ) 
V1'0; Api ~ Aplt...,pk 0 r 

If ( x ' ) are some local coordinates on M , then we have the induced fibre 
coordinates m ~ o n T £ * M (symmetric 
in all subscripts) of the form: 

dFm 

< { j r x F ) = 
dx{ 

M « ¡ W O - FC^S 

X 

Q2pm 

m ,r drFm 

^ Z . . i r U r x F ) = d x i ^ m m d x i r 

2. In this part, we determine all natural transformations of the functor 
T£* into T{* and then T f by an induction with respect to r. 

THEOREM 1. All natural transformations A : T£* T[* of the (k,r)-

covelocities bundle functor into the (1 ,r)-covelocities bundle functor T[* 

form the ((fc^r) — l)-parameter family of the form 

( 2 . 1 ) £ «PI 
Pi f"iPk =0,...,r 

with any real parameters tPl,...,Pk € R. 

P r o o f . The functor T£* is defined on the category M fn of re-dimensional 
smooth manifolds with local difTeomorphisms as morphisms and is of order r. 

According to a general theory, [1], [2], [3], the natural transformations 
A : * —• T{* are in bijection with G^-equivariant maps of the standard 
fibres / : {Trk*Rn)0 (T{'Rn)0. 

Let tilda a = a - 1 denote the inverse element in Grn and let ( ¿ i , . . . , i r ) 
denote the symmetrization of indices. 

By (1,7) the action of an element (a*-, , • •.,a*-1 j ) € GTn on 

k) € (n'Rn) 0 is o f t h e f o r m 1 ' " ' 

(2.2) u?=u?a{ 
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uT- = i t - a3-1 a3-2 + uT?a3-1 JjJ2 1l 1n h in I 71 i. •71.72 »1 «2 Jl »112 

_ TO ~7i ~Jr 

r' 
. TO ' ' ~ J l ~]T-2~]T-1 

+ Uh-jr-l _ 2 ) !2 ! («1 ' ••a«r-20»r-l«r) 

r ! + . . . (r — l ) ! l ! ('i ,2—«'r) + 

The action of an element o 6 GJ on (wi>wi1i2,...,wil...ir) £ (T1r*i2n)o is of 
the same form (2,2). 

1°. First consider the case r = 2. Equivariancy of (7^-equivariant map 
/ = (/i ,/ i , i a ) : (n 2*£n )o - ( T ^ ^ J o in the form 

(2.3) «>< = / i ( K \ < i a ) m = l At), 

w h h = /¿i«2((<\'u™«2)to=1 fc) 
with respect to homotheties in G\ : a1- = itfj, = 0, give a homogeneity 
conditions 

(2 .4) i / i ( K \ t C - a k = ! , . . . , * ) = /i(( i t ir , i2< i a)m=I,. . . , ib) 

¡ V i . a t i , ^ ) - . t ) = / < l i 2 ( ( i t » r , i 2 < , • , ) « = ! , . . . , * ) . 

By the homogeneous function theorem, [2], we deduce firstly that /,• is linear 
in ttf1 and is independent on u™j2 for m = 1 and secondly that / t l j2 

is linear in u™i2 and is bilinear in u™1, u^2 for m\, m-i — 1 , . . . , k. 
Using the invariant tensor theorem, [2], for we obtain / in the form: 

(2 .5) / ¡ = Y , 
1 <m<k 

fhh — Yr + ^mim2U(if ui2) 
1 <.m<k l<mi<m2<fc 

with any real parameters Am, f i m , Xmim2 6 i l for m, mi , m2 = 1 , . . . , k. 
The equivariancy of / in the form (2,5) with respect to the kernel of the 

projection G2n —• G\ : a j = <5j and al-k are arbitrary, gives relationship 

(2 .6) Am = Hm for m = l , . . . , k . 

We define new parameters tPl,...,Pli for pi,...,pk — 0 ,1 ,2 and satisfying 
Pi + . . . + pk = 1,2, in the following way 

(2.7) tpi—Pm-»Pk = T̂O 

iff pm = 1 for m = 1 , . . . , k and others pn = 0 for n ^ m, 

tpi—Pm1—Pm2—Pk = T̂OiTO2 
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iff pmi = Pm2 = 1 for 1 < mi < m2 < k, and others pn = 0 for n / m l 5 m2 , 

tp1...pm...pk - i f f p m = 2 for m = 

If we use the parameters (2,7) in the formulas (2,5) and if we use the 
combinatorie relation: l + fc+C^1) = ( f c+2),then we obtain the ((fc+2) - 1 ) -
parameter family in the form (2,1) for r = 2. 

2°. Assume that theorem holds for (r — 1) and (?^_1-equivariant map / = 
( f i , f i l i 2 , . . . J i 1 . . . i r - 1 ) : (Tir~1)mRn)0 - (T1

(r-1)*JR")0 define the ( ( ^ p 1 ) -
l)-parameter family of the form 

(2.8) A= ¿2 ^-pAZ'L 
Pi + ...+Pk = l , . . . , r- l 

with any real parameters <Pl...PJt. We assume that (j£-equivariant map / : 
(:Tr

k*Rn)0 - (T{*Rn)0 is of the form / = ( f i , fhi2, • • •, f i , . . . ^ , fh...ir) 
provided that f = ( f i , . . . , f ^ . . . ^ ) . 

The equivariancy of / with respect to the homotheties in Gr
n : ax- = , 

a)1j2 = 0 , . . • •,a>j1...jr = 0, gives for the r-th component /¿1...,r a homogeneity 
condition: 

(2.9) t r / n . . . i r ( ( « r , < i 2 , . . . , < . . , r ) m = i k) 

Using the homogeneous function theorem and the invariant tensor theo-
rem, [2], we obtain that the r-th component fi1...ir is of the general form 

( 2 . 1 0 ) f h . . , r = £ /zm<..,r+ ^ M & t f f f i f Z i r ) 
l<m<fc 1 <mi <A: 

+ 4- Y^ ll ( r~1 '2) Umi 11 
l<mi<...<mr_i<fc 

l<mi<...<mr<fc 
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Equivariancy of / with respect to the kernel of the projection GT
n 

GT
n~l: a) = ¿j, a)ih = 0 , . . . , ^ jr_i = 0 and a)^ ^ are arbitrary, gives 

(2,11) y-m — ipx—pm—Vk 

iff p m — 1 for TO — 1,..., k and others pn — 0 for n ̂  TO. 
Considering the equivariancy of / with respect to the kernel of the pro-

jection Gn'1 —> G\ in GT
n : a) = <Sj and a } ^ , •. are arbitrary and 

"ii - jr = w e obtain the following relationship for parameters: 

(2 l) r ' (2, 12) = ^ _ ^m'pi...pmi...pm2...p)t 

iff pmi,pm2 - 1,2, p m i -)- Pm.2 = 2 for 1 < mi < m2 < k and others pn = 0 
for n ^ mi , TO2 

rAr-L,*) _ , 
^ . . . m , . , ^ _ 2^2! Pl""Pmi'"Pm'— 

iff J>m i , . . . ,Pm r_i = l , . . . , r - 1 satisfy pmi + ... + pmr_1 = r - 1 for 
1 < mi < . . . < TOr_i < fc and others pn = 0 for n m i , . . . , m r _ i . 

Moreover, we put for the remaining -parameters 

(2,13) ti\...mr=tPl...Pmi...Pmr...Pk 

iff pmi,... ,pmr = 1 , . . . , r satisfy pmi + ... + pmr = r for 1 < mi < . . . < 
m r < k and others pn = 0 for n ^ m i , . . . , mT. 

Thus, we obtain the (( fc£ r) — l)-parameter family of natural transforma-
tions in the form (2,1), where ((fc+r) - 1) = - 1) + ( f c + ; _ 1 ) . This 
proves our theorem. 

By the canonical identification (1,1), Tf*M = T[*M x . . . x T[*M (I 
times), any natural transformation A : Tf* —• Tf* correspond bijectively to 
G'-equivariant map / = ((fm)m=i,...,/) = ( ( / r , / & a , •• •,/£..,-,.)m=i /)• 
Considering the G^-equivariancy of / , we obtain by Theorem 1 that each 
component fm of / for TO = 1 , . . . , / define that ((k~]~r) — l)-parameter family 
in the form (2,1). 

C O R O L L A R Y 2. All natural transformations A : Tf* Tf* form the 
I • ((fc^r) — l) -parameter family of the form (2,1) for all I components. 

3. We are going to determine all natural transformations Tf —• Tf* in 
the cases: r < s, r > s and any k, I. 
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T H E O R E M 3. All natural transformations A : T£* Tj ( r +^* form the 

((h~lr) — 1 )-parameter family of the form 

C3 '1) A = ^Pi.-Pik^pi'^p* 
Pl, — ,Pk=0,...,q+r 

Pl + ...+Pk = q+l ? + r 

with any real parameters tPl...Pk E R-

P r o o f . We apply induction on q = s — r. 
1°. First consider the case q = 1. According to general standard methods, 

[1], [2], the natural transformations A : T£* —> J ' j r + 1)* are in bijection with 
1 -equivariant maps of the standard fibres / : (T£mRn)0 -»• (r1

( r + 1 )*/Zn)0 . 
Let u?, . . . , < ) : = t t £ i a , . . . , for m = 1 , . . . , k, denotes 

the fibre coordinates on T " M . 
Considering the equivariancy of / = ( / i , . . . , f r , fr+i) with respect to 

homotheties in G \ : a J = tSj,..., a}j...,r+1 = 0, we obtain the homogeneity 
condition: 

(3.2) i / i « , . . . , < % = ! , . . . , 0 = f x ( ( t u ? , . . . , i r tC)m = i , . . . i f c ) , 

r / r ( « , . . . , < ) m = i , . . . l f c ) = M ( t u ? , . . . , r < ) m = 1 k ) , 

t r + 1 f r + ! ( « , . . . , < ) m = 1 k ) = f r + 1 { t u ? , . . . , i r < ) m = i , . . . , t ) . 

Moreover, using the equivariancy of / = ( / i , . . . , fT) with respect to the 
kernel of the projection Gr

n —* G\ in we obtain by Theorem 1 the 
— l)-parameter family of natural transformations 

A - V t AW 

pi + ...+p*=l,...,r 
with any real parameters tPl...Pk € R. 

By the homogeneous function theorem and by the invariant tensor the-
orem, [2], we deduce that the (r + l)-th component / r + 1 is of the form 

(3.3) / 4 l . . , . r + 1 = ^ ••<::) 
l<mi<,..<rar+i<t 

, V r ( r ' 2 ) Ifmi umr-1umr 
+ mj...mr (tj ' ' »r_i »r»r + l) 

l<TOl<...<77lr<fc 

+ 4- Y^ r ( 2 , r ) umium* 

l<mi <m2<fc 

with any real parameters rir^.mr+i, , •. •, r ^ 2 ; ^ € -R. 
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The equivariancy of / with respect to the kernel of the projections 
G„+1 —• GT

n and G),, gives the following relations: 

(3,4) tPl...Pk = 0 i f f p u . . . , p k = 0 ,1 satisfy pi + . . . + pk = 1, 

(3 51 r ( 2 ' r ) - ( r + 1 ) !
f 

iff J>muPm2 = 1,2 satisfy pmj + pm2 = 2 for 1 < mi < m j < k and others 
pm = 0 for m ^ mi , m2 

r(r.2) _ ( r + l ) !
f m\...mT ^ _ iy2\ Pi—Pm1—Pmr—Pk 

iff Pm.i j • • • > PmT = 1 , s a t i s f y pTOl + . . . + p m r = r for 1 < mx < . . . < 
mr < k and others pm = 0 for m / m i , . . . , mr. 

Moreover, we put 

i f f p m i , . . . , p m r + 1 = 1,2 , . . . , r + 1 satisfy pmi + ... + pmr+1 = r + 1 for 
1 < mi < ... < m r + i < k and others pm = 0 for m ^ m i , . . . , m r+1. 

Then, the Gr^+1-equivariant map / = ( / i , . . . , / r , / r + i ) define the (( f c+ r) 
— l)-parameter family of the form 

( 3 ' 7 ) A = hi-Pk^p^llpk-
Pi,...,Pk=0,...,r+l 

Pl + -+P*=2 r+1 
2°. Assume that the theorem holds for (q — 1) and the G£+ ? - 1-equivar-

iant map f : (T£*Rn)0 (T^-^'R"1)0 define the (( fc+ r) - l)-parameter 
family of natural transformations A : T£* —* T j r + ? _ 1 ' * of the form 

A. = tpi-.-PkAp^Xlk^ 
Pl,...,Pk=0,...,r+q-l 

Pi+...+Pk=g,—,g+r-i 

with any real parameters iPl...PJt 6 R• 
Consider the G^+'-equivariant map / : (T£*flB)0 ( T [ r + q h R n ) 0 of 

the form / = ( / , / r + g ) . The equivariancy of / with respect to homotheties 
in Gr+« : a) = tSj, a)lh = 0 , . . . ^ = 0, gives for the (r + g)-th 
component fr+q the homogeneity condition 

( 3 , 9 ) t r + " f r + q ( . . • , t C ) m = l fc) = / r + , ( ( i « r , • • • , < r 0 m = l , . . . , 0 -

By the homogeneous function theorem and the invariant tensor theorem, 
[2], we deduce that fT+q is of the general form: 
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( 3 . 1 0 ) £ « £ A r + f i c • 
l < m i < . . . < m P + , <fc 

4- „(»-+9-1,2) m1 m r + , _ 2 m ^ , - ! , 
T / j mi •••'«,+,-1 (ti! • • • u , i r + , _ 2 *r+<j —1 ' 

l<TOi<...<TOr + , _ i < f c 

i t V " »(9+1.'") n
m 1 i i m ' M

m « + 1 

1 <mi < . . , < m , | i <k 

w i t h a n y r e a l p a r a m e t e r s v > m * q L r + q , ^ m ^ ' m V + i - i ) • • •> * ' m i + 1 . m , + r 

T h e e q u i v a r i a n c y o f / w i t h r e s p e c t t o t h e k e r n e l o f t h e p r o j e c t i o n s 

G ^ + i £ £ a n d g i v e s t h e r e l a t i o n s h i p s 

( 3 . 1 1 ) tPl...Pk =0if[pi,...,pk = 0,-..,r + q-l s a t i s f y px + ... + pk = q 

( 9 + i , r ) _ ( 9 + r ) l 
" m i . . . m , + 1 — r | J lPl--.Pmi —Pm4+1-..P* 

i f f p m i , . . . , p m , + 1 = 1 , . . . , r + q - 1 s a t i s f y pmi + . . . + = q + 1 for 

1 < m i < . . . < mq+1 < k a n d o t h e r s pm = 0 for m ^ m i , . . . , m g + i 

„ ( r + , - 1 , 2 ) _ _{q±rV_ 
S - " » » + r - l ( r g _ 2 ) ! 2 ! 

i ff p r a i , . . . , p r a r + , - i = 1, r + g - 1 s a t i s f y p m i + . • • + P m r + , _ 1 = r + g - l f o r 

1 < m i < . . . < m r + 9 _ i < k a n d o t h e r s pm = 0 for m ^ m i , . . . , m r + 7 _ i . 

M o r e o v e r , w e p u t 

( 3 . 1 2 ) = ^pi. . .pm i •••Pmr+, --P* 

iff pmi,...,pmr+q = l,2,...,r + q s a t i s f y p m i + . . . + = r + q f o r 

1 < m i < ... < mr+q < k a n d o t h e r s pm = 0 for m ^ m i , . . . , m r + g . 

T h i s g i v e s t h e f a m i l y o f n a t u r a l t r a n s f o r m a t i o n ( 3 , 1 ) a n d p r o v e s o u r t h e o r e m . 

F r o m t h i s t h e o r e m w e o b t a i n i m m e d i a t e l y 

C o r o l l a r y 4 . All natural transformations A : T£* —• Tjr+q^* form the 
/((fc£r) — 1 )-parameter family of the general form (3,1) for all I components. 

F i n a l l y , w e h a v e 

T h e o r e m 5 . All natural transformations A : T£* -»• T | r _ , ) * form 
— 1)-parameter family 

( 3 . 1 3 ) A= £ tPl...Pk 

p1 + ...+plc = l,...,r-q 

with any real parameters iPl...P4 € R. 
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P r o o f . A p p l y i n g the previous procedure, we obta in that any A : T£* —> 

T[~q)m is the compos i t ion of the project ion p ( r ' r "9) : Tr
k* T^~q)* and 

any A : T(
k

r~q)* T ^ - ' * * , A = l o P M . B y result of T h e o r e m 1 this 

proves our theorem. 

C O R O L L A R Y 6 . All natural transformations A : —* T\r~qform the 

l((k+l~q) — 1 )-parameter family of the form ( 3 , 1 3 ) for all I components. 
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