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NATURAL TRANSFORMATIONS OF ANY
HIGHER ORDER COVELOCITIES BUNDLE FUNCTOR

Recently, we have determined in [3] all natural transformations of the
(1,7)-covelocities bundle functor T7* into itself, which constitute the r-
parameter family linearly generated by the p-power natural transformations
Apforp=1,...,7.

Moreover, we have obtained in [4] all natural transformations of the
(2, r)-covelocities bundle functor 75* into T7*, which constitute the (2r +
ﬂrz—_ll)-parameter family linearly generated by the p;, po-power mixed trans-

formations Aﬁ,ﬁ’,p, for p1,p2 = 0,1,...,rwithpy +po =1,...,7.

In this paper, we determine all natural transformations of the (k,r)-
covelocities bundle functor T7* into the (1,s)-covelocities bundle functor
T{* in the cases r = s,7 < s,r > s and any k,l. We deduce that all natural
transformations of the functor T* into the functor 77* form the ((ktr) -1)-
parameter family linearly generated by the p;,..., ps-power mixed transfor-
mations Aﬁ,’l),_,,,m for pr,...,pe = 0,1,...,7 with py + ...+ pe = 1,...,7.
Moreover, we deduce that all natural transformations of the functor T;* into
the functor 77* constitute the I( (ktr) — 1)-parameter family of the above
mentioned form for all / components.

Also, we deduce that all natural transformations of the functor 77* into

T{+9* form the ((*+7) = 1)-parameter family linearly generated by a gen-
eralized py,...,pr-power mixed transformations Ag’:f}),, for py,...,px =
0,1,...,7r+qwithpy+...+px=q+1,...,q+T.

At last, we deduce that all natural transformations of the functor T;*

into TI(T—Q)* form the I( ("+;"q) — 1)-parameter family linearly generated for

all / components by a generalized p;,...,ps-power mixed transformations
AT forpy, .ok =0,1,...,r—qwithpi +...+px=1,...,7—q.
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1. Let M be a smooth n-dimensional manifold. Let Tp*M = J™(M, R¥),
be the space of all r-jets from a manifold M to R* with target 0.

A vector bundle 7y : TY*M — M with a source 7-jet projection is called
the (k,r)-covelocities bundle on M.

Every local diffeomorphism ¢ : M — N is extended into a vector bundle
morphism T[*¢ : T{*M — T{*N defined by jIF — j7 . (F - @~ 1), where
¢~ is constructed locally. Thus, the (k,7)-covelocities bundle functor 77*
is defined on a category M f, of smooth n-dimensional manifolds with local
diffeomorphisms as morphisms and with values in a category VB of vector
bundles.

There is a canonical identification
(1,1) T*M =T{*"M x ... xT{*M (k — times)

of the form jIF = (jIF!,...,jIF¥), where F = (F!,...,F¥): M — RF.
We have defined in (3], the p-power transformations A, of T7* into itself
of the form

(1,2) Ap 1 joF v jo(F)P
where (F)P denotes the p-th power of F: M — Rforp=1,...,r.
We define the p,...,pr-power mixed transformation Aﬁfl),...,p,‘ of the

functor T* into T7* as a generalization of the p-power transformation A,
of the functor 77* into itself.

DEFINITION 1. A natural transformation Aﬁ,’;),...,pk of the (k, r)-covelocit-

ies bundle functor T7* into the (1, r)-covelocities bundle functor T7* defined
by
(1,3) AS) gy TIRE s GL(F)P L (FF)P

P1ye-1Pk
is called p,,..., px-power mixed transformation for py,...,pr = 0,1,...,r
with py +...+pr =1,...,7, where F = (F!,..., F¥) and (F™)P~ denotes
the p,,-th power of F™.

DEFINITION 2. A natural transformation A;rl’,’,?.,pk of the functor T7* into

the functor 77* defined by

(1,4) AL L GTF s j(FY)P L (FRyP

is called a generalized p,, ..., px-power mixed transformation for py,...,px
=0,1,...,swithpy+...+pe=1,...,s.

We note that definition of A;';',’_?‘,p,‘ in the case s = r + ¢ is correct for
pt+...+pr=¢q+1,...,94+r.
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DEFINITION 3. A natural transformation P(""=9) of the functor T]* into
the functor T,gr—q) * defined by
(1,5) PT=9) TR TR
is called a projection.

Note that the generalized p;,...,ps-power mixed transformation
Aﬁ,j',’,.‘,,‘;,{ for pr,...,p6 = 0,1,...;,r—qwithpy +...4+pc=1,...,7—¢
is a composition
(1,6) Alnr=a) — glr= 4) o P(rr—9)

Plye-1Pk P1s--sPk
If (z') are some loca.l coordinates on M, then we have the induced fibre
coordinates (ul*,u}; ,ull . ) withm =1,...,k on T{*M (symmetric
in all subscripts) of the form:

- 3Fm
u'(JoF) =
o 02Fm
(1,7 uii, Uz F) = 555
T
m o Fm
uil..-ir( T )_ axi, 817" x

2. In this part, we determine all natural transformations of the functor
T{* into T7* and then T by an induction with respect to r.

THEOREM 1. All natural transformations A : T* T* of the (k,r)-
covelocities bundle functor into the (1,r)- covelocztzes bundle functor T{*
form the ((H'r) — 1)-parameter family of the form

(2’ 1) A = E tplv---tph A;T]‘,),...,pk

Plye-rPk =0,..,7
p1+..Fpr=1,..,r

with any real parameters t,,,. ,, € R.

Proof. The functor T is defined on the category M f, of n-dimensional
smooth manifolds with local diffeomorphisms as morphisms and is of order r.

According to a general theory, [1], [2], [3], the natural transformations
AT - 17 *" are in bijection with GT.-equivariant maps of the standard
fibres f: (T{*R™)o — (T7*R™)o.

Let tilda @ = a~! denote the inverse element in GT, and let (iy,...,1,)
denote the symmetrization of indices.

By (1 7) the action of an element (aJ, e @
(W Uiy oy Ui Imet,.nk) € (TE"R)o 3 of the form

(2,2) ﬁ:.n = u7d&

) € G o
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=m _ .m j17j2 m-j1
irig = %152 iy Ui, + Uj, Civi,
—=m _,m ~j1 ~jr
Uiyod, = g4, 05y a;,
m rt jrm2mir—2
~h ~jr_amdro1
+ L7 P A (,,. _ 2)|2'a(i1 e Oy _,%, i)

7‘! . . .
iy ~i .

+... U, O-__.l—)!ﬁa(glai:...i,) +.. | Fufad
The action of an element a € G}, on (Wi, Wiyiy,...,w;,. i, ) € (T{R")o is of
the same form (2,2).

1°. First consider the case r = 2. Equivariancy of G%-equivariant map
f=(fis fonin) : (TF*R™)o — (TF*R™)o in the form

(2a3) w; = fi((u;tn7u?:i2)m=1,...,k),
Wiyi, = filiz((u:n,u?:ﬁ)m:l,...,k)
with respect to homotheties in G2 :?i; = té_;'., E;’; j» = 0, give a homogeneity
conditions
(2,4) tf,((’ll.:n, u:‘?ﬁ)m:l,...,k) = fi((tu;n,t2u?:i2)m=1,‘..,k)

2 2
t filiz((u:n’ u::’:ig)m=1»---,k) = filiz((tu?’t u;?ig)m=1,m,k)’
By the homogeneous function theorem, [2], we deduce firstly that f; is linear
in u* and is independent on u};, for m = 1,...,k and secondly that f; i,
is linear in uf}; and is bilinear in u}'l”, u;;” for my,my = 1,...,k.
Using the invariant tensor theorem, [2], for G}, we obtain f in the form:

(2’5) fi= E ’\mu:n,

1<m<k
e e m my ,, M2
Jiria = Z Pm Ui i, + Z /\ml""?u(il %)
1<m<k 1<m;<mq2<k

with any real parameters Ay, fim, Amym, € R for mym;,my = 1,...,k.
The equivariancy of f in the form (2,5) with respect to the kernel of the
projection G2 — G}, : @ = &} and a;, are arbitrary, gives relationship

(2,6) Am = by form=1,... k.

We define new parameters t,, .. o, for p1,...,pr = 0,1,2 and satisfying
p1+ ...+ pr = 1,2, in the following way

(2,7) tpl...pm...p;, = A’I'n
iff p, =1for m=1,...,k and others p, = 0 for n # m,

tpl...pml...pmz...pk = Amlmg
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iff pmy, = Pm, =1 for 1 < my < my <k, and others p, = 0 for n # my, my,

torpmeps = Amm Ml pm=2form=1,...,k.

If we use the parameters (2,7) in the formulas (2,5) and if we use the
combinatoric relation: 1+ k + (kH) = (k+2) then we obtain the ((k+2) 1)-
parameter family in the form (2,1) for r = 2.

2°, Assume that theorem holds for (r—1) and G7~!-equivariant map f =
(Fis firinr <+ +s firnin_y) 2 (T V" R™)g — (T V" R™)g define the ((F4171) -
1)-parameter family of the form

= (r-1
(2,8) A= Z tpr..p Apl, zpk
P1yveyPk=0,...,7—1
p1t..+pe=1,...,r—1

with any real parameters tp,.. . We assume that G7 -equivariant map f:
(Tf*R™)o — (I7*R™)o is of the form f = (fi, fiyips- -y firoivons firod,)
provided that f = (fi,..., fi,..i._,)-

The equivariancy of f with respect to the homotheties in G7, : a = té:

J b
aj i, =0,...,a5 ., =0,gives for the r-th component f;, i a homogenelty

condmon.

(2’ 9) trfil...ir((u:na u?:iQs reey U:’: i )m—l ..,k)

_fll lr((tum t2 :7:12, tr :n 1 )m 1 L)

Using the homogeneous function theorem and the invariant tensor theo-
rem, [2], we obtain that the r-th component f;, . ; is of the general form

(210)  foi,= Y mmulla + Y, p@Demal?

1<m<k 1<m; <m,<k

E (r-1,2) ,my Mp2, Mroi
+ "'+ /"’ml m,._lu(il "'u'.r—2 uir—lir)
1<m L...<m,1<k

(1') u™ m,
+ E Hm)...m, ul ceeuT
1€my <...<m, <k
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Equivariancy of f with respect to the kernel of the projection G7 —

r=1. 7t _ 61 =i — =i — i H H
Gy ey =165,a5; =0,...,a; =0andaj ; arearbitrary, gives

(2’ 11) Hm = tpl...p,,....pk

iff p, =1 for m =1,...,k and others p, = 0 for n # m.
Considering the equivariancy of f with respect to the kernel of the pro-

3 H r—1 13 L~ Y ¢ ~i 3 H
jection G3;7' - G, in G} : 4} =6 and @} ; ,. are arbitrary and

=t
SRS FOR MY

~i

a; ..;, = 0, we obtain the following relationship for parameters:
|
2, -1) _ T.
(2’ 12) /‘Sn;;ng) - (7' _ 1)!1!tP1---Pm1---sz---Pk

iff pomyyPm, = 1,2, Py + Pm, = 2 for 1 <my < my <k and others p, =0
for n # my, ms

......................................

(r-1,2) r!

y’ml...m,._l - (_TT)!mtplu.Pml "'p"'r-l Pk

iff prmyyeeesPm,y, = 1,07 — 1 satisfy pp, + ...+ pm,_, = 7 -1 for

1<my £...<my_y <k and others p, =0 for n # my,...,m,_3.

k+r—1)
T

Moreover, we put for the remaining ( -parameters

(2, 13) #%Z...m, = tm...pml...pm,-upk

iff pmyyeeosPm, = 1, rsatisfy pr, + ...+ P, =7 for 1 <m; < ... <
m, < k and others p, = 0 for n # m,,...,m,.

Thus, we obtain the ((k“;’") — 1)-parameter family of natural transforma-
tions in the form (2,1), where ((*17) — 1) = ((**771) — 1) + (¥*7~1). This
proves our theorem. ,

By the canonical identification (1,1), T/*M = T{*M x ... x T{*M (I
times), any natural transformation A : T;* — T/* correspond bijectively to
Gr-equivariant map f = ((/™)m=1,..0) = (ST, HESPRRRS iT...i,)m=1,..-,l)-
Considering the GT-equivariancy of f, we obtain by Theorem 1 that each
component f™ of f for m = 1,...,[ define that ((k’;r) —1)-parameter family
in the form (2,1).

COROLLARY 2. All natural transformations A : T,* — T[™* form the

l- ((k','c") - 1)-pammeter family of the form (2,1) for all | components.

3. We are going to determine all natural transformations T/* — T** in
the cases: 7 < s, r > s and any k, [.
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THEOREM 3. All natural transformations A : T;" — Tl(""q)* form the
((*t7) — 1)-parameter family of the form

— (r,r+q)
(371) A= Z tpln-PkApl,...,pk
P1s--Pk=0,...,9+7
Py+.. +pe=q+1,....9+r

with any real parameters t,,  ,, € R.

Proof. We apply induction on ¢ = s —r.

1°. First consider the case ¢ = 1. According to general standard methods,
(1], [2], the natural transformations A : T[* — T(TH) are in bijection with
Gr+1.equivariant maps of the standard fibres f : (T[*R™)g — (T TV"R"),.

Let (v, ug’,...,u) = (ult,ully ..., ul} ;) form =1,...,k, denotes
the fibre coordinates on TL* M.

Considering the eqmva.rlancy of f = (fl, oy fry fry1) with respect to
homotheties in G7+! : a; = té‘ . = 0, we obtain the homogeneity

condition:

(3a 2) tfl(u;n3 ey u?)m:l,...,k) = fl((tu;n, ey tru:-n)mzl,...,k)’
trfr((u;nv ey u:‘n)m=1,...,k) = fr((tuin’ ey tru;n)m=l,...,k)a
tr+lfr+1((u;n7 ey u?)m:l,...,k) = fr+1(tu;n’ crey truT)m=l,...,k)-
Moreover, using the equivariancy of f = (f1,..., fr) with respect to the

kernel of the projection G — G} in G7t!, we obtain by Theorem 1 the
((k:") 1)-parameter family of natura,l transformations

A= E tpy..p A;rx), Pk

P1 1'--7pk=0v~~~vr
pl+---+pk=11"-1r

Jl

with any real parameters ¢, .. ,, € K.
By the homogeneous function theorem and by the invariant tensor the-
orem, [2], we deduce that the (7 4+ 1)-th component f,, is of the form

. ) —_ (1'+1) my Mer41
(37 3) fll...ir-{.l - 2 : Tml...m,..Hu(il * "uir+1)
1€my1<...Emep1 <k
(r 2) my Me—1, My
+ Z ml mru(il e uir—l uirir+1)

1<m;L...<m<k
(2.7) my
+ e + Z Tmlmﬁu(ll uig...ir+1)
1<m; <m2<k

with any real parameters T,(,fflzn,ﬂ, Tr(rrf.)..,’mz’ o T 7(31:22 € R.
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The equivariancy of f with respect to the kernel of the projections
Gl — GT and Gt — G, gives the following relations:

(3,4) tp.pe =0iff pr,...,px =0, 1satisfy p1 + ...+ px =1,
- (r+ 1)
(3,5) r(rfln)uz = T—'l'— P1.--Pmyq+=-Pmy Pk
iff PmysPm, = 1,2 satisfy pm, + Pm, = 2 for 1 < my < my < k and others
Pm = 0 for m # m;, m,

......................................

£2) (r+ 1)!
my...My (7,_ 1)!2! P1---Pmy --Pmy Pk

iff pryyee oy Pm, = 1, . rsatisfy pra, + oo P, =7for1 <my <... <
m, < k and others p,,, = 0 for m # my,...,m,.
Moreover, we put

r+1) _
(3, 6) T'I(711...m,.+1 - tpl...pml "'p"‘r-{-l"'pk

ifipmy s osPmoyy = 1, 2,007+ 1 satisfy pr, + ...+ pp,y, = 74+ 1 for
1<my; £...<mpqq <k and others p,, =0 for m # myq,...,mqq1.

Then, the GTt'-equivariant map f = (fi,..., fr, fr+1) define the ((k‘,t’)
— 1)-parameter family of the form

(3,7) A= 3 tprpp ATTHL
P1yeensPk=0,...,7+1
Pt +pe=2,..,7+1
2°, Assume that the theorem holds for (¢ — 1) and the G7t9 1-equivar-
iant map f : (TJ*R™)o — (T("+9-1)*R")y define the ((k+') — 1)-parameter

Tl(r+q—1)n:

family of natural transformations A : T,* — of the form

—_ (7‘,7‘+q—1)
(3’ 8) A - § : tPl---Pk Apl,...,pk
P1se-sPE=0,...,7+q—1
1t +pk=¢,...,g+r-1

with any real parameters ¢, . ,, € R.

Consider the GT*%-equivariant map f : (T{*R")e — (T(r+q)*R") of
the form f = (f, fr+q) The equlvanancy of f with respect to homotheties
in Gp¥9 @ = 6}, @, = 0,...,@; .. =0, gives for the (r + ¢)-th
component fr4, the homogenelty condition

(3, 9) tr+qfr+q((uTa ceey ur)m=1,...,k) = fr+q((tuT, ey tru:-n)m:l,...,k)-

By the homogeneous function theorem and the invariant tensor theorem,
(2], we deduce that f., is of the general form:
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S, = E (r+9) my Mr4q
(3’ 10) f'l---1r+q - le...m,+q ui] et ui,.+q
1<my <. Smyppq <k

§ : (r+¢-1,2) my Mr4g-2, Mrig-1

+ V‘ml---mr"fq—lu(“l " 'uir+q-2 uir+q—lir+¢)
1€mi < Smppq-15kK
(g+1,r) my Mg Mg+l
+...+ E Uy mgs1 iy <+ Yig Yigptomiqrr)
15m1 5...qu+1 Sk
(r+q) (r+9-1,2) (g+1,7)

with any real parameters vm,..m,,qs Vmy..m, 4q 15+ Vmy..mgsy-
The equivariancy of f with respect to the kernel of the projections
Grt9 — GT and G7t9 — G, gives the relationships

(3,11) tp, . p, =0iff p1,...,pk=0,...,r+g—1satisfypr +...+ pr = ¢

atlr) (g+7)
mi...Ma41 T!q! pl"'p"‘l"'p"‘q-f-l“'pk

iff PmyyeesPmgyr = Lyooos7+ g — 1satisfy pm, + ... + Py, = ¢+ 1 for
1<m; £...<my41 <k and others p,, = 0 for m # my,...,mgyqq

......................................

Srte-12) (gt 7)!
my...Mgpr—1 (T‘l' q_2)!2! pl"'pM1"'pmr+q-1'--Pk

iffpmyse s Pmpyger = L, oo rHg—1satisfy pry +. . .4pm, ., = 7+g—1for
1<my; <...<Mpyq-1 <k and others p,, = 0for m # my,...,mppq-1.
Moreover, we put

(3,12) Vg;".g)m,ﬂ = tm---pml---pm,ﬂ---m

iff Pmys+sPmoye = 1,2,...,7+ ¢ satisfy pm, + ... +Pm,y, =T+HQ for

1<m; <...<myyqy <k and others p,, =0 for m # my,...,my,.

This gives the family of natural transformation (3,1) and proves our theorem.
From this theorem we obtain immediately

COROLLARY 4. All natural transformations A : T[> — T,(r+q)' form the
I( (k“,:") —1)-parameter family of the general form (3,1) for alll components.
Finally, we have

THEOREM 5. All natural transformations A : T[* — T~ form
((H’;'q)_ — 1)-parameter family

(3,13) A= > tpy..p ALY
P1,.+sPk =0'---'7‘-’q
it +px=1,.,r—gq

with any real parameters t,, , € R.
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Proof. Applying the previous procedure, we obtain that any A : T* —
Tlr_q)* is the composition of the projection P(m"—9) : T — Tlgr_Q)* and
any A : T,Er_q)* — Tl(r_Q)*, A = Ao P(""=9)_ By result of Theorem 1 this
proves our theorem.

COROLLARY 6. All natural transformations A : T[* — T,(r—q)* form the
I( (k+;_q) — 1)-parameter family of the form (3,13) for all I components.
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