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Let GLi(n, K) denote the subbgroup of matrices A € GL(n, K) such
that det(A) = 1, Ky = {g € G : o(g) = 2}, where G is a group. In the
paper [1] it has been proved that in the linear group GLy(3,K), SL(3, K)
and PSL(3,K) the sets K} cover these groups. In the proof the computer
results from the paper [5] were used.

In this paper we will give another proof without the use of the mentioned
computer results. It can be observed that the statement GL1(3,K) = K}
improves the result obtained in the paper [3] for n = 3.

The following Lemma will be useful in the sequel.

LEMMA 1. (see [2]) Let G be a group. An element g € KJ*(m > 2) if and
only if there is an element x € KJ*~ ~1 z # g~ such that (gz)? = 1.

THEOREM 2. In the group GL1(3,K), K} = GL:1(3, K).

Proof. If A € K, then det(4) = +£1. Thus K} C GLy(n, K). We will
prove the inverse inclusion for n = 3. Each matrix A € GL,(3, K) is similar
to the one of the following matrices

0 1 0 0 1 0
Al = 0 0 1 ’ A2 = —b2 —bl 0 , A3 = aE,
—az —ag —a 0 0 :tbz

where a2 = 1, a3 = +1.

We will consider three possible cases: (i) char(K) # 2, (u) char(K) = 2,
| K| # 2, (iii) | K| = 2.

(1). The matrix A; fulfils conditions

(1) T1A1 ;é E, (T1A1)2 = E, where T] = SlRl )
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-1 0 0 0 0 a3
S = 0 0 1] e€K;,, R;= 0 -1 0 .
0 10 -1 0 0

The matrix R, fulfils conditions

1 0 0

By (2) and Lemma 1 it follows that R, € K2. Hence T} = $1R; € K2, so
A; € K3, by (1) and Lemma 1.
For the matrix A; we have

0 0 1
(2) MR, #E, (MiR))!=E, where M; = [0 -1 0} € K,.

[0 5, 0
(3) TA2#E, (T2A3)*=E, whereT,=|1 0 0 ]
[0 0 -b,

If b = 1, then T} € K, and A; € K2 C K3, by Lemma 1. If b, # 1, then

b1 0 0 0 1 0
To=53R;, Sa=|0 1 0|, R=|1 0 0| e€k,.
0 0 b 0 0 -1

The matrix S, fulfils conditions

0 0 1
(4) MzSg 75 E, (M252)2 = E, where Mz = [0 -1 0‘ € .K2 .
1 0 0

Hence S, € K2, by Lemma 1. Therefore T2 = S, R; € K3 and A, € K3, by
(3) and Lemma 1.
The matrix As, a® = 1, fulfils conditions

(5) T3A3 ;/—‘ E,(T3A3)2 = E,where T3 = S3R3,
1 0 0 0 0 a7
S3=|0 a! 0, R3=| 0 -1 0 | €K,.
0 0 a a”? 0 0

The matrix S3 fulfils conditions

-1 0 0
(6) M3S53 # E,(M353)2 = FE,where M3 = l: 0 0 1:I € K,.
0 1 0

Thus S3 € K3, by (6) and Lemma 1. Therefore T3 = S3R; € K3, so
A; € K3, by (5) and Lemma 1.
If a® = —1. then Ajs fulfils conditions

(7 TiA;z # E,(T4A3)* = E,where Ty = S4 Ry,
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-1 0 0 0 0 -—-a!
Sy = 0 a1 0 , R4= 0 -1 0
a

0 0 a

The matrix §; fulfils conditions
(8) M3Sy # E,(M3S4)* = E.

From (8) and Lemma 1 it follows that §; € K3. Hence Ty = S3R4 € K3.
Therefore A3 € K3, by (7) and Lemma 1.
(ii). If @y # 0 or a; # 0, then A, fulfils conditions (1), so 4; € Kj. If

a1 = a3 = 0, then
} cxi
Thus A; € K2 C K3, by Lemma 1.
If b # 0, then the conditions (3) are fulfilled and the proof for A; is the
same as in the case (i). If b = 0 and b3 # 1, then in §L(3, K), A4, is similar

to the matrix
0 1 0
0 O 1
1 by b7t

which is a type of A;, so A; € K3. If by = 0,03 = 1 and by # 1, then
b3 # 1. From Theorem 1 (see [1]) we know that GL;(3,K) = SL(3,K) C
CvCyZ, where Cy denotes a class of conjugate elements of the matrix
V = diag(1,b,,b2). From the equality b E = VTsVT; !, where

010
Te=|1 0 0],
0 0 1

it follows that Z C CyCy. Hence GL1(3,K) C CyCy. The matrix V fulfils
conditions VT # E,(VT%)? = E, where

1 00
T:=10 0 1| €K,

[ = =]
o = O
O O =

TsA;, # E,(TsA;)? = E,where Ts = [

010

Thus GL,(3, K) C K3 and particularly A; € K3.
If b, = 0,63 = 1, then the matrix A, fulfils conditions

(9) TsA; # E,(TyAz)? = E,
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where
z y 0
Ts=|y =z 0
0 0 1

The matrix Tg belongs to K, because the equality 2% +y? = 1 has a solution
different from (1,0),(0,1), in the field GF(2°),s # 1. Hence A; € K C K},
by (9) and Lemma 1.

The proof of the relation A3 € K3 is the same as in the case (i).

(iii). In the paper [3] it has been proved that K} = PSL(2,q), ¢ > 5.
But GL1(3,K) = SL(3,K) ~ PSL(2,7), so this proves our case.

We have proved that matrices A; € GLy(3, K) belong to the set Kj.
The set Kj is a normal set so GL;(3, K) C K3.

Observe that if A; € SL(3, K), then T, R;, Si, M; € SL(3, K). Therefore
we have the following corollary.

CoROLLARY 1.1. SL(3,K) = K} and PSL(3,K) = K}.
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