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A S Y M P T O T I C PROPERTIES OF SOLUTIONS 

OF HIGHER ORDER LINEAR DIFFERENCE EQUATIONS 

1. Introduction 
In this paper we will investigate the asymptotic behaviour of solutions 

of certain forms of m-th order linear difference equations. Motivated by the 
work of Trench [4] on differential equations we will give some conditions 
under which the equation 

( E ) AmXn + plinAm~lXn + . . . + pm-linAxn + Pm,nXn = fn, 

n £ N,m>2, 

where p\,..., pm, f : N —* R has a solution xq behaving for a sufficiently 
large n like a given polynomial q of degree < m. 

Let us use the following notations: xn = x(n),R := (—oo,oo),i2+ := 
(0, oo),N := {no, no + 1 , . . . } , where no is a given nonnegative integer. For 
a function x : N —» R, we define the difference operator A' as follows 

A°xn = xn,Akxn = A i A ^ x n ) = A ^ x n + 1 - Ak~xxn, k > 1. 

Further, by n ^ we will denote the product 
fc-i 

= J J (n - j ) for n > k, n = 1, 
j=o 

where & is a positive integer. 

2. Main result 
Throughout this paper q is a given polynomial of degree < m. For con-

venience, we note 
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m 
(1) Mxn = J2Pk,nAm~kxn. 

fc=1 
Hence, the equation (E) can be rewritten in the form 
(2) Amxn + Mxn = fn. 
Now, we introduce the new unknown h defined by the formula 
(3) h = x - q. 
Because Amqn = 0, it is obvious that x is a solution of (2) if and only if h 
is a solution of 
(4) Amhn = -Mhn-gn, 
where 

771 

(5) gn = - fn + Mqn = - f n + J2Pk,nAm~kqn-
k=1 

L E M M A . Let $ : N —> R+ be a nonincreasing sequence and u : N —> R. 
Let us assume that the series 

oo 

(6) £ 
j-n0 

is convergent and that 
oo 

(7) E j m " 1 t . i = 0 ( i , ) . 
j=n 

Further, let us define 
oo 

( 8 ) Q n = S U p 
T > 7 1 ] = T 

Then for 

j=n K ' 

the inequalities 

(10) \Arwn\< 29n*nn~r 0 < r < m — 1, (m — 1 — r)\ 
are satisfied. Moreover, if 
(11) lim Qn = 0, 

n—too 

then 
(12) ATwn = o($nn-r), 0 < r < m — 1. 

The proof of this Lemma is in section 3. 
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Now we can formulate the main result of the paper. 

T H E O R E M . Let us assume that series 
oo 

(13) £ r-xsi 
j=n0 

is convergent and that 
oo 

(14) E r 1 - 1 * = <>(*«), 
j=n 

where g is defined by (5) and $n is a nonincreasing positive sequence. More-
over, let us assume that 

oo 
(15) £ ^ " V i l < 1 < k < m. 

j=n o 

Then equation (E) has a solution xq such that 
(16) Arx0 = Arqn + 0(<Pnn~r), 0 < r < m - 1. 

P r o o f . Let us denote by m(i>) the Banach space of sequences h : N R 
satisfying the condition 
(17) Arhn = 0{$nn~T), 0 < r < m — 1 
with the norm 

m—1 
(18) \\h\\= sup {#"» J ^ n H ^ f c n l } -

n>n0 r=0 ' 

We will show that the equation (4) has a solution with expected property 
and that it is a fix point of a contraction mapping of space m($) into itself. 

Let us note 
771 oo m — 1 / - \ I 

(19) n = sup {t € N : £ il > £ i Z I L Z p I l : } , 
fc=l j=t r=0 

Now we define the transformation L by 

(20) (Lh) = { ^ ^ I > I 

With g as in (4), let 

j=n ' 

We will show that the mapping T define by 
(22) Th = s + Lh 
maps m($) into itself and is a contraction mapping. 
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At first we must prove that the sequences (20) and (21) are convergent. 
In accordance with (1), one can write 

( 2 3 ) = 

j=n v > k-1 

In the following, let j > n > no > m — 1. From (18) we get 

TO —1 

T=0 
Hence, for each r = 0 , 1 , . . . , m — 1, we have < ||A||. Talcing 
r = m — k, we obtain 

jm-l^m-k^ < $ j j k - i t I < k < m. 

From the above inequality and from monotonicity of $ we get 
oo oo 

( 2 4 ) < ^ n W h W ^ j ^ M , 1 < k <m, 
j=n j=n 

and, by virtue of (15), we have the convergence of the series on the left-hand 
side of (24). 

Let us consider the series on the right-hand side of (23). From (24) 
it follows that the series '%2'jLnjT n~1Pk,jA r n~khj is absolutely convergent. 
Convergent is the series jm~1[52'jLnPk,jAm~khj], too. So, by virtue 
of Abel's criterion, the series 

(m~^~l)! i P P k ' j A H j 
j=n v ' k=l 

is convergent. Furthermore, the equality 
f ( j | m - l - n ) M r - A m - k h ] _ 

( ^ T j ! [z^Pk<iA 
j=n v ' fc=l 

- 2 . 1 , P k ' j A h j 

j=nk=1 V ' 

holds. The convergence of the series (21) follows from Lemma for u = g. 
Noting 

TO OO 

k=1j=n 
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by (24), we get the estimate 

(25) \I(n-,h)\<$n\\h\\an, 
where a n = E j l „ / " ^ P f c . i l -

Now, we can apply Lemma with u - Mh and w = Lh. Then (8) becomes 
gn = supT > n^~1|/(r; /i)| which, with (25), implies that 
(26) Qn < ||/i||supaT = o(l). 

r>n 
Further, we have (applying (10)) 

^ n ^ A ^ L h U < tt, r = 0 , 1 , . . . , m - 1. 
[m — 1 — r)l 

From the above and from (26) it follows that Lh £ m(<?) and 

(27) \\Lh\\ < K\\h\\ sup <Tt, 
r>n o 

where K = S ^ 1 is a n universal constant. 
By virtue of Lemma (for u = g), we have the inequality 

I AT \ ^ ^ Q n $ n n 
< 7 rrr [m — r — 1)! 

implying 5 € m($), by the assumption (14). Hence, the transformation T 
defined by (22) is a mapping of m(<P) into itself. 

Let hi,h,2 € m(#). Then, using (19) and (27), we have 

||T/n - r/i21| = \\L{hx - h2)\\ < K\\h! - h21| sup <rT = - h2\\. 
T > 7 l o ^ 

Hence, T is a contraction mapping of m(#) into itself. So it has a fixed point 
ho such that Tho — ho. From (20) and (21) it follows that ho satisfies the 
equation 

fto.n = ( - 1 ) ( m _ 1)! (Mh0,j + 9j)-

Hence Z\m-1/io,n = + 9j), and it means that Amh0,n = 
= —Mho<n—gn- So, ho is a solution of the equation (4), too. Since ho € 
the condition (17) is satisfied. From this fact and from (3) we get the con-
dition (18) and this completes the proof of Theorem. 

COROLLARY 1. If in assumption ( 1 4 ) of Theorem we interchange „ 0 " 
with ,,O", then Theorem still holds for (16) with „ 0 " interchanged with ,,O". 

P r o o f . Since from (26) follows (11), from Lemma with u = Mh and 
w = Lho we get 

(28) ArLh0,„ = o($nn~r), 0 < r < m - 1. 
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Moreover, if in (14) we change „0" with ,,o", then from Lemma it follows 
(29) Arsn = o(3>nn-r), 0 < r < m - 1. 
But ho = s + Lho, so, by means of (28) and (29), it follows that (17) can be 
replaced by Arhn = o(<fnn - r) . 

E X A M P L E . Let us assume that the series 
oo 

(30) 1 < k < m , 
j=n0 

are convergent. Let v be any integer in {0,1,. . . ,m — 1} and let qn = 
(v — r) 

^ ^ — , / n = 0. Then the function g defined by the formula (5) has the 
form 

~ n(v-m+k) 
Sn — / j Pk,n7 TTT' 

(v - m + k)l 
k=m—v 

From (28) it follows that 
CO 

j=n 

where <Pn = n~v. By virtue of Theorem, the homogeneous equation 
Amxn + plinAM~1XN + . . . + pm-\<nAxn + PMINXN = 0 

has a fundamental system of solutions XQ,X\,.. x m _i such that 

= O S ' S . . 
0(nv~r), v + l < r < m - l . 

3. Appendix. Proof of Lemma 
Let us denote 

oo 
(31) Qn = Y , j m ~ l u r 

j=n 

From definition of the difference we get AQn = — n m - 1 « n . Hence 

(32) = 

By virtue of (8) and (31), we have gn > $~x\Qn\. So, we obtain 
(33) $nQ > \Qn\-

By (6), the series is convergent. The sequence 
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is increasing and bounded; hence, by virtue of Abel's criterion, the series 

! _ V \ « - 1 W + ~ 1 ~ ") ( m~1 } 

3
 ~ ( m - 1)! ^

 j 
" ( j + m-1- n)(m"x) 

; — tt,- = (m - 1)! Am—1 
3 — n 

is convergent, too. 
Using definition (9) and the definition of difference A, we get 

4 ' - . = ( - D — - f ; a + : i - » - <•) '"- ' -• ' „ 
3 = 1 

(m — 1 — r)! 

for j > n and 0 < r < m — 1. 

The series + ra — 1 — n — r)(m 1 can be written in the form 
oo 

(34) 5 ^ ( j + m - l - n - r ) < m - 1 - r ) u i = 
j=n 

n—1 
i - i = E n 

j = n L < = — m + l + n + r 

The series on the left-hand side of (34) is convergent; hence, that on the 
right-hand side is convergent, too. 

Applying (32), we can write (34) in the form 
OO OO 71 — 1 / s -

j=n j=n ^ i = — m + l + n + r 

Further, applying the formula for summing by parts, we get 
OO 

(35) + m ~ 1 = 
j=n 

s 

= lim + m - 1 - n - r ) ^ - 1 - ^ « , -
j=n 

= - B r n ( . + ! ) - ' « « ff + 

+ -" '« • ff + 
t=-m+l+n+r N 7 

OO r n _ l . 

n ( i - j ) 
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Since, by virtue of (6), we have Qs+\ —> 0, as s —>• oo, and the sequences 
{(s + l ) - r } and {ni^-m+i+n+rC1 - are bounded, so we have 

(36) Hm (s + l)~rQs+i _ 
- m + l + n + 

and (35) can be rewritten in the form 

n (.-¿0] 
L t = - m + l + n + r v 1 / J 

= 0, 

( m - r - 1 ) ^ . _ Y+j + m - 1 - n - r)( 
j=n 

n-l / f \ 00 

"»-' n >-;fl. + E" 
<=—m+l+n+r ^ ' j=n 

n—1 

n 
t= —m+l+n+r 

1 - 4 
J/1 

Qj+1> 

And again, because the series on the left-hand side is convergent, so that on 
the right-hand side of (35) is convergent, too. 

Applying the formula for the difference of a product, we can rewrite (35) 
in the form 

(37) + m - l - n - r ) ( m - 1 _ r ) t t J - = n 

oo n—1 

+5>+1 n 
j=n 

j=n 
oo 

t=—m+l+n+r 
n—1 

n- l 

n 
t=—m+l+n+r 

t 

1~-)Qn+ n 

1 -
3 + 1 

n (i-j)" 
j=n t=—m+l+n+r x J ' J 

A T r + 

Qi+1. 

One can observe that 
n - l 

£ 
j = n 

* n 
i=—m+l+n+r 

n - l 

n - l 

= lim 
3—t-OO 

n 
j—n Lt=—m+l+nH 

n o-j^t)- n K ) ] 
L t=—m+l+n+r i = - m + l + n + r v y J - m + l + n + r 

n - l =i- n 
n t=—m+l+n+r 

rn-1 Hence, the series ¿MlHL-m+i+n+rC1 ~ j)] i s convergent. Its terms 
being positive, it is absolutely convergent. The sequence { j ^ Q j + i } is 
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bounded, so the series 
n—1 

n (i-j) 
j=n Lt=-m+l+n+r x J ' 

is absolutely convergent. 
From equality (37) it follows that the series 

n—1 oo n- i , v 

n ( ' - j t i K 
7=n t=-m+1+n+r x j—n t=—m+l+n+r 

is convergent, too. Further, applying (37), we have 
n—1 

<»- n I + m - 1 - n - r ) ( ' " - ' - r |
U j 

J = 7l 

OO 7 1 - 1 • x 

+ £!«»•! n ( i - ^ t ) 
7=7i t=—m+l+n+r v 

t=—m+l+n+r 
1 - - )\Qn\ + 

n ' 

+l+n+r 
n—1 

+ n ( i - i ) " 
j-n Lt=—m+l+n+r x • / / J 

IQj+ll-

Since the sequence {|Qn|}£L„0 is bounded from above (see (33)) by a non-
increasing (see (8)) sequence {$n6n}, we have \Qj\ < Qn$n and |Qj+i| < 
Qj+i$j+i < Qn$n for j > n. The sequence { n i ^ - m + i + n + r i 1 - i s n o n " 
decreasing positive and bounded from above by 1. Furthermore {n~ r}^_n o 

is a positive nonincreasing sequence for 0 < r < m - 1, so we get 

( j + m - 1 - n - r )<m - 1" r ) t i i < 
J = 7l 

< n T$nQn [ n K ) ] + 
L t=—m+l+n+r v 7 J 

oo r n-1 . v -, n p - j t i ) 
j=n t=—m+l+n+r V J ' J 

oo n_i n (i-j) 
j=n t=—m+l+n+r v • / / J 

+ 

< n T$nQn 

71 — 1 / . \ -1 OO 

n M ) +•.».[-E4i-
t=—m+l+n+r v 7 j—n 

+ 
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OO p 71-1 , 

+ » - ' * n * » 5 > I I ( 1 - 7 ) 

j = n 1=—m+l+n+T ^ J / . 

/ 71 — 1 

nQn\ 
t=-m+1 

- ff 
t = — m + l + n + r v ' J 

= n~r§ 

1 + 1 + 71+7" 

( 1 ) + ! + ! + 
n 

Finally, we obtain 

^ * ( r o - 1 - r ) H + " 1 - » " r ) ( T O _ 1 
< 

j—71 

2 n ~ r $ n e n 

( m — 1 — r ) ! 

for 0 < r < m — 1. Now, in order to prove (12), we state that 

< 2 Qn 
$nn~T ~ ( m - r - 1)!' 

because the sequence is positive and n > 0. By the assumption (11) of 
our Lemma, we get limn-*,» gn = 0. 

Hence 
\Arwn\ 

0, a s n - > 00, 

so Arwn = o{$nn
 r ) for 0 < r < m — 1. This completes the proof of Lemma. 
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