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The notion of a diagonalizable algebra was introduced by Magari ([5]). In
that paper the author described some algebraic properties of these algebras.

The aim of this paper is to characterize all injective diagonalizable alge-
bras.

An algebra A = (A, V,A,~,7,0,1) of type (2,2,1,1,0,0) is called a di-
agonalizable algebra, if it satisfies the following axioms:

Al. (A,V,A,~,7,0,1) is a Boolean algebra,

A2. r(z Ay) =1(z) A T(y),

A3. 7(r(z) — z) = 1(z), where the symbol z — y denotes -z V y,

A4 T(1)=1.
If A is a diagonalizable algebra, we write A = (A, 7), where A is a Boolean
algebra.

Let A be a Boolean algebra. We can define 7 on A by 7(z) = 1 for
each z € A. Then (A, ) is a diagonalizable algebra. This algebras are call
“trivial”.

If A = (A,7) is a diagonalizable algebra such that A is a complete
Boolean algebra, we say that A is “complete”.

It is known (see [5]) that the following properties hold in every diago-
nalizable algebra:

W1. 7(z) < 7(7(z)),

W2.if z < y then 7(z) < 7(y),

W3. if 7(z) then z = 1,

This paper has been presented at the Conference on Universal Algebra and its Appli-
cations, organized by the Institute of Mathematics of Warsaw University of Technology
held at Jachranka, Poland, 8-13 June 1993.



812 L. Zurawska

W4. 7(-7(0)) = 7(0).

Let K be a class of algebras of the same type. An algebra C is injective
in K if and only if, for each A;B € K a monomorphism ¢ from A into B and
a homomorphism A from A into C, there exists a homomorphism ¢ from B
into C satisfying @ 04 = h.

It is known ([4]) that a Boolean algebra B is injective in the class of
Boolean algebra if and only if B is complete Boolean algebra (Sikorski’s
theorem).

Let the symbol D denotes the class of all diagonalizable algebras.

THEOREM 1. Fach diagonalizable algebra which is complete and trivial
is an injective diagonalizable algebra in the class D.

Proof. Let C = (C 7), C € D be trivial and complete, A = (4, T),
B = (B,7), A,B € D, { a monomorphism from A into B, » a homomorphism
from A into C. Then h(7(z)) = 7(h(z)) = 1 for each ¢ € A. An algebra C
is complete, so by Sikorski’s theorem C is injective in the class of Boolean
algebras. Hence there exists a Boolean homomorphism ¢ from B into C
such that ¢(i(z)) = h(z) for z € A. We will show, that ¢(7(z)) = 7(¢(z))
for z € B. An algebra C is trivial, so 7(¢(z)) = 1 for € B and ¢(7(z)) >
¢(7(0)) = ¢(1(7(0)) = h(7(0)) = ¢(h(0)) = 1. So p(7(z)) = 1.
An algebra C is called a retract of an algebra B if and only if there exist
a monomorphism f from C into B and a homomorphism g from B into C
such that go f = id|c.
We say that an algebra C is an absolute subretract, if C is a retract of
every algebra including C.
It is known:
P1. (see [4]) Each algebra, which is a retract of a complete Boolean algebra,
is a complete algebra.
P2. (see [2]) For each diagonalizable algebra C, there exists an embedding
from C into a complete, atomic diagonalizable algebra.
It is easy to see, that:
P3. Each injective algebra in a class of algebras K is an absolute subretract.
P4. A retract of a complete diagonalizable algebra is a complete diagonal-
izable algebra.
The following theorem is a consequence of P1-P4.

THEOREM 2. FEvery injective diagonalizable algebra is a complete diago-
nalizable algebra.

THEOREM 3. Every injective diagonalizable algebra is trivial.

Proof. Let C = (C,7) be an injective diagonalizable algebra. Let us
suppose, that C is not trivial, that means 7(0) # 1.
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We consider two cases:

L. 7"*1(0)=1forsomen € N,n > 1.

Let 7(0) = ay,7%(0) = az,...,7™(0) = an, 7" *1(0) = 1.

Now, let A be a Boolean subalgebra od C generated by {a;,...,a,}. It
is obvious that card(A) = 2"*1, Let a,,b;,...,b, are co-atoms of A such
that a,./\bl = an_l,an/\bll\b2 = an_g,...,an/\bz/\.../\bn_l = al,bn = a’l.

We will show, that r(z) € Aforz € A. We have 7(a,) =1, 7(an-1) = an
and a, Ab; = an—;, 50 7(b1) = a,. Because an_3 = an, Aby Aby so T(an_2) =
7(an) A T(by) A 7(b2) and an_y = a, A 7(by). Therefore 7(b2) > a,—1 and it
is not true that 7(b;) > an. So 7(bz) = an—1 or 7(bs) = by. Let 7(b2) = by.
Then 7(b2) < 7(7(b2)) = 7(b1) = a, it is impossible. Hence 7(by) = an_1
and if ap,_2 < z < by then 7(z) = an_1 for z € A. If we suppose for
k < n—21 (bx) = 7(a@n-k) = @n—k41, We obtain ap—p = T(Gr-k-1) =
T(bk+1)A@n—k+1 SO T(bk+1) > @n—k and it is not true, that 7(bgy1) > an—g41
and 7(bk+1) < 7(7(bk+1)) = an-k+1, T(bk41) = ank-

Hence for each 1 < k < n,7(bx) = an—k+1-

We proved, that:

1°. (A, 7) is a subalgebra of C.

2°. 7 on A satisfies the following condition:

(z) = {a,- ifz>a;_yandzPa;fore=1,...,n+1,

1 ifz=1.
Now, we construct Boolean algebra B = 2<. In B we take the chain
L= {ao =0,ay,...,8,,a,41 = 1}, where a,, is a co-atom in B. On B we

describe operation 7 by the following condition:
_Ja; fz>a_jandzFa;fori=1,...,n4+1
r@={1 yiZf

It is easy to prove, that B = (B, ) is a diagonalizable algebra. Let [L]
denotes Boolean subalgebra of B generated by L. It is obvious that ([£],T)
is a subalgebra of (B, 7) and there is an isomorphism f from (A4, 7) into
([£], 7) such that f(a;) = a; for i = 1,...,n. An algebra C is injective, so
there exists a homomorphism ¢ from B into C such that (*)po f = id|4 and
(%) o(7(2)) = T(¢(z)) for z € B. We will prove, that ker ¢ = {0}.

Suppose, that £ € B — {1} and ¢(z) = 1. Then 7(¢(z)) = 1 and by
(+4) T(¢(2)) = p(r(2)) = P(f(r(s'))) where 7(c) = f(r(s")) for some
z' € A. By (x)o(f(r(z")) = 7(z'), so 7(z') = 1 and 7(z) = f(1) = 1.
Therefore z = a,. But a, = f(a,) and 1 = ¢(z) = ¢(a,) = ¢(f(as)) = ax.
It is a contradiction. So {z € B : ¢(z) = 1} = {1} and kerp = {0}. We
obtained that ¢ is a monomorphism from B into C and card(B) > card(C).
What is impossible.

IL. Let 7™(0) # 1 for each n € N.
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Now, let A = (A, 7) be the subalgebra of C generated by {r(0)}. It is
know (see [1], [5]) that each element 2 € A can be written by the following
form:

T = (a,-l A —\aj,-) V...V (a,-k A —|ajk) or z = (a,,- \Y —mk,-) AN A (0,31 \Y —1akz)
and 7((ai1 A —ajn) V...V (aix A naji)) = 7(0)
T((a,,' \ —|ak,') A A (a,z A ﬂakl)) = Gn41,
where a, = min{a,;,...,as}.
It is easy to see, that 7 satisfies condition:
_Ja; ifz>a;_yandz }a;forieN,
@ ={{ yi27

We construct a Boolean algebra B such that card(B) > card(C) and A
is a subalgebra of B. Such an algebra exists. It suffices to take a Boolean
product of algebras A and 2<. The operation 7 define as follows:

_fa; fz>a;_yjandz fa;forteN,
r(e) = {1 ifz=1.

Of course B = (B, 7) is a diagonalizable algebra and analogously to I.
we obtain, that there is not a homomorphism ¢ from B into C such that
¢la =1id.

COROLLARY 1. An algebra C is injective in the class of all diagonalizable
algebras if and only if C is a complete and trivial.

We say, that the class K of algebras of the same type is enough injective,
if every algebra of K can be embedded into an injective algebra in K.

COROLLARY 2. The class of diagonalizable algebras is not enough injec-

tive.
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