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ASYMPTOTIC PROPERTIES OF SOLUTIONS
OF HIGHER ORDER LINEAR DIFFERENCE EQUATIONS

1. Introduction

In this paper we will investigate the asymptotic behaviour of solutions
of certain forms of m-th order linear difference equations. Motivated by the
work of Trench [4] on differential equations we will give some conditions
under which the equation

(E) Amzn + pl,nAm_lzn +...+ pm—l,nAzn + PmnZn = fna

n€N,m?>2,
where p1,...,Pm,f : N — R has a solution z¢ behaving for a sufficiently
large n like a given polynomial ¢ of degree < m.
Let us use the following notations: z, = z(n),R := (—00,), R} :=

(0,00), N := {nog,n0 + 1,...}, where ng is a given nonnegative integer. For
a function z : N — R, we define the difference operator A* as follows

Az, = zn,Aka:n = A(Ak_lzn) = Ak"lzn_H — Az, k>,
Further, by n(¥) we will denote the product
k-1
n(k) = H(n—j) forn >k, n(® =1,
3=0
where k is a positive integer.
2. Main result

Throughout this paper ¢ is a given polynomial of degree < m. For con-
venience, we note
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m
(1) Mz, = Zpk,nAm"kzn.
k=1
Hence, the equation (E) can be rewritten in the form
(2) Amzn + Ml‘n = fn-
Now, we introduce the new unknown h defined by the formula
(3) h=z-gq.

Because A™gq, = 0, it is obvious that z is a solution of (2) if and only if A
is a solution of

(4) A™h, = —Mh,, — gn,

where

(5) gn = _fn + Mgq, = _fn + Zpk,nAm_an-
k=1

LEMMA. Let & : N — R, be a nonincreasing sequence and v : N — R.
Let us assume that the series

(6) DO

j=no

is convergent and that

(7) 3 5™y = O(@).

j=n
Further, let us define
o0
(8) on = sup 6] Zj’"‘luj|-
>n j=r
Then for
— m—1 %= (j +m—1-n)mD
(9) Wn = (_1) Jz_;l m— 1)| Uuj
the inequalities
r 20,Pnn"
(10) lAw"lS(_m——T:r_)" 0<r<m-1,
are satisfied. Moreover, if
(1D s, en =0,
then
(12) A"w, =0o(Prn™"), 0<r<m-1.

The proof of this Lemma is in section 3.
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Now we can formulate the main result of the paper.
THEOREM. Let us assume that series

(13) 3 ™

J=no

is convergent and that
(o o]

(14) Y i™ g = 0(%),
j=n

where g is defined by (5) and &, is a nonincreasing positive sequence. More-
over, let us assume that

o
(15) E jk_llpk,j[ <oo, 1<k<m.
j=no
Then equation (E) has a solution z¢ such that
(16) ATzg = ATq, + O(Ppn™"), 0<r<m-1.

Proof. Let us denote by m(®) the Banach space of sequencesh : N — R
satisfying the condition
1n A"h, =0(@P,n" "), 0<r<m-1

with the norm
m-1

(18) 14 = sup {27" 3 n7lahal}.
n2no r=0
We will show that the equation (4) has a solution with expected property
and that it is a fix point of a contraction mapping of space m(®) into itself.
Let us note

—1\!
(19) == {teN ZZ]" pe,s) > Z (mor-1) }
k=1 j=t
Now we define the transformation L by
n<m
(20) (Lh) = { (-1)m-1 z;‘;n Q+m(—1;:;‘))!(m-l) Mh;, n>T.
With g as in (4), let

o0 .
_ = (f+m—1-n)m-1)
(21) o = (0 R,
We will show that the mapping T define by
(22) Th=s+Lh

maps m(P) into itself and is a contraction mapping.
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At first we must prove that the sequences (20) and (21) are convergent.
In accordance with (1), one can write

XG4+ m—1—n)m-1)
(23) JZ% p— Mh; =

—1—m)m-D

— (j + m—
e )
j=n =

In the following, let § > n > ng > m — 1. From (18) we get
m-—1

&7 Y iT1ATh| < k).

r=0

Hence, for each » = 0,1,...,m — 1, we have Qj'lj’lA’hjl < ||A||- Taking
r = m — k, we obtain
F™HA™RRy| < R85, 1<k <m

From the above inequality and from monotonicity of & we get

(oo} o0
24) D™ AT FRjllpksl < SallBl Y5 Pkl 1<k <m,

i=n j=n
and, by virtue of (15), we have the convergence of the series on the left-hand
side of (24).

Let us consider the series on the right-hand side of (23). From (24)
it follows that the series E;‘;n jm‘lpk,jAm‘khj is absolutely convergent.
Convergent is the series 31", 7™ 1372, pk,jA™ *hj], too. So, by virtue
of Abel’s criterion, the series

holds. The convergence of the series (21) follows from Lemma for u = g.
Noting

I(n;h) = Z Zj’"'lpk,jAm_khj,

k=1 j=n
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by (24), we get the estimate
(25) [(n; h)| < Bnllhllom,

where o, = 3000, 3202 557 w5
Now, we can apply Lemma with « = Mh and w = Lh. Then (8) becomes
On = SUP;>, @ 1|I(r; k)| which, with (25), implies that

(26) on < ||R| SUp 07 = o(1).

Further, we have (applying (10))

20
-1 n — —
¢n 'n,""A"'(Lh)nl < m, r=0,1,...,m—1.
From the above and from (26) it follows that Lh € m(®) and
(27) |LA < KIBl] sup o,
7277'0
where K = Z:";Ol m_i_l)! is an universal constant.
By virtue of Lemma (for u = g), we have the inequality
|ATsn| < _200Pan”"
(m—-r-1)!

implying s € m(®), by the assumption (14). Hence, the transformation T
defined by (22) is a mapping of m(®) into itself.
Let hq,hy € m(®). Then, using (19) and (27), we have

1
IThy = Tha|| = IL(h1 = h2)l| < K[|y = ha|| sup 07 = S[h1 = hal|.
Hence, T is a contraction mapping of m(®) into itself. So it has a fixed point
ho such that Thy = hg. From (20) and (21) it follows that kg satisfies the
equation
—-1- n)(m"l)
m—1)!

00 ( . + m
how = (~1)" 1S M (Mho ; + g5)-

J=n
Hence A™ 1hy, = E;in(Mho,j + g;), and it means that A™hy, =
= —Mhg n—gn. S0, ho is a solution of the equation (4), too. Since hy € m(®),
the condition (17) is satisfied. From this fact and from (3) we get the con-
dition (18) and this completes the proof of Theorem.

CoROLLARY 1. If in assumption (14) of Theorem we interchange ,,0”
with ,,0”, then Theorem still holds for (16) with ,,0” interchanged with ,,0”.

Proof. Since from (26) follows (11), from Lemma with v = Mk and
w = Lhy we get

(28) A"Lhyy = 0o(Ppn™"), 0<r<m-1.
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Moreover, if in (14) we change ,,0” with ,,0”, then from Lemma it follows
(29) ATsp =o(P,n”"), 0<r<m-—1.

But hg = s+ Lhg, so, by means of (28) and (29), it follows that (17) can be
replaced by ATh,, = o($,n"7).

EXAMPLE. Let us assume that the series

(30) Z]k llpk,Jla 1SkSm»
j=mno
are convergent. Let v be any integer in {0,1,...,m — 1} and let ¢, =

s r),fn = 0. Then the function g defined by the formula (5) has the

forvm
plv—m+k)

Z pk'n. m+k)'

k=m-—v

From (28) it follows that

[}
Ejm_lgj = O0(Pn),
j=n
where @, = n~?. By virtue of Theorem, the homogeneous equation
A™%p + p1nA™ T + o+ P10 AT + Prnn = 0
has a fundamental system of solutions z¢, 21,...,Zm_1 such that

(v=7)
{ G=n 0<r<vo,

ATzypn =
O(n*~ "), v+1<r<m-1.

3. Appendix. Proof of Lemma
Let us denote

(31) Qn=>_ ™ u;.
j=n
From definition of the difference we get AQ,, = —n™ lu,. Hence
AQn
(32) Un = =—277
By virtue of (8) and (31), we have g, > ,1|@,[. So, we obtain
(33) Do > |Qnl.

By (6), the series Y 2 ;7™ lu;, is convergent. The sequence

j=nJ

.

]'m—l



Asymptotic properties of solutions 103

is increasing and bounded; hence, by virtue of Abel’s criterion, the series

i(]'i'm—l—n)(m 1) ' Zml (j+m—1-n)m-D
ot m—1)! (m—l)' jm1

is convergent, too.
Using definition (9) and the definition of difference A, we get

T — m=1-r = (j+m— 1—'n—'r)("n‘1“7')
ATw, = (-1) Z s

forj>nand 0<r<m-1.

uj

The series 3252, (j+m—1—-n— 7)(m=1-7)y; can be written in the form

[ o]
(34) E(] +m—-1—-n-— r)(m—l—r)uj =

Sl I (-)he

t=—~m+1+n+tr

The series on the left-hand side of (34) is convergent; hence, that on the
right-hand side is convergent, too.
Applying (32), we can write (34) in the form

i(j'i-m—l—n—")(m—l—r)uj = i [ nI:II (1-§>]J’—T(—AQJ')-

j=n j=n “t=—-m+14n+r

Further, applying the formula for summing by parts, we get

o0
(35) Yo +m—1—n—r)mlny; =

j=n

— 1 —m — (M= l—r)
= lengo Z(] +m—-1-n-7)
j=n

n—1
<o an 1 <1- )

t=—m+1+n+4r s+ 1

n—1 1
+ n_rQn H (1 - ;) +

t=—m+1l+n+tr

S )

t=—m+1+n+tr J
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Since, by virtue of (6), we have Q41 — 0, as s — 0o, and the sequences
{(s+1)""} and {H?;1m+1+n+r(1 — +57)}32,, are bounded, so we have

() lm o+ 17 Q| 1 (1—si1)]=o,

t=~-m+1+n+r

and (35) can be rewritten in the form

Z(j +m—-1—n—r)m Uy, =

Jj=n
n-1 ¢ oo n—1
=n"" H (1—;)QH+ZA[J'" H (1--)]Q1+1,
t=—m+14+n+r j=n t=—m+1l4+ntr

And again, because the series on the left-hand side is convergent, so that on
the right-hand side of (35) is convergent, too.

Applying the formula for the difference of a product, we can rewrite (35)
in the form

- n-1
@)Y (G+m-1-n—r)m 'y =" ] (1 - %)Qn"’

j=n t=—m+1+n+r
oo n—1
+ Z Qj+1 H (1 - ?)A "+
Jj=n t=—m+14+n+r
[e] n—1
+ Zr"A[ I1 (1 - —)]Qm
i=n t=—m+41+n+r

One can observe that

Sl I (1—-)]-,133024‘[ ., (-9l

ij=n t=—m+14n+r =n t=—m+14+n+r
n—1 n-—1 t
S CEE R ) B
Gl T U N n
n—-1 ¢
=1- ] (1-2)
t=—m+1+n4+r

Hence, the series ZJ n A[Ht__m+1+n+r(1 - f)] is convergent. Its terms
being positive, it is absolutely convergent. The sequence {j71Q;s1} is



Asymptotic properties of solutions 105

bounded, so the series
=) n—1 ¢
SO )
j=n t=—m+14n+r J

is absolutely convergent.
From equality (37) it follows that the series

co n—1 t '
Som I (1-47)ai

t=—m+1+4n+r

is convergent, too. Further, applying (37), we have

o n-1
|Z(j+m—1—n—r)(m"l'r)ujl <n7" H (1— %) |Qn|+

j=n t=—m+l4ntr
[ n—1
el T (15 )faie
j=n t=—m+1+n+r
[~ n—1 ¢
eyilal T (-5 et
i=n t=—m+1+n+r J

Since the sequence {|Qn[}32,, is bounded from above (see (33)) by a non-
increasing (see (8)) sequence {&,0,}, we have IQJ| < on®n and IQJ-+1| <
0i+1Pi4+1 < 0n P, for j > n. The sequence {Ht__m+1+n+r(1 » is non-
decreasing positive and bounded from above by 1. Furthermore {n i ol

is a positive nonincreasing sequence for 0 < r < m — 1, so we get

li(] +m-1—-n- r)(m'l'r)uj| <

]=n n—-1 :
< n_r¢n9n|: H (1 - —)] +
t=—m+1+n+r n
oo n—1
+ e T (-]
j=n t=—m+14n+r
n-1

rpnea I (-5)]<
j=n t=—m+1+n+r

n—1

< n—rasngn[ I1 (1 - %)] + 0 - jéAj-r]Jr

t=—m+1l4+n+r
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womesd H (-]

j=n t=—m+1+n4r
n-1 ¢
:n—rqsngn{ H (1- ;)+1+1+
t=—m+14n4r
n-1 ¢
B
t=—m+l+n4r

Finally, we obtain

1 > 2n~"d,0
AT < | . 1w _ 2\ m=1=7) < n&n
| wnl__—(m—l—r)! j;l(]+m 1-n-7) uj S

for 0 < r < m — 1. Now, in order to prove (12), we state that
[A™wa| . 20n
$,n~" ~ (m—r-1)"
because the sequence &, is positive and n > 0. By the assumption (11) of
our Lemma, we get lim, o 0n, = 0.
Hence

[ATw,|
é,nT -
so A™w, = o(P,n"") for 0 < r < m—1. This completes the proof of Lemma.

0, asn— oo,
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