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ON 0-QUASI CONTINUOUS MULTIFUNCTIONS

1. Introduction

In 1963, Levine [8] has introduced the notion of semi-continuity between
topological spaces. Since then several variations of continuity have been de-
fined and investigated in the literature. Arya and Bhamini [1] introduced
the notion of #-semi-continuity as a generalization of semi-continuity. Re-
cently, the second author [12] of the present paper has further investigated
properties of #-semi-continuity. In the present paper, we define and inves-
tigate upper (lower) #-quasi continuous multifunctions. In Section 3, we
shall obtain several characterizations of upper (lower) 6-quasi continuous
multifunctions. In Section 4, we shall investigate several properties of such
multifunctions.

2. Preliminaries

Throughout the present paper, X and Y always represent topological
spaces. Let A be a subset of X. By Cl(A) and Int(A), we denote the closure
of A and the interior of A, respectively. The 6-closure [21] of A, denoted
by Clg(A), is defined to be the set of all z € X such that AN CYU) # 0
for every open neighborhood U of z. The #-interior [9] of A, denoted by
Intg(A), is defined to be the set of all z € A such that CI(U) C A for some
open neighborhood U of z. It is shown in [21] that Cls(A) is closed in X and
that Cl(U) = Clg(U) for each open set U of X. A subset A of X is said to
be semi-open [8] if there exists an open set U such that U C A C CI(U), or
equivalently if A C Cl(Int(A)). A subset A is said to be regular open (resp.
preopen [10]) if A = Int(CI(A)) (resp. A C Int(CI(A)))). The family of all
semi-open (resp. regular open, preopen) sets of X is denoted by SO(X) (resp.
RO(X),PO(X)). For each z € X, the family of semi-open sets containing
z is denoted by SO(X,z). The complement of a semi-open (resp. regular
open) set is said to be semi-closed [2] (resp. regular closed). The family of
all semi-closed (resp. regular closed) sets of X is denoted by SC(X) (resp.
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RC(X)). The intersection of all semi-closed sets containing a subset A is
called the semi-closure [2] of A and is denoted by sCl(A). The semi-interior
of A, denoted by sInt(A), is defined by the union of all semi-open sets
contained in A. The semi 0-closure of A and the semi @-interior of A are
respectively defined in [3] as follows:

sCly(A) = {z € X | ANsCIU) # @ for every U € SO(X,z)} and
sIntg(A) = {z € A|sCI(U) C A for some U € SO(X, z)}.

Throughout the present paper, F : X — Y (resp. f: X — Y) represents a
multifunction (resp. single valued function). For a multifunction F : X - Y,
we shall denote the upper and lower inverse of a subset B of Y by F*(B)
and F~(B), respectively, that is

Ft(By={z€ X |F(z)C B} and F (B)={z€ X|F(z)nB #0}.
DEeFINITION 1. A multifunction F' : X — Y is said to be

(a) upper weakly quasi continuous [16] if for each z € X, each open set U
containing z and each open set V containing F(z), there exists a nonempty
open set G of X such that G C U and F(G) C CI(V);

(b) lower weakly quasi continuous [16] if for each 2 € X, each open set
U containing z and each open set V such that F(z) NV # 0, there exists
a nonempty open set G of X such that G C U and F(g) n CI(V) # @ for

every g € G.

LeMMA 1 (Noiri and Popa [15]). A multifunction F : X — Y is upper
(resp. lower) weakly quasi continuous if and only if for each z € X and
each open set V of Y such that F(z) CV (resp. F(z)NV # 0), there erists
U € SO(X,z) such that F(U) C C(V) (resp. U C F~(CI(V))).

DEFINITION 2. A multifunction F': X — Y is said to be

(a) upper almost quasi continuous [18] if for each z € X, each open set U
containing = and each open set V containing F(z), there exists a nonempty
open set G of X such that G C U and F(G) C sCI(V);

(b) lower almost quasi continuous [18] if for each z € X, each open set
U containing z and each open set V such that F(z) NV # 0, there exists
a nonempty open set G of X such that G C U and F(g) NsCl(V') # 0 for
every g € G.

LEMMA 2 (Popa and Noiri [18]). The following are equivalent for a mul-
tifunction F : X - Y.

(1) F is upper (resp. lower) almost quasi continuous;
(2) F¥*(V) € SO(X) (resp. F~(V) € SO(X) for every V € RO(Y);
(3) F~(K) € SC(X) (resp. F¥(K) € SC(X)) for every K € RC(Y);
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(4) for each z € X and each open set V of Y such that F(z) C V (resp.
F(z)nV # 0), there ezists U € SO(X,z) such that F(U) C sCl(V) =
Int(CY(V)) (resp. U C F~(sCl(V)) = F~(Int(CL(V)))).

3. Characterizations

DEFINITION 3. A multifunction F: X — Y is said to be

(a) upper 0-quasi continuous (briefly u.6.q.c) for each point z € X and
each open set V of Y containing F(z), there exists U € SO(X, z) such that
F(sCl(U)) c CL(V);

(b) lower 0-quasi continuous (briefly 1.9.q.c.) if for each point z € X and
each open set V of Y such that F(z) NV # @, there exists U € SO(X, z)
such that F(u) N CV) # 0 for every u € sCI(U).

In this section we obtain several characterizations of upper (lower) 6-
quasi continuous multifunctions.

THEOREM 1. The following are equivalent for a multifunction F: XY

(1) F is u.b.q.c.;

(2) sCle(F~(Int(Clg(B)))) C F~(Clg(B)) for every subset B of Y;
(3) sClg(F~(Int(CL(V)))) C F~(CYV)) for every open set V of Y;
(4) sClg(F~(Int(R))) C F~(R) for every R € RC(X);

(5) FY(V) C sIntg(F*+(CKV))) for every open set V of Y;

(6) sClg(F~(Int(K))) C F~(K) for every closed set K of Y;

(7) sCle(F~(V)) € F~(CKYV)) for every open setV of Y.

Proof. (1)=>(2): Let B be any subset of Y. Suppose that z ¢
F~(Cly(B)). Then z € X — F~(Cly(B)) and F(z) C Y — Cly(B). Since
Clg(B) is closed in Y, there exists U € SO(X,z) such that F(sCl(U)) C
CY — Clg(B)) = Y — Int(Clg(B)). Thus, we have F(sCl(U)) n
Int(Clg(B)) = @ and sCI(U) N F~(Int(Clg(B))) = 0. This shows that =z ¢
sClg(F~(Int(Clg(B)))). Therefore, we obtain sCly(F~(Int(Cls(B)))) C
F~(Cls(B)).

(2)=(3): This is obvious since CI(V) = Cly(V) for every open set V
of Y.

(3)=>(4): Let R € RC(Y), then we have sClg(F~(Int(R))) =
sClg(F~(Int(Cl(Int(R))))) € F~(Cl(Int(R))) = F~(R).

(4)=>(5): Let V be any open set of Y. Then we have

X —sIntg(F*(CI(V))) = sClg(X — FH(CIV))) = sCle(F~ (Y — CI(V))),
Y — Ci(V) = Int(Y — CI(V)) C Int(Y — Int(CL(V))), and
Y - Int(Cl(V)) € RC(Y).
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Therefore, we obtain
sClg(F~(Int(Y — Int(Cl(V))))) C F~(Y — Int(Cl(V))) =
=X - Ft*(Int(CI(V))) Cc X — FH(V).

Consequently, we obtain F* (V) C sInty(F*(CL(V))).
(5)=>(6): Let K be any closed set of Y. Then by (5) we have

X - F(K)=F*(Y — K) CsIntg(F*(CI(Y - K))) =
= sIntg(F* (Y — Int(K))) = sInty(X — F~(Int(K))) =
= X — sClg(F~ (Int(K))).

Therefore, we obtain sCls(F~(Int(K))) C F~(K).

(6)=>(7): Let V be any open set of Y, then C1(V) is closed and we have
sClg(F~(V)) C sClg(F~(Int(CLV)))) C F~(CLV)).

(7)=>(1): Let z € X and V be any open set of Y containing F(z). Then
F(z)nCY = Cl(V)) =0 and = ¢ F~(CIY — CI(V))). It follows from (7)
that z ¢ sClg(F~(Y — CI(V))). Then there exists U € SO(X, z) such that
sCU)N F~(Y — CI(V) = 0; hence F(sCl(U)) C CI(V). This shows that F
is u.f.q.c.

LEMMA 3. If F : X — Y s l.6.q.c., then for each ¢ € X and each
subset B of Y with F(z)NInte(B) # O there exists U € SO(X, z) such that
sCI(U) C F~(B).

Proof. Since F(z)NIntg(B) # 0, there exists an open set V of Y such
that V. C CI(V) C B and F(z) NV # {. Since F is 1.6.q.c., there exists
U € SO(X,z) such that F(u) N CYV) # @ for every u € sCl(U) and hence
sCI(U) C F~(B).

THEOREM 2. The following are equivalent for a multifunction F: X -Y:

(1) F isl.f.q.c;

(2) sClg(F*(B)) C F*(Clg(B)) for every subset B of Y;

(8) sClg(F+(V)) C F+(CI(V)) for every open set V of Y;

(4) F~(V) C sIntg(F~(CYV))) for every open setV of Y;

(5) F(sCly(A)) C Cly(F(A)) for every subset A of X;

(6) sClg(F*(Int(Cls(B)))) C F+(Clg(B)) for every subset B of Y;

(7) sClg( F* (Int(CI(V)))) C FT(CYV)) for every open set V of Y;

(8) sClg(F*(Int(R))) C F*(R) for every R € RC(Y);

(9) sClg(F+(Int(K))) C F*(K) for every closed set K of Y.

Proof. (1)=>(2): Let B be any subset of Y. Suppose that z ¢
F*(Clg(B)). Then z € F~(Y — Cly(B)) = F~(Inty(Y — B)). Since F
is 1.0.q.c., by Lemma 3 there exists U € SO(X,z) such that sCl(U) C
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F~(Y - B) = X — F*(B). Thus we have sCl(U) N F*(B) = § and hence
z ¢ sCly(F*(B)).

(2)=>(3): This is obvious since Cl(V) = Clyg(V) for every open set V'
of Y.

(3)=(4): Let V be any open set of Y. Then, we have

X —sIntg(F~(CYV))) = sClg(X — F~(CYV))) = sCly(FH(Y — CI(V))) C
FY(CI(Y - CI(V))) Cc FY(C(Y = V))=FY(Y -V)=X ~ F~(V).

Therefore, we obtain F~ (V') C sInty(F~(Cl(V))).

(4)=>(1): Let z € X and V be any open set such that F(z)NV # @. Then
z € F~(V) C sIntg(F~(CI(V))). Therefore, there exists U € SO(X, z) such
that sCL(U) C F~(CI(V)); hence F(u) N CI(V) # @ for every u € sCl(U).
This shows that F is 1.6.q.c.

(2)=(5): Let A be any subset of X. By replacing B in (2) by F(A),
we have sClg(A) C sClg(F*(F(A))) C F*(Clg(F(A))). Thus we obtain
F(sClg(A)) C Clg(F(A)).

(5)=(2): Let B be any subset of Y. Replacing A in (5) by F*(B),
we have F(sCly(F+(B))) C Cls(F(F*(B))) C Cly(B). Thus we obtain
sCly(F*(B)) C F*(Clg(B)).

(3)=>(6): Let B be any subset of Y. Put V = Int(Clg(B)) in (3). Then,
since Clg(B) is closed in Y, we have

sClg(F*(Int(Cls(B)))) C F*(Cl(Int(Cls(B)))) C F*(Cly(B)).
(6)=>(7): This is obvious since Cl(V') = Cly(V) for any open set V of Y.
(7)=(8): If R € RC(Y), then by (7) we have
sClg(F*(Int(R))) = sClg(F* (Int(Cl(Int( R)))))
C Ft(Cl(Int(R))) = F*(R).

(8)=>(9): Let K be any closed set of Y. Since Cl(Int(K)) € RC(Y), we

have
sClg(F* (Int(K))) = sClo(F* (Int(Cl(Int( K)))))
C FY(Cl(Int(K))) C F*(K).

(9)=(4): Let V be any open set of Y. Then Y — V is closed in Y and
by (9) we have sClg(F*(Int(Y — V))) c FH(Y - V)= X — F~(V). More-
over, we have sClg(F*(Int(Y — V))) = sClg(F+(Y — CI(V))) = sCly(X —
F~(CI(V))) = X — sntg(F~(CI(V))). Therefore, we obtain F~(V) C
sIntg(F~(CL(V))).

CoroLLARY 1 (Noiri [12]). The following are equivalent for a function
f: X->Y:

(1) f is 6-semi-continuous;
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(2) sClg(f~Y(B)) C f~Y(Cly(B)) for every subset B of Y;
(3) sCle(f~1(V)) C f~Y(CYV)) for every open set V of Y;
(4) f~Y(V) C sIntg(f~1(CLV))) for every open set V of Y;
(5) f(sClg(A)) C Clg(f(A)) for every subset A of X.

For a multifunction F' : X — Y, the graph multifunction Gg : X —
X XY is defined as follows: Gp(z) = {z} x F(z) for every z € X.

LEMMA 4. (Noiri and Popa [14]). The following hold for a multifunction
F:X-Y:

() GE(Ax By=ANF*(B) and (b) Gp(AXx B)= AnF~(B)
for every subsets AC X and BCY.

THEOREM 3. Let F : X — Y be a multifunction such that F(z) is
compact for eachz € X. Then F is u.f.q.c. ifand only if Gp: X - X XY
is u.b.q.c..

Proof. Necessity. Suppose that FF : X — Y is u.f.q.c. Let z € X
and W, be any open set of X x Y containing Gr(z). For each y € F(z)
there exist open sets U(y) C Y and V(y) C Y such that (z,y) € U(y) x
V(y) C W. The family {V(y) | y € F(z)} is an open cover of F(z) and
there exists a finite number of points, says, y1,¥y2,...,ys in F(z) such that
F@) C U(V() | i = 1,2,...,n}. Set U = ({U(s) | § = 1,2,...,7)
and V = {V(%:)|i=1,2,...,n}. Then U and V are open in X and Y,
respectively, and {z} x F((z) C U x V C W. Since F is u.f.q.c., there exists
Us € SO(X,z) such that F(sCl(Up)) C Cl(V). It follows from [11, Lemma
1] that G = U N Up € SO(X, z). By Lemma 4 we have

sCI(G) = sCI(U n Uy) C sCI(T) N sC(Ty) C CIT) n F+(CI(V))
= GH(CYU) x CYV)) = GL(CU x V)) C GH(CYW)).

Thus Gr(sCl(G)) C CI(W). This shows that G is u.f.q.c.

Sufficiency. Suppose that Gp : X — X xY is u.6.q.c. Let 2 € X and
V be any open set of Y containing F(z). Since X x V is open in X X Y
and Gp(z) C X x Y, there exists U € SO(X,z) such that Gr(sCl(V)) C
C(X xV) = X xCI(V). Therefore by Lemma 4 we obtain sCL(U) C GL(X x
CI(V)) = F+(C(V)) and hence F(sCl(U)) C CI(V). This shows that F is
u.6.q.c.

THEOREM 4. A multifunction F : X — Y is 1.0.q.c. if and only if Gp :
X—->XxY islb.q.c

Proof. Necessity. Suppose that F is 1.0.q.c. Let z € X and W be any
open set of X x Y such that Gr(z) N W # Q. There exists y € F(z) such
that (z,y) € W and hence we have (z,y) € U x V C W for some open
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sets U C X and V C Y. Since F is L.6.q.c. and y € F(z) NV, there exists
Uo € SO(X, z) such that sCl(Uy) C F~(CL(V)). It follows from [11, Lemma
1] that G = U N Up € SO(X,z). By Lemma 4, we have

sCI(G) = sCI(U N Up) C sCI(U) NsCl(Up) C CU) N F~(CKV))
= Gr(CYU) x CYV)) = GR(CI(U x V)) C GR(CW)).

Therefore, Gp(u) N C{W) # @ for every u € sCI(G). This shows that G is
1.8.q.c.

Sufficiency. Suppose that G is 1.8.q.c. Let £ € X and V be an open
set in Y such that F(z) NV # 0. Then X x V is open in X x Y and
Gr(z)N(X xV)=({z}x F(z))N(X xV) = {z} X (F(z)NV) # 0. There
exists U € SO(X,z) such that Gp(u)N CI(X x V') # @ for each u € sCl(U).
By Lemma 4, we obtain sCl(U) C Gr(C(X xV)) = F~(Cl(V)). This shows
that F is 1.6.q.c.

CoroLLARY 2 (Noiri [12]). A function f : X — Y is §-semi-continuous
if and only if the graph function g : X — X XY is 8-semi-continuous.

For a multifunction F : X — Y, a multifunction sC1F : X — Y is
defined in [17] as follows: (sCl F)(z) = sCl(F(z)) for each z € X.

LEMMA 5. (Noiri and Popa [14]). Let F : X — Y be a multifunction.
Then (sClF)=(V) = F~(V) for every V € SO(Y).

THEOREM 5. A multifunction F : X — Y is l.0.q.c. if and only if sC1 F :
X =Y islb.q.c

Proof. Necessity. Suppose that F is l.8.q.c. Let z € X and V be any
open set of Y such that (sC1F)(z)NV # @. By Lemma 5, we have F(z)NV #
{. Since F is 1.6.q.c., there exists U € SO(X,z) such that F(u)NCV) # 0
for every u € sCl(U). Since CI(V') € SO(Y), by Lemma 5 we have sCI(U) C
F~(CI(V)) = (sC1F)~(CK{V)) and hence (sCl F)(u) N Ci(V) # @ for any
u € sCI(U). This shows that sCl F is 1.8.q.c.

Sufficiency. Suppose that sCl F is 1.6.q.c. Let z € X and V be any open
set of Y such that F(z) NV # 0. Then sCl{F(z))NV # 0 and there exists
U € SO(X, z) such that (sCl F)(u) N CI(V) # 0 for every u € sCl(U). Since
Cl(V) € SO(Y), by Lemma 5 sC(U) C (sC1 F)~(CI(V)) = F~(CL(V)) and
hence F(u) N CI(V') # @ for every u € sCI(U). Therefore, F is 1.6.q.c.

4. Some results
First, we obtain some sufficient conditions for an upper (resp. lower)
weakly quasi continuous multifunction to be u.8.q.c. (resp. 1.8.q.c.).

THEOREM 6. If a multifunction F : X — Y 1is upper weakly quasi con-
tinuous and lower almost quasi continuous, then F is u.f.q.c.
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Proof. Let z € X and V be any open set of Y containing F'(z). Then,
by Lemma 1, there exists U € SO(X, z) such that F(U) C Cl(V) and hence
U C F*(CYV)). Since CI(V) € RC(Y), by Lemma 2 we have F+(Cl(V)) €
SC(X). Therefore, we obtain sCl(U) C F*(Cl(V)) and hence F(sCl(U)) C
CI(V). This shows that F is u.f.q.c.

THEOREM 7. If a multifunction F : X — Y is lower weakly quasi con-
tinuous and upper almost quast continuous, then F is l.§.q.c.

Proof. Let z € X and V be any open set such that F(z)NV # 0. Since
F is lower weakly quasi continuous, by Lemma 1 there exists U € SO(X, z)
such that U ¢ F~(Cl(V)). Since C1(V)) € RC(Y), by Lemma 2 F'~ (CI(V)) €
SC(X) and hence sCl(U) C F~(Cl(V)). This implies that F(z)NCl(V) # @
for every u € sCl(U). Thus F is 1.0.q.c.

CoOROLLARY 3. (Arya and Bhamini [1]). Fvery almost semi-continuous
function is 8-semi-continuous.

DEFINITION 4. A topological space X is said to be semi-regular [4] if for
each semi-closed set A and each point z ¢€ A, there exist disjoint semi-open
sets U and V such that z € U and AC V.

THEOREM 8. If a multifunction F : X — Y is upper weakly quasi con-
tinuous and X is semi-regular, then F is u.6.q.c.

Proof Let 2 € X and V be an open set of Y containing F(z). Then,
by Lemma 1, there exists G € SO(X,z) such that F(G) C Cl(V). By [4,
Theorem 2.1}, there exists U € SO(X,z) such that z € U C sCl(U) C G.
Therefore, we obtain F(sCl(U)) C Cl(V') and hence F is u.f.q.c.

THEOREM 9. If a multifunction F : X — Y is lower weakly quasi con-
tinuous and X is semi-reqular, then F is 1.0.q.c.

Proof. The proof is similar to that of Theorem 8.

DEFINITION 5. A subset of X is said to be a-almost regular [7] if for any
point ¢ € A and any U € RO(X) containing a, there exists an open set G
such that e € G C CI(G) C U.

DEFINITION 6. A subset A of X is said to be a-nearly paracompact [6] if
every cover of A by regular open sets of X has an X-open X-locally finite
refinement which covers A.

LEMMA 6 (Kovaéevié [7]). If A is an a-almost regular a-nearly paracom-
pact subset of X and U is a regular open neighborhood of A, then there ezists
an open neighborhood G of A such that AC G C CI(G) C U.
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THEOREM 10. If a multifunction F : Y — Y 1is upper weakly quasi
continuous and F(z) is a-almost regular a-nearly paracompact in Y for
each z € X, then F is upper almost quasi continuous.

Proof. Let V be any regular open set of Y and F(z) C V. Since F(z)
is a-almost regular a-nearly paracompact, by Lemma 6 there exists an open
set W of Y such that F(z) C W C CI(W) C V. Since F' is upper weakly
quasi continuous, by Lemma 1 there exists U € SO(X, z) such that F(U) C
CI(W) C V. Therefore, we have z € U C F*(V) and hence F¥(V) €
SO(X). It follows from Lemma 2 that F' is upper almost quasi continuous.

COROLLARY 4. If F : X — Y is an u.f.q.c. multifunction and F(z) is
a-almost regular a-nearly paracompact inY for each x € X, then F is upper
almost quasi continuous.

LEMMA 7 (Noiri and Ahmad [13]). Let A and X, be subsets of X. Then
the following hold:

(a) If A € SO(X) and X, € PO(X), then AN (Xp) € SO(Xp).
(b) If A C X € PO(X), then XoNsCl(A) = sClx,(A), where sClx,(A)
denotes the semi-closure of A in the subspace Xo of X.

THEOREM 11. If a multifunction F : X — Y is u.6.q.c. and Xy €
PO(X), then the restriction F | Xo : Xo — Y is u.f.q.c.

Proof. Let ¢ € Xy and V be any open set of Y containing F(z). There
exists U € SO(X,z) such that F(sCl(U)) C CI(V). Since X, € PO(X), by
Lemma 7 we have £ € UN X € SO(Xp) and sClx,(UNXp) = XoNsCHUN
Xo) C Xo NsCLU). Therefore, we obtain

(F | Xo)(SClXO(U n Xo)) - (F l Xo)(Xo n SCI(U))
= F(Xo n SCI(U)) C Cl(V)

This shows that F | X, is u.f.q.c.

THEOREM 12. If @ multifunction F : X - Y is l.8.q.c. and Xp € PO(X),
then the restriction F | Xo: Xo —» Y is 1.0.q.c.

Proof. Let z € Xy and V be any open set of Y such that F(z)NV # 0.
There exists U € SO(X, ) such that F(u)NCl(V) # @ for each u € sCIU).
Since Xo € PO(X), we have z € U N Xp € SO(Xy) and sCly, (U N Xp) C
Xo NsCL(U). For any u € sClx,(U N Xy),u € sCU)N Xo and @ # F(u) N
Cl(V) = (F | Xo)(u) N Cl(V). Therefore, we have (F | Xo)(u) N CI(V) # @
for every u € sClx,(U N Xp). This shows that F | Xj is 1.8.q.c.
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CoroLLARY 5 (Noiri [12]). If e function f : X — Y is a 8-semi-
continuous and Xo € PO(X), then the restriction f | Xo : Xo — Y s
#-semi-continuous.

DEFINITION 7. A topological space X is said to be quasi H-closed [19]
(resp. S-closed [20], s-closed [3]) if for every open (resp. semi-open) cover
{Uys | @ € V} of X, there exists a finite subset Vo of V such that X =
ULCI(Va) | a'€ Va} (resp. X = U{CI(Ua) | a € Yo}, X = U{sCU(T,) | o €
Vo}).

It is well known that s-closedness implies S-closedness and S-closedness
implies quasi H-closedness but none of these implications is reversible.

THEOREM 13. Let F : X — Y be a surjective multifunction and F(z)
compact for each x € X. If F is u.0.q.c. and X is s-closed, then Y is quasi
H-closed.

Proof. Let {V, | @ € V} be any open cover of Y. Let z be any point of
X. Since F(z) is compact, there exists a finite subset V(z) of V such that
F(z) c U{Va | @ € V(2)}. Put V(z) = |U{Vs | « € V(2)}, then F(z) C
V(z)and V(z)is openin Y. Since F is u.f.q.c., there exists U(z) € SO(X, z)
such that F(sCl(U(z))) C C(V(z)). The family {U(z) | z € X} is a semi-
open cover of X. Since X is s-closed, there exists a finite number of points,
says, &1,&2,...,%, in X such that X = J{sCl(U(=z;)) | + = 1,2,...,n}.
Since F is surjective, we obtain

Y = F(X)C U F(sCl(U(z:))) C U V)= U CUV).

i=1 aEV(a:;)
This shows that Y is quasi H-closed.

THEOREM 14. Let F : X — Y be a surjective multifunction and F(z)
compact for each x € X. If F is upper weakly quasi continuous and lower
almost quasi continuous and X is S-closed, then'Y is quast H-closed.

Proof. Let {V, | @ € V} be any open cover of Y. For each z € X, F(z)
is compact and there exists a finite subset V(z) of V such that F(z) C
U{Va | @ € V(z)}. Now, put V(z) = U{Va | @ € V(z)}, then V(z) is open
in Y and F(z) C V(z). It follows from Theorem 6 that F is u.f.q.c. By
Theorem 1, we have z € F(V(z)) C sntg(F*(Cl(V(z)))) € SO(X) and
hence {sInty( F+(Cl(V(z)))) | = € X} is a semi-open cover of X. Since X
is §-closed, there exists a finite number of points, says, z3,Z2,...,%, in X
such that
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X = | Clstata( POV () =

i=1

= Yo ouvie) = o (| F e @)):
i=1 i=1 ’

It follows from [5, Theorem 2.4] that

n

X =sCl ( U F+(CI(V(ZB:')))) C sCl (F+( LnJ Cl(V(zi))))
i=1

=sC1 (F*( O V(z:))))-

Since Cl(U{V(z:) | 1 € © < n}) is regular closed in Y, by Lemma 2
FH(CI(U{V(z;) | 1 £ i < n}))is semi-closed in X. Therefore, we have

(1]
(2]
(3]
[4]
g
(1
(8]
(]

(10}

(11]

Y = F(X) = F(FH (U Vza)) c e V(=) =

=1
=JaweEn=J U V).
i=1 i=l a€V(z;)
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