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T H E G R O U P OPERATIONS ON A GROUP 
W I T H A FREE S U B G R O U P 
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A binary operation of the form a o b = aaibßlaa2bß2 •••aa"b/}n on a 
group G is called a group operation iff a pair (G, o) is a group and a • b = 
α?1 obl1 oal2obs

0
2o---oal" obs

0" for some integers 71 ,72 , . . . ,7 n , ¿1,¿2, · · · ,Κ· 
If there exists a free not cyclic subgroup of the group G then every group 
operation a ob has one of the forms: aob = a- boraob = b-a. 

Let G be a group. Let us consider binary operations o : G X G —> G of 
the form 

aob = aaibßlaa2bß2---aa"bß", 
where α ϊ , 0 2 , . . . , αη, βι, /?2, ·.., βη are any integers. We call it a group ope-
ration iff the following two conditions are satisfied: 

1. The pair G0 = (G, o) is a group. 
2. The equation: 

a · b = al1 0 bl1 o ap o bs
0
2 ο · · · o a¡- o bs

0", 
holds for some integers 71,72, . . . , 7„, ¿1,62, • • •, èn , where a l means 
the power of a in sense of the group G0 . 

( see [1], [5], [2]). 
On each group there are at least two group operations: a 0 b = a · b and 

a ob — b · a. These group operations are called trivial (see [2]). 

T H E O R E M 1 . Let G be a group. If there is a free subgroup F < G which 
is not cyclic, then all group operations on G are trivial. 

This paper has been presented at the Conference on Universal Algebra and its Appli-
cations, organized by the Institute of Mathematics of Warsaw University of Technology 
held at Jachranka, Poland, 8-13 June 1993. 
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P r o o f . Let a o b = aaib^1act'2b^ · ••aanbf3n, be a group operation on a 
group G. It is clear that the operation o, restricted to the subgroup F, is a 
group operation on the group F. 

It was proved by Hanna Neumann [4] that there are only trivial group 
operations on a free group. So, for a, 6 € F we have aob = a-b or a ob = b-a. 
Because the group F is not cyclic, we can put as a and b the different free 
generators of the group F and hence the equality is the equality of words. 
But this means that such equality is true on each group, especialy on the 
group G and so the theorem follows. • 

The group G = Sl(n, Ζ) of matrices with determinant equal to 1 gives 
an example of such a group containig a free noncyclic subgroup (see [3]). 
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