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Let GLi(n,K) denote the subbgroup of matrices A G GL(n,K) such 
that det(A) = ±1, K2 = {<7 G G : o(g) = 2}, where G is a group. In the 
paper [1] it has been proved that in the linear group GLx(3, K), SL(3,I() 
and PSL(3,K) the sets K2 cover these groups. In the proof the computer 
results from the paper [5] were used. 

In this paper we will give another proof without the use of the mentioned 
computer results. It can be observed that the statement GL\(3,K) = it | 
improves the result obtained in the paper [3] for η = 3. 

The following Lemma will be useful in the sequel. 

LEMMA 1. (see [2]) Let G be a group. An element g G / ^ ( m > 2) if and 
only if there is an element χ G Α'™-1, χ φ g~l such that (gx)2 = 1. 

THEOREM 2. In the group GL^JC), = GLi(3,K). 

P r o o f . If A G A'2, then det(A) = ±1. Thus C GLi(n,K). We will 
prove the inverse inclusion for η = 3. Each matrix A G G¿i(3, Κ) is similar 
to the one of the following matrices 

0 1 0 0 1 0 
0 0 1 , Α2 = -b2 -h 0 , Α3 = αΕ, 

- α 3 - α 2 -αχ 0 0 ±b2 

where a | = 1, a3 = ±1. 
We will consider three possible cases: (i) char(Ä') φ 2, (ii) char(Ä') = 2, 

\K\ φ 2, (iii) \Κ\ = 2. 
(i). The matrix Αχ fulfils conditions 

(1) T\A\ φ Ε , (ΤιΑι)2 = E , where Τι = 5 ι Ε ι , 
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Si = 
- 1 0 0 
0 0 1 
0 1 0 

G K2, Ri = 
0 0 «3 1 1 

0 - 1 0 
- 1 0 0 

The matrix R\ fulfils conditions 

(2) MiRi φ E, (M\R])2 = where Μι = 
0 0 1 
0 - 1 0 
1 0 0 

€ Κ2 . 

By (2) and Lemma 1 it follows that R\ G K$. Hence Τι = S\R\ G Ä'f, so 
A\ G K2, by (1) and Lemma 1. 

For the matrix A2 we have 
0 

(3) T2A2 φ Ε, (T2A2)2 = E, where T2 = 
0 b-1 

1 0 0 
0 0 -b2 

If b2 = 1, then T2 G K2 and A2 G K% Ç by Lemma 1. If b2 Φ 1, then 

G K 2 . 
0 b2\ [0 0 - 1 

The matrix S2 fulfils conditions 

Γ6,"1 0 0 " "0 1 0 ' 
T2 — S2R2, S2 = 0 1 0 , R2 = 1 0 0 

0 0 b2 0 0 - 1 

(4) M2S2 φ Ε, (M2S2)2 = E, where M2 = 
0 0 1 
0 - 1 0 
1 0 0 

G K2 

Hence S2 G Kj, by Lemma 1. Therefore T2 = S2R2 G A'f and A2 G K2, by 
(3) and Lemma 1. 

The matrix ^3, a3 = 1, fulfils conditions 

(5) T3A3 φ E,(T3A3)2 = E,where T3 = S3R3, 

' 1 0 0" 0 0 a " 1 ' 
S3 = 0 a" 1 0 > R3 = 0 - 1 0 G K2 

0 0 a a " 2 0 0 
The matrix S3 fulfils conditions 

(6) M3S3 φ E, ( M 3 S 3 ) 2 = where M3 = 
- 1 0 0 
0 0 1 
0 1 0 

G K 2 . 

Thus S3 G K 2 i by (6) and Lemma 1. Therefore T3 = S3R3 G Λ'|, so 
•^3 € K 2 , by (5) and Lemma 1. 

If a3 = —1. then A3 fulfils conditions 

(7) T4A3 φ £ , (T 4A 3) 2 = E, where T4 = 54Ä4 , 
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• - 1 0 0 ' 0 0 - a " 1 " 

II 
i··* 
to 0 a " 1 0 , Ri = 0 - 1 0 

0 0 a a" 2 0 0 
€ K2 

The matrix 54 fulfils conditions 

(8) M3S4 φ £ , (A/ 3 5 4 ) 2 = E . 

From (8) and Lemma 1 it follows that S4 G K 2 · Hence T4 = S4R4 G Κ*. 
Therefore A3 G by (7) and Lemma 1. 

(ii). If αχ φ 0 or a2 ^ 0, then Αχ fulfils conditions (1), so Αχ G Ä^. If 
αχ = a2 = 0, then 

T5 Αχ φ Ε, (Τ5 Αι)2 = Ε, where Τ5 = 
0 0 

G Κ2 

Thus Αι e Κ% Ç by Lemma 1. 
If 6χ φ 0, then the conditions (3) are fulfilled and the proof for A2 is the 

same as in the case (i). If 6χ = 0 and b\ Φ 1, then in SL(3,K), A2 is similar 
to the matrix 

1 
0 
62 

0 
1 

which is a type of Αχ, so A2 G Κ*· If 6χ = 0,62 = 1 a n d b2 Φ then 
b\ φ 1. From Theorem 1 (see [1]) we know that GLi(Z,K) = SL(Z,K) Ç 
CyCyZ, where Cy denotes a class of conjugate elements of the matrix 
V = diag(l,b2,bl). From the equality b2E = V T e V T f 1 , where 

T6 = 

0 1 0 
1 0 0 
0 0 1 

it follows that Ζ Ç CVCV. Hence GLi(3, /v) Ç CVCV. The matrix V fulfils 
conditions VT7 φ E, (VT7 )2 = E, where 

Î7 = 
0 0 
0 1 
1 0 

G IÚ 

Thus G l i (3, K) Ç and particularly A2 G 
If bi = 0,62 = I» then the matrix A2 fulfils conditions 

( 9 ) Τ8Α2φΕ,(Τ8Α2)2 = E, 
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where 
X y 0 

£ II y χ 0 
0 0 1 

The matrix T% belongs to K-i because the equality x2 + y2 = 1 has a solution 
different from (1,0), (0,1), in the field GF(2"), s φ I. Hence A2 G Ç K f , 
by (9) and Lemma 1. 

The proof of the relation A3 6 Κ2 is the same as in the case (1). 
(iii). In the paper [3] it has been proved that Κ* = PSL(2,q), q > 5. 

But GLi(S,K) = SL(3,K) ~ PSL{2,7), so this proves our case. 
We have proved that matrices A\ G GL\(3,K) belong to the set 7i'|. 

The set is a normal set so GLi(3, K) Ç 
Observe that if A{ e SL(3, K), then T¿, Rh Si, Mi 6 SL(3, K). Therefore 

we have the following corollary. 

COROLLARY 1.1 . SL(3,K) = 7I'| and PSL(3,K) = K\. 
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