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Jan Kurek

ON GAUGE-NATURAL OPERATORS OF CURVATURE
TYPE ON PAIRS OF CONNECTIONS

Recently, Kolaf has determined all gauge—natural operators for any Lie
group G of curvature type transforming every principal connection into mod-
ified curvature operator, [3]. In the case the structure group is the general
linear group GL(m,R) in an arbitrary dimension m he has obtained two
parameter family of all GL(m, R)-natural operators of curvature type con-
sisting of a curvature of connection and a contracted curvature of connection
and generated by linear adjoint invariant maps of the Lie algebra gi(m,R)
into itself of the form id and A + tr A -id, [4].

Using a general method by Kolét, 3], [4], [5], we determine all gauge-
natural operators for any Lie group G defined on the bundle Q & Q of
pairs of principal connections with values in L ® ®?T*B. We deduce that
all such operators form a system generated by two modified curvatures of
both principal connections and by values on the difference of these con-
nections of some map induced by bilinear adjoint invariant map of the Lie
algebra g of G. In the case the structure group is the general linear group
GL(m,R) in an arbitrary dimension m we obtain 10-parameter family of
all GL(m,R)-natural operators of curvature type consisting 4-parameter
system generated by curvatures and contracted curvatures both connec-
tions and 6-parameter system generated by values on the difference of these
connections of some bilinear and adjoint invariant maps of the Lie algebra
gl(m,R).

The author is grateful to Professor I. Kolat for suggesting the problem,
valuable remarks and useful discussions.

1. Let M f, be a category of n—dimensional manifolds and their local
diffeomorphisms. Let M be a category of fibred manifolds and denote by
B the base functor. Fix a Lie group G and define a category P,(G), whose
objects are principal G-bundles and whose morphisms are the morphisms
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of principal G-bundles f : P — P with the base map Bf : BP — BP in
Mf,.

DEFINITION 1. A gauge-natural bundle over n—-manifolds is a functor
F: P,(G) —» FM such that

1. every principal bundle p: P — BP in P,(G) is transformed by F into
fibred manifold ¢ : FP — BP over the same base BP

2. every morphism f : P — P in P,(G) is transformed by F into mor-
phism Ff: FP — FP over Bf in FM

3. for every open subset U C BP, the inclusion 2 : p~(U) — P is
transformed into the inclusion F1: ¢~ 1(U) — FP.

Let F and F be two G-natural bundle over n—manifolds.

DEFINITION 2. A gauge-natural operator A : F — FE is a system of
operators Ap : C*°FP — C®EP for every object P in P,(G) transforming
every section s € C®FP into section Aps € C®° EP such that

1. Ap(FfosoBf~1) = EfoApsoBf~! for every isomorphism f : P — P
in P,(G)

2. Ap-1w)(s|U) = (Aps)|U for every open subset U C BP

3. Ap transforms every smoothly parametrized family of sections into
smoothly parametrized family of sections.

A gauge-natural bundle F’ over n-manifolds is said to be of order r, if
for any two morphisms f,h : P — P in P,(G) the condition Jof = jgh at
some point y € P, of the fibre of P over z € BP implies F'f|p,p = Fhlp,p.

Let WTP be a space of all r—jets j{o’e)go, where ¢ : R* X G —» Pis a
morphism in P,(G). The space W"P is a principal bundle over BP with
structure group W, G, which is the group of all r—jets J'(To,eﬂﬂ of morphisms
¥ :R"™ X G - R" X G in P,(G) satisfying By(0,e) = 0. Every morphism
f: P — Pin P,(G) is extended into a principal bundle morphism W7 f :
W7™P — WTP defined by the jet composition W’f(jroye)cp) = j(TO,e)(f 0 ).
Every smooth left action of W7 G on a manifold S determines r—th order
G-natural bundle over n—manifolds as a functor transforming every object
P in P,(G) into the fibre bundle associated to W”P with standard fibre .S
and every morphism f in P,(G) into (W7 f,ids).

Every r—th order gauge-natural bundle is a fibre bundle associated to
bundle W7. The k-th jet prolongation J*F of a gauge-natural bundle F of
order 7 is a gauge-natural bundle of order (k + r).

According to a general theory, [1], [2], [3], [4], [5], there is a canonical
bijection between the k—th order G-natural operators A : FF — FE and the
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W2G—equivariant maps of standard fibres 4 : JEF(R™ x G) — Eo(R" X G),
where s is maximum of the orders J¥F and E.

2. The connection bundle QP - BP of P can be defined as the factor
space QP = J1P/G over BP. Clearly, the connection bundle Q : P,(G) —
FM ,Q: P+— QP,is a gauge—natural bundle of the order 1.

Given a connection I on P = R™ x G, its value I'(0,¢) is a 1-jet jiv of
a section v : R® — R™ x G, which is identified with a map v : R"™ — G,
where ¥(0) = e is a unit of G.

The standard fibre of Q is of the form Qo(R™ x G) = J}(R",G), =
g ® R™. Fix a basis e, of the Lie algebra g of G, we have the coordinate
expression of an element I" of g ® R™ in the form I' = I'7e, dz'.

Consider an isomorphism @ : R® x G — R™ X G in P,(G) of the form

(2.1) z=f(z), F=¢(z)y
where f : R® — R" is a local diffeomorphism satisfying f(0) = 0 and
¢:R"™ - G is a smooth map and the dot denotes the multiplication in G.
Then 2-jet j2® € W2G has coordinates
a=p(0)e G
(2:2) (af,af;) = jo(p(z)-a7') € g @ R™ x g ® S’R™
(a},a%) = 43 f € G7.

Isomorphism ¢ transforms a section v generating I'(0, €) into a section
e(f~(z) - v(f~(z)) generating image #(I'(0,€)) as the 1—jet of the section
(2.3) B(I(0,¢€)) = G3le(f(2)) - 7(f 7 (2)) - a7").

Let Ag(a) be a coordinate expression of the adjoint representation of G

in Lie algebra g. Let tilda denote the inverse matrix. Then (2.3) gives the
action of WG on the standard fibre Qo = g ® R™ in the form

(2.4) T? = AR(a)(I' + ad)al.

Let I'; = %1—;; be the induced coordinates on J1Q = g®R™ xg®S?R"-.
Using a general prolongation procedure, [3], we deduce from (2.4) the action
of W2G on J}Q in the form (2.4) and

(2.5) T}, = AP(a)I8akal + AP(a)alatal+

ij = j

P q, r=k~l 14 q  r~k~I
+ qu(a)I’k aja;a; + Eqr(a)akal a;a;+

~k
+ A(a)(I¥ + a})as;
where B? and E?, are some functions on G.

The curvature of a principal connection can be considered as a section
Cpl' : BP — LP ® A*T*BP, where LP is an accociated bundle to P with
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standard fibre g with respect to adjoint action of Lie group G. The curvature
operator C : Q — L ® A2T*B is a gauge-natural operator of the first order
because of geometric definition of the curvature.

In order to obtain a coordinate expression of curvature, we write the
equation of a connection I" on P = R™ X G in the form

(2.6) wP = I'P(z)de’,

where w? are the Maurer—Cartan forms on G with respect to the basis e, of
Lie algebra g. Then, components of a connection form are

(2.7) 7P = wP — I'P(z)dz’.

Using a structure equation of the connection I' in the form
(2.8) dn? = CE.n® Aq" + RE,da’ A dz’

and Maurer—Cartan equation

(2.9) dw? = Chwi AW,

we obtain a coordinate expression of curvature in the form
(2.10) R, =TF -TIf +CEI{IT,

where C?, are a structure constant of G.

Let Z C Lin(g,g) be the subspace of all linear maps commuting with
the adjoint action of G. Since every z € Z is an equivariant linear map
of the standard fibre g of the vector bundle LP, it induces a morphism
zp : LP — LP. Hence, we can construct a modified curvature operator of
the curvature operator Cp in the form C(z)p = (zp ® A2T*idpp) o Cp.

We ghall need some new essential relations concerning the function B?,
on G appearing in (2.5), which we will obtain in the detailed proof of the
following theorem developed by I. Koldf in [3].

THEOREM 1. All gauge-natural operators Q — L ® ®2T*B are the mod-
ified curvature operators
(2.11) C(z) = (2® A*T*id) o C.
for all z € Z of the curvature operator C.

Proof. I. The first order gauge-natural operators A: Q — L ® ®*T*B
are in bijection with W2G equivariant maps of standard fibres 4 : J}Q —

g ® ®*R™. The group W2G acts on the standard fibre J}Q by formulas
(2.4) and (2.5). On g ® ®*R™ we have the canonical coordinates yf; and

we have the action of W2G in the form

(2.12) 7 = Ab(a)yhafa;.
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The equivariancy of 4 with respect to homotheties in G} : a = e, ?i;
kéj-, aj-k =0,af =0, afj = 0, gives a homogeneity condition
(2.13) kK fE(IP,IE) = fE(k- IT,k*TE).
By the homogeneous function theorem, [5], we deduce that fi’;- are linear
in I'’, and quadratic in I'?. Using invariant tensor theorem for G1, [5], we
obtain f7; in the form

with real coefficients.

Considering equivariancy of ff; in the form (2.14) with respect to the
subgroup in W2G : a = e, @ = 6;- and aj-k, a?, af; are arbitrary, we get
conditions

b +di =0
BBL(e) + K, =0, dZBAL(e)+ KL = 0.
From this, we obtain the following relations
(2.16) df = b}, k%, =—kZ,, Bj(e)=-Bll(e), K, =-bB]e)

in (2.14) and if we use uniqueness of the

(2.15)

— §P i P
If we put b = 67 into fj;

curvature operator, we can put
(2.17) BY,(e) = -C¢

TS8?
where CJ, are the constant structure of G.

The equivariancy of 5- in (2,14) with respect to the canonical inclusion
(G) into W2G : a € G is arbitrary and @ = &}, a}, =0, a] =0, a; = 0,
gives the relation
(2.18) Af(a)blR;; = b Al(a)R];.

This means that b} commutes with adjoint action.

II. The r-th order gauge—natural operators Q — L ® ®2T* B correspond
to WI+1G equivariant maps of standard fibres J5Q — g ® ®2R™-.

Let I'Y be the induced coordinates on J§Q, where a is a multiindex of
range n with |a| < r.

Equivariancy ff;(I'},) with respect to homotheties in G}, gives a homo-
geneity condition

(2.19) K f5(I) = FH(RFITG,).

By homogeneous function theorem f,?;- is independent on I}, for |aj > 2

and is linear in I ‘-’3- and quadratic in I'Y. Hence, the r—th order operators

are reduced to the case I for every r > 2. Moreover, every gauge-natural
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operator defined on the connection bundle has a finite order. This proves
Theorem 1.

3. Consider a pair of principal connections I" and A on the principal
bundle P = R™ X G as a section of the bundle Q & Q. We are going to
determine all gauge-natural operators Q & Q — L ® ®>T*B.

Let Y C Billin(g x g,g) be the subspace of all bilinear and adjoint
equivariant maps with respect to adjoint action of G.

For every y € Y we define a bilinear map 7 : g® R™ x g® R™ —
g ® ®2R™ by formula

(3.1) F(A1 ® X1,A; @ X2) = y(A1,A) @ X1 ® Xo.
Now, we prove the main

THEOREM 2. All gauge-natural operators Q ® Q — L ® ®*T*B form
the following system

(3.2) (I, 4) = C(2)(I') + C(w)(4) + (D, D),
where C(2)(I") and C(w)(A) are modified curvature operators for all z,w €

Z and §(D, D) are the values on the difference of connections D = I' — A
forallyeY.

Proof. I. The first order gauge-natural operators QdQ — LR ®*T*B
correspond bijectively to the W2G equivariant maps of the standard fibres
JH(Q B Q) —» g® ®’R™. The group W2G acts on the standard fibre
J3(Q ® Q) by formulas (2.4) and (2.5) and by formulas
(3.3) A} = AP(a)(A? + ad)a!

Afj = AZ(G)ALE?E; + Aﬂ“)“iﬁﬁi’*‘
+ B}, (a)ALal @@ + Ef(a)afefalT;+
+ Al (a)(Af + af)al;.
The action of W2G on g ® ®*R™ is of the form (2.12).

Any map of standard fibres 4 : J}H(Q ® Q) — g ® ®*R™ in coordinates

is of the form

(3.4) ytu = %(Flg’rlgl’Ai’AZI)-

The equivariancy of f';- with respect to homotheties in GL : a = e,
@ = k6%, ai) =0, af =0, af; = 0, gives a homogeneity condition
(3.5) K fL(IP, T, AY, AY) = fF(kIT, KT, kAT, K AT).

By the homogeneous function theorem, [5], we deduce that i’; are linear

in I';, AY; and bilinear in I'Y, A? and quadratic in If, A?. Using invariant
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tensor theorem for G}, we obtain f'-’;- in the form

' B

+ B AIIT + mb T IT + nb Al A}

qrti

with real coefficients.
Considering equivariancy of f}'} with respect to the subgroup in W2G :
a=e, at = 6;: and aj-k, af, af; are arbitrary, we get the following relations

j i

=t =

kfa = —mga - bZBgs(e)
(37) lgs = _mga + bzq’Bgr(e)

kfa = _n:"s + nggr(e)

111',3 = _nfa - nggs(e)
Using the relation (2.16), B%,(e) = —B{,.(e), we get kP, = IP,. If we put
(38) hgs = _kgs’ hgs = _11133
and take into account the relation (2.17) B, (e) = —C},, we obtain following
relations

m2, = R, + BCY,

(3.9) * !

P —_ hP Pe
n‘ra - hra + dqcra'

Finally, fF is of the form

r Ya
(3.10) 5 = bR, + d* R}, + kP D - D}

where we denote

r
Ri; = I - If; + CLITTY,

(3.11) a
Ry = AL — A% + C,AT A8,
D} = I'f - AL

Considering equivariancy of the map (3.10), ff,

canonical inclusion 3(G) into W2G : a € G is arbitrary and @} = &, a;k =0,
a? = 0, af; = 0, we obtain the relation:

with respect to the

r A
(3.12)  AP(a)beRY; + AP(a)d2R}; + AP(a)h3,DID? =

r Pa)
= b2 A%(a)R; + dPAL(a)RY; + h?, A%(a)A}(a) DI D:.

J
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This means that b} and df defines linear maps of g into itself commuting
with adjoint action Ag(a) and A%, define a bilinear map g@R"™ xg@R"™ —
g ® ®*R"™ determined by some linear adjoint equivariant map g x g — g.

II. The r—th order gauge—natural operators Q ® Q — L ® ®?T*B
correspond bijectively to the W +1G equivariant maps of the standard fi-
bres J{(Q ® Q) — g ® ®2R". Let (IT, A% ) be induced coordinates on
J§(Q @ Q), where a is a multiindex of range n with |a| < r.

Equivariancy of y}; = ff(IF,, AF,) with respect to homotheties in G},
gives a homogeneity condition

(3.13) k2 fE(IE,, AL,) = fE(KM1elry, gitlelar),

ta) o
i) Afa for |a| 22
and is linear in I}, A}; and is bilinear in I'7, A? and is quadraticin I7, A%.
Hence, the r—th order operators are reduced to the case I. Moreover, since
every gauge-natural operator Q — L @ ®2T*B defined on Q has a finite
order so gauge—natural operator Q $ Q — L ® ®2T*B defined on Q & Q

has a finite order, too. This proves our theorem.

By homogeneous function theorem ff’j is independent on I'?

4. Consider a principal bundle P = R™ x G}, with the general linear
group‘G}n = GL(m,R) in an arbitrary dimension m as a structure group.
Let z*,2% be the canonical coordinates on the product bundle R™ X G},

where ¢,7,...=1,...,n and p,q,...=1,...,m.
The equation of connection I' on R™ x G2, are
(4.1) dz? = I'"(z)z] dz’,

where I'?; are smooth functions defined on R™.
The curvature of the connection I' on P = R™ X G}, is a section CT :
R™ — L(R"™ x G},) ® A?’T*R™ of the form in local coordinates:

qij rit qj

(4.2) CI =(I?,+ I, )% ® dz’ A dz?.
q

In the case of the structure group G, all linear adjoint equivariant maps
of gl(m,R) = R™ @ R™- into itself form the 2-parameter family generated
by id and A + (tr A)id. This gives the 2-parameter family of G},—natural
operators Q — L ® ®>T*B generated by the curvature operator C and by a
contracted curvature operator C = (r ® A%id) o C, where 7 is a linear map
of L(R™ x G1)) into itself defined by the linear adjoint equivariant map of
the standard fibre g into itself of the form A — (tr A)id.

In a local coordinates on P = R™ x G, the contracted curvature of the
connection I is of the form

_ .0 i .
(4.3) CI' = 65(11"‘7)—8_;2 ® dfl? A dil?].
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We will use the following

LEMMA 3. All bilinear and adjoint invariant maps gl(m,R) x gl(m,R)
— gl(m,R) form the 6-parameter family

(4.4) wh = k1ylzg + kay 2 + kayfz; + kays 20+
+ ksé¥yrz; + keblys 2y
for any real parameters kq,...,ks.

Proof. Using the invariant tensor theorem for G%,, [5], we obtain any
bilinear and adjoint invariant map R" @ R™* x R" @ R™ — R™ @ R™~
in the form
(4.5) wh = k1656065028 + k2876560 ys 2+

+ ka8 082} + KabL6T6EY 2+
¥ ksB6L6Tytzt + kob}6]8Ly0z
with any real parameter ky,...,kq.

Consider a pair of connections I and A on P = R™ x G}, as a section
(I,4) : R* - Q(R" x GL) ® QR" x G,) with equations (4.1) and
dz? = A7 (z)dz".

We denote by

coordinates of difference of connections I' and A and by

r
— P T P pr
(4.7) Roij = Ty = Toji + Tril g = It g,

r
coordinates of the curvature CI' and the contracted curvature CI' of the

connection I', respectively.
Immediately from Theorem 2 and Lemma 3 we obtain the following

COROLLARY 4. All GL(m,R)-natural operators Q ® Q — L ® ®*T*B
form the 10-parameter family

(4.9) (IA) — alfz;’ij + a26;’11i1’.1,.j + asz;’,-,- + a46;’?21,-j+
as D}, Dy + ag DY;Dy; + a7 Dy, DY+
ag D}, D7 + a96} Dy; Dy + a108) D7, D3
with any real parameters ay, ..., ay.
This (4.9) the 10-parameter family of GL(m, R)-natural operators Q @
Q — L ® ®*T* B may be also obtained by direct calculation.
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