DEMONSTRATIO MATHEMATICA
Vol. XXVIIi No 2 1995

Andrzej Kasperski

NOTES ON SOME OPERATOR EQUATIONS
IN THE ORLICZ SPACES OF VECTOR MULTIFUNCTIONS

1. Introduction

In this paper we apply the results of [1] and [3] to the case of the spaces
My, ,, M3, of multifunctions. All definitions and theorems connected with
the idea of Musielak-Orlicz space can be found in {2].

Let I be a bounded interval. Let (I, X, ) be the Lebesgue measure space.
Let X be a real separable Hilbert space with the norm || o ||x. We denote
by L¥(I, X) the Orlicz space of all strongly measurable functions z : [ — X
for which the number ||z||, = inf{r > 0: [, cp(wli)dp < 1}, is finite,
where ¢ is a N-function i.e. ¢ : R — R4, ¢(u) is an even convex function,
equal zero iff u = 0, limy_0 &% = 0, limy— 00 -@ = oo. It is known that
(L¥(I,X),|lo|l,) is a Banach space. We shall denote by E¥(1, X) the closure
in L¥(I, X) of the set of all bounded functions.

We will apply the following theorem from [3]:

THEOREM 1. Assume that D = [0,d] and M, N are complementary N -
functions. We shall consider the operator A defined by

A(z)(t) = f f(t,s,z(s))ds forte D, z € L¥(D,X).
0

Let:

Cl. (t,s,z) — f(t,s,z) is a function from D? x X into X which is
continuous in z for a.e. t,s € D, and strongly measurable in (t,s) for every
reX,

C2. [|f(t,8,2)llx < K(t,s)(b(s) + S(||zllx)) for t,s € D, x € X, where
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b e LN(D,R), S is a nonnegative nondecreasing continuous functions de-
fined on [0,00) and K(t,s) > 0 fort,s € D,

C3. N satisfies the condition A', i.e. there exist A\,uy > 0 such that
N(uv) < AN(u)N(v) for u,v > uo, K € EM(D? R), ¢ is an N-function
and there erist o,y,ug > 0 such that N(aS(u)) < yp(u) < yM(u) for
u Z Up,

C4. N satisfies the condition Az, i.e. there exist A\,ug > 0 such that
N(Au) > uN(u) for u > uo, k' € LM(D?, R), there ezist A\,uy > 0 such that
S(u) < AMLL) for u > ug, ¢ is an N-function satisfying the condition A’
and such that [ [, p(M(K(t,s)))dsdt < oo,

C5. ¢ is an N-function and the function N satisfies the condition A,,
i.e. there ezxist A,ug > 0 such that N(2u) < AN(u) for u > ug, there exist
v > 0 such that S(u) < YN ~(p(u)) for u > 0, K'(t,0) € EM(D, R) for a.e.
t € D and the function t — ||K(t,0)||ps belongs to E¥(D, R).

Let (t,s,u) — h(t,s,u) be a nonnegative functions defined for 0 < s <
t <d, u 20, satisfying the following conditions:

h is continuous and nondecreasing in u,

for any nonnegative u € L'(D,R) there exists the integral
fot h(t, s, u(s))ds for a.e. t € D,

for any a, 0 < a < d, g = 0 is the only nonnegative integrable function
on [0, a] which satisfies g(t) < fot h(t,s,9(s))ds a.e. on [0,q].

Assume that the conditions C1.,C2., and any one of C3.-C5. are fulfiled.
Assume in additioon that

foranyr >0

d
lim sup [ ||A(z)(t+7) - A(z)(t)]|xdt =0,

=0zl <7

B(f(t,s,Z) < h(t,s,0(Z)) for a.e. t,s € D and every bounded subset Z
of X, where 3(Z) is a measure of noncompactnes of Z (see [3], p. 239).
Then for any p € E¥(D, X) there ezist an interval J = [0,a) and a function
u € L¥(J, X) which satisfies the equation
z(t) = p(t) + A(z)(t)
for a.e. t € J. In addition, under the assumption C4. J = D.
Remark 1. If Z C R is bounded, then 3(Z) = 0.

2. Main Definitions
Let Y be a real separable Hilbert space. Let & denotes the zero element
inY. Let

M(1,Y)={z:I - Y :z is strongly measurable},



Some operator equations 247

M(I,R) = {q: I — R:qis measurable},
My(I)={F:1— 2" : F(s) is nonempty for every s € I,
closed and bounded for a.e. s € I}.
We denote forallac Y, r >0,
B(a,r)y={z €Y :|z —ally <7},
Let:
MY (I) = {F € My(I) : F(s) = B(O,rg(s)) for every
sel, rp(o) € M(I,R)},
My (I)={F € My(I): F(s) = B(ag(s),rF(s)) for every s € I,
ar(o) € M(1,Y), rp(c)€ M(I,R)}.
If F,G € ML(I) and F(t) = G(t) for a.e. t € I, then F = G in M}(I).
In the set M} (I) we introduce the operations © : R x M} (I) - M}(I),
® : MHII) x MH(I) - ML(I) as follows: let Fy,Fy € My(I), a € R,

Fi(s) = B(agr,(s),rr,(8)), F2(s) = B(ar,(s),7F,(s)), for every s € I, if
F=F & F, then

F(S) = B(a’Fl(s) + a’F2(s)’ rFl(s) + TFz(s))
for every s € I,if G = a ® Iy, then
G(s) = B(aaFl (3)’aTF1(5))

for every s € I. It is easy to see that F,G € M} (I).
Let now

My ,(I) = {F € My(I) : rr(o) € L*(I,R)},
My (I)={F € My(I): ap(o) € L¥(1,Y), rp(o) € L¥(I,R)},
EMy (I)={F € My(I): ap(o) € E¥(1,Y), rr(c) € E¥(I,R)}.

The spaces My ,(I) and MY () will be called the Orlicz spaces of vector
multifunctions (see [1]).

3. On the operator H
Let H:I XY — Y and let

H(F)t)={H(t,z):z € F(t)} forevery t € I, F € My(I).
In [1] is proved the following

LEMMA 1. Let the function H fulfil the following conditions:
a) H(s,z) is a strongly measurable function as a function of s for every
zeY,
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b) there ezists L > 0 such that ||H(s,z) —~ H(s,y)lly < Ll|z — y||ly for all
sel,z,yeY,
¢) H(s,0) = 0 for every s € I,
d) if |lzlly < lllly, then ||H(s,z)lly < [|[H(s,9)lly and if [lz[ly = ||ylly,
then ||H(s,z)|ly = ||H(s,y)lly for every s € I,
e) for everyt € I and every y € Y there isz € Y such that y = H(t,z).
Then H : My (1) — MY, (I).
Remark 2. Let C(F)(t) = H(F + (—ar))(t) for every t € I, where
F(t) = B(ap(t),rr(t)) for every t € I. If the assumptions of Lemma 1 hold,
then

C: My (I) —~ My ,(I).

4. On the operator 7
Let D =[0,d],0 < d < . Let K : D x D — R, be measurable. Let
q : D — R be measurable. We introduce the operator A! by the formula:

A Q) = [ K(t,s)g(s)ds

for every t € D.
Let z : D — Y be strongly measurable. We introduce the operator A?
by the formula:

20\(1) = [P E(t,s)z(s)ds, if [} K(t,s)||z(s)|ly ds < oo
A=) = {90 if fzt K(t, s)|lz(s)lly ds = o0

for every t € D.
Let B(F) = {A%(z):z € M(D,Y)n F} for every F € My (D).

Remark 3. If A' : L¥(D,R) —» L¥(D,R), then
B: My (D) — My (D).

Proof. Let F € My (D). We have for t € D

sup ” jK(t,s)a:(s)ds”Y < sup { jlx’(t,s)“z(s)||yds}
0 0

zEM(D,Y)NF zeM(D,Y)NF
t
= [ K(t,s)rp(s)ds.
0

On the other hand for z(s) = zrp(s)/||z||y for every s € D, wherez € Y
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andz#@ we have fort € D

f K(t,s)rr(s)ds

= f K(t,s)rp(s)ds.
0

|| f K(t, s)z(s)ds“

Let

Y

0< f K(t,s)rr(s)ds < o
0
and let y € B(O, [, K(t,s)rr(s) ds). Let
ri(s) = yre(e)] [ K(ts)re(s)ds
for every s € D. We have O

t
f K(t,s)zy(s)ds=y and =z, € M(D,Y)NF because
0

t
z:(S)ly = “yrp(s)/ f K(t,s)rr(s) ds”y < rp(s) for every s € D.
0

So B(F)(t) = B(O,rg(F)(t)) for every t € D, where
_ K(t,s)rp(s)ds, if AL(rp)(t) < oo
n={h )
= { it Al(re)(0) =
for every t € D. It is easy to see that rg(r) € L¥(D, R).
Let F € My (D) and let F(s) = B(ar(s),rr(s)) for every s € D. We
introduce the operator 7' by the formula:
_ [ B(A%(ar)(s), Al (rF)(s)), if Al(rF)(s) < o0
700 = { s, if A (re)(5) = o0
for every s € D.
Remark 4. If A : L¥(D,R) —» L¥(D, R), where R = [—00,400], then
T : M} (D) — M}, (D).
Proof. Let F € M} (D), F(s) = B(ar(s), rr(s)), for every s € D. It
is easy to see that
B(A%(ar)(s), A (rF)(s)) = B(A%(ar)(s),0) ® B(O, A'(rF)(s))
for every s € D and
A?: L¥(D,Y) — L*(D,Y),
so T(F) € M}, (D).
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COROLLARY 1. If the assumptions of Lemma 1 and Remarks 2, 4 hold,
then

T(C): My (D) — MY (D).
Remark 5. B(F) = T(F) for every F € My, (D).

5. General Theorem

THEOREM 2. Let the assumptions of Theorem 1 without the asumptions
C3. and C5. hold. Let H(s,z) = H(z) for every s € I satisfy the assumptions
of Lemma 1 with I = D. Lel there ezxists a function Ry : Ry — Ry such
that: ||H(z)|ly = Ri(||z||y) for every x € Y, Ry is a increasing continuous
function on [0,00) and there ezists Ly > 0 such that Ry(u) < Lyu for every
u € [0,00). If the assumption C4. of Theorem 1 holds with the function
S = Ry and deHK(t,o)”M dt < oo, then for every P € M} (D) there
ezists F € My (D) which satisfies the equation

F(t) = P(t) ® A(ar)(1) & B(C(F))(t)
for a.e. t € D.

Proof. From the assumptions 4% : L¥(D,Y) — L¥(D,Y). So B(C) :
M}, (D) — My (D). So we must solve two equations

ar(t) = ap(t) + A(ar)(t),
re(t)=rp(t)+ [ K(t,5)Ri(rr(s))ds
0

for a.e. t € D.
It is easy to see that there exists a’ € L¥(D,Y’) such that

a'(t) = ap(t) + Aa')(?)
for a.e. t € D.
It is easy to see that G(K(t,s)Ri1(Z)) = 0 for every t,s € D and every

bounded subset Z of R and also
t+7

lim sup fl f K(t,s)R\(z(s))ds — f K(t,s)Ri(z(s))ds|dt =0

0zl <

for any r > 0.
So there is ' € L¥(D, R) such that ' > 0 for t € D and

r(t)=rp(t)+ [ K(t,s)Ra(r'(s)) ds
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for a.e. t € D. Let ®(t) = B(a'(t),r'(t)) for a.e. t € D. It is easy to see that
® € My, (D) and
&(t) = P(t) & A(as)(t) ® B(C(®))(2)
fora.e.t € D.
Remark 6. The function

T
—— In(1+ ||z{ly), forz # 0O

H(s) = {quy (1+ flzlly) #

o, forz =06

satisfies the assumptions of Theorem 2.

Remark 7. Let ¢ fulfil the condition A,. If in Theorem 2 we replece the
assumption C4. by the assumption C5. and we assume that fod (1K (L, 0)|y dt

< oo instead of fod 1K (t,0)||am dt < oo, where 9 is complementary to ¢, then
for any P € My (D) there exist an interval J = [0,a] and F € My (J)
such that

F(t) = P(1) ® A(ar)(t) @ B(C(F))(?)
for ae.t € J.
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