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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS 
OF THE SECOND ORDER DIFFERENCE EQUATIONS 

Let N denote the set of positive integers, R the set of real numbers. 
For a function / : N —> R one introduces the difference operator A in the 
following way Af = / n + 1 - /„ where fn = f(n) and Akf = Alc~1(A/) for 
k > 1, k € N. 

Next Lemma was presented in [1]. 

LEMMA 1. The difference equation 

(1) A2zn = anzn+u n€N 
where a : N R, has linearly independent solutions u, v which fulfil the 
equation 

(2) 
Un Vn 

Aun Avn 
= -1, for n e N. 

DEFINITION 1. We will say B e Bp, if B : N x R R+ and B possesses 
the following properties 

1° 0 < B(n,xi) < B(n,x2), for 0 < xx < x2 
2° B(n,kx) < F(k)B(n,x), for x > e > 0 

where F is continuous, nondecreasing and positive function. 

LEMMA 2. Let u, v denote linearly independent solutions of the difference 
equation (1) for which (2) holds. Moreover, let a : N —• R and function 
f : N x R —• R possessing the following properties 

(3) |/(ra, x)| < B{n, |x|), for every x G R 
where B £ Bp, and F fulfil the condition 

x ds 
(4) lim I . = — oo (for every positive constant e). i—>o J F(s) 
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If 
oo 

(5) ^ UjB(j, Uj) = K < oo (for some positive constant K) 
j=i 

(6) where Uj = maxfltiji,|uJ+i|,K+i|} 
then the solution of the equation 

A2yn = anyn+i + f(n, yn), neN 
exists and it can be written down in the form 

(7) yn = otnun + (3nvn 

where 
11m a n = a, lim /3n = 

n—>oo n—KX> 

P r o o f . Let us choose two linearly independent solutions u,v of (1) ful-
filling the condition (2). Moreover, let us denote 

(8) An = vnAyn - ynAvn 

(9) Bn = ynAun - unAyn. 

Then 

(10) yn = unAn + vnBn. 

Applying the difference operator A to (8) and (9) we obtain 

AAn = vn+1 A2yn - yn+1A2vn 

ABn = yn+iA2un - un+iA2yn. 
Using (7) and (1) we have 

AAn = vn+i/(n, yn) 
ABn = -u„+i f(n,yn). 

From (10) we obtain 

(11) A A j = A j U j + B j V j ^ 
ABj = —Uj+if(j, AjUj + BjVj), j e N. 

Putting from j = 1 to j = n — 1 and adding obtaining equations one yields 
n—1 

An = Ai + ^2 Uj+i/0', AjUj + BjVj) 

("> Z 
Bn = B!-^2 uj+ifU,Ajuj + BjVj). 

j=i 
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Then 
n—1 

K l < + £ to+i||fU,AjUj + BM)| 
3=1 
n—1 

\Bn\ < \Bi \ + £ \uj+,\\f(j,AjUj + BjVj)\. 
3=i 

We have 
n—1 

K | + \Bn\ < l^il + m + J > j + 1 | + |« i + i | ] I/O', AjUj + Bp 
3=1 

Let us denote 

(13) hn = \An\ + \Bn\, n e N . 

From (6) we have 

N < Uj, \Uj\ <uh \vj+1\<Uj, |uj+i| < Uj. 

We can see that 
(14) \AjUj + BjVj| < I ^ l l ^ l + l ^ l l ^ l < Uj(\Aj\ + 1^1). 
Hence by (3) we get 

| f ( j , A j U j + BjVj)| < B{j, |AjUj + BjVj\). 

Therefore, (13) yields 
n—1 

K < hi + 2 Y , UjB(j, | A j U j + BjVjI). 
3=1 

Where, (13) and (14) lead to the following inequality 
n—1 

hn<h1 + 2 Y , U j B ( j , U j h j ) . 
3=1 

Let 
n—1 

bn = h1+2Y,UjB(j,Ujhj). 
3=1 

Then 

(15) hi < bi, i € N. 

From definition of b it follows that 
Abi = bi+1 -bi = 2UiB{i, U f a ) . 
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From (15) and properties of B we have 

Abi < 2UiB(i, Uibi) < 2UiF(bi)B(i, U{). 

This and condition 2° imply 

(16) 

Since function F is nondecreasing, so the function -j? is nonincreasing. This 
yields 

(IT) > " ? — • 
' ' F(l>i) - J F(s) 

From (16) and (17) we have 

(18) JJi-<2UiB{i,Ui), i G N. 

Putting from i = 1 to i = n — 1 and adding obtaining equations one yields 

(!9) f W ) - 2 

fri *—l 
Denoting 

. . = G(x), where £ is a positive constant . F ( s ) 
e 

we obtain that 
6„ 

bi 
From this and (19) we can observe 

n—1 
(21) G{bn) < G{h) + 2 Y , UiB{i, Ui). 

i=l 
Function G is increasing from (20) and properties of function F. Then, 

(22) G~l is increasing. 

We have two possibilities: 
(i) l im^oo G(x) = oo. Then G{bi) + 2 X)"^1 UiB(i, U,) belongs to the 

domain of function G~l, for every n € N. 
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(ii) limx_,oo G(x) = g < oo. We can take, because of condition (4), bi = 
|j4j| + |i?i| which implies 

oo 

G(b1) + 2^2uiB(i1Ui)<g. 
i=i 

Then G(6i) + UiB(i,Ui) belongs to domain of function G~l in 
this case, too. 

Above, (21) and (22) are followed by 
n—1 

bn < G~1{G(61) + 2 j ] ^ , i / l ) } -
t=i 

Applying (15) we have 
71 — 1 

K < G-1 {G(&a) + 2 £ UiB(i, Ui)}. 
i= 1 

From (5) and (13) we have 

\An\ + \Bn\ < + \Bi\ + 2K} = Ci < oo, where n € N. 

Properties of function B and (3) give the following inequalities 

\vj+1\\f(j,AjUj + Bjvj)| < UjB(j, |Ajuj + BjVj\) 
<UiB{j,Uj{\Aj\ + \Bi\)) 
< UjB(j, UjCi) < F(Ci)UjB(j, U^ = F{CX)K. 

This means that the series 
oo 

X ^ j + l / C ? ' AJUi + BiVi) 
i=i 

is absolute convergent. By (12) finite limit limn^oo An = a exists. Analo-
gously limn_oo Bn = ¡3 < oo exists. 

Therefore the assertion of Lemma 2 follows from (12). 

THEOREM 1. Let u, v denote linearly independent solutions of the differ-
ence equation (1). Moreover, let a : N —• R and function f : N x R —*• R 
possessing the following properties 

| / ( n , x)| < B(n, |x|), for every x € R 

where P € Bp and F fulfil the condition 

,. r ds . 
lim I ——- = —oo for a positive constant e. x-+o J F{s) 
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¿ 0 , 

If 
oo 

UjB(j, Uj) = A' < oo 
i=i 

(/or some positive constant K) where 
Uj = max{|uj|, Ivjl, | t t j + 1 | , |» j + 1 |} 

then solution of the equation exists 
A2yn = anyn+i + f(n,yn), neN 

which can be written down in the form 
Vn = <*nttn + PnVn 

where l i m ^ o o an = a, limn-» oo Pn — 

P r o o f . Let us choose two linearly independent solutions ¥, v of (1). Let 
u and v be two linearly independent solutions of (1) fulfilling condition (2). 

Then for some constant c,-, i = 1,2,3,4 such that 
ci c2 

C3 Ci 
we have 
(23) U = CiU + C2V, V — CzU + C4V. 

By Lemma 2 solution of (7) exists and 
(24) yn = anun + /?„ vn 

(25) lim an = a, lim 0n = (3. 
n—>00 n—<-oo 

Using (23) in (24) we get the following result 

Vn = «N(«NCL + /?NC3) + Vn(anC2 + /?„C 4 ) . 

From (25) we can observe that 
lim (anci + /3nc3) = a < oo and lim (anc2 + Pn^i) — P < oo 

n—>oo n—>oo 

exist so the theorem is proved. 
E X A M P L E 1 . The next equation 

(*) A2yn = -2yn+i + 4-iC, rn > 1 

is considered. The following sequences 
u= {1 ,0 , -1 ,0 ,1 ,0 , -1 , . . . } and « = {0 ,1 ,0 , -1 ,0 ,1 ,0 , . . .} 

are linearly independent solutions of the equation 
A2z = - 2 z n + i . 
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Let B(n,x) = ^rxm and F(k) = km. Then assumptions of the Theorem 1 
hold and the solution of equation (*) exists. It can be written down in the 
form 

Vn = <xnun + j5nvn 

where 

lim a n = a , lim (3n = /?. 
n—»oo n—»oo 

THEOREM 2. Let function f : N x R R fulfil conditions (3) and (4) of 
Lemma 2. If 

oo 
( 2 6 ) = k < oo {for some positive constant k) 

i=i 

¿/ten the solution of the equation 

( 2 7 ) A2yn = f ( n , y n ) , neN 

exists. It can be written down in the form 

yn = an + b + <f>n where l i m <j>n = 0 . 

n—»oo 

P r o o f . Equation 
zn = 0 

has two linearly independent solutions un = n, vn = 1, n G iV. These 
solutions satisfy condition (2) of Lemma 1. We will prove that condition (5) 
is also satisfied. From Lemma 1, Uj is equal j + 1. It is worth noticing that 
condition (26) implies condition (5) of Lemma 2. Indeed, oo oo oo 

2 U j B ( j , Uj) = + 1 W J + 1) < + j ) B ( j J + j ) 
j= 1 3=1 j=1 

oo oo 
= < 2 F ( 2 ) J 2 j B ( j J ) = 2F(2)k < oo. 

i=i i=i 
So, we have all assumptions of Lemma 2 are fulfilled and it can be useful 
for our problem. Solution of equation (27) is 

(28) yn = Ann + Bn 

where An and Bn are defined by (8) and (9) and finite limits of sequences 
{An}, {Bn} exist. Let 

(29) lim An = o, lim Bn = b. 



818 £. Schmeidel 

From (12) we get 
71 — 1 

An = A1 + Y / f U J A j + Bj). 

j=i 

From this and (29) we obtain 
oo 

a = A1 + £ / ( j J A j + Bj). 

3=1 

Using properties of function / we have 
oo oo oo 

K - a | = \'£f(jJAj+Bj)\ < ^BU^jAj+Bjl) < £ ¿(.mI^M^I). 

j—n j=n j=n 

It is followed by 
oo 

n\An-a\< ^ j B U J l A j l + lBjl). 

j=n 

From (29) constant C exists and 

\An\ + \Bn\ <C for neN. 

Then oo oo 
n\An -a\< Y , j B ( j , j C ) < F(C)^2jB(jJ) 

j=n j=n 

and by (26) we have 

lim F { C ) Y , j B { j , j ) = 0 n—>oo 
j=n 

what gives 

(30) lim n\An - a| = 0. n—>oo 
The solution (28) of equation (27) can be written in the form 

yn = an + b + (An - a)n + (Bn - b). 

This and (30) give us the conclusion: 

yn = an + b + <£(n), 

where <j>n = (An — a)n + (Bn — b) and limn_oo <j>n = 0. The theorem is 
proved. 

EXAMPLE 2. The next equation 
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is considered. Let B(n,x) = ^ x 2 and F(k) = k2. Then the assumptions 
of the Theorem 2 hold and the solution of this equation exists. It can be 
written down in the form 

yn = an + b + <f>n where lim 4>n = 0. 
n—*oo 

R e m a r k . We get theorems proved by A. Drozdowicz in [1] as special 
cases of our results. To get theorems contained therin we take f ( n , x ) = 
gnx2m+1 in (6) and (8). In the proof of Lemma 2 estimations like in paper 
[3] are applied. The second order difference equations were studied also in 
[1], W, [5]. 
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