
DEMONSTRATE MATHEMATICA 
Vol. XXVI No 3-4 1993 

B. G. Pachpatte 

SOME INEQUALITIES SIMILAR TO OPIAL'S INEQUALITY 

1. Introduction 

An inequality due to Opial [7] can be stated as follows 

(1) f \y(t)y'(t)\dt<\(b-a) f \yWdt, 
a a 

where y(t) is absolutely continuous function on [a, 6] such that y(a) = 0 
(see [5], Theorem 2', p. 154). A summary of different proof and various 
generalizations of (1) can be found in [5] (pp. 154-162), and also in [1], 
[4], [6], [8]—[12]. In particular, Godunova and Levin [2] found interesting 
generalizations of (1), (see [5], Theorem 12 and 13, p. 159). The main purpose 
of this note is to establish some new integral inequalities which in the special 
cases yield (1) and also the new inequalities of the Godunova and Levin type. 

2. Main results 
For the sake of brevity we write /,• for /,(|iij(i)|), / / for f-\u{(t)), u[ for 

•uj(i) with t € [a, 6] and we use the notation 

= fl,---Jn~lfnK\ + fl...fn-2fn-l\<-l\fn + 

••• + / i K | / 2 . . . / n , n>2. 

The main result of this paper is established as follows. 

T h e o r e m 1. Let t ij(f) , i = 1 , . . . , n, be real-valued absolutely continuous 
functions on [a,6] with U{(a) = 0. Let fi(r), i = l , . . . , n , be real-valued 
nonnegative continuous nondecreasing functions for r > 0 and /,(0) = 0 
such that f[(r) exist nonnegative continuous and nondecreasing for r > 0. 
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Then 
b n b 

(2) J L [ f u . . . j n j { , . . . j ^ u [ , . . . , u ' n ] d t < l l f i [ /K(OI<a) 
¿=1 

The inequality (2) also holds if we replace the condition U{(a) — 0 by 
Ui{b) = 0. 

As an immediate consequence of Theorem 1 we have the following one. 

T H E O R E M 2 . Assume that in the hypotheses of Theorem 1 we have = u 
and fi = f . Then 

(3) f { / ( K 0 l } n - V ' ( K i ) l M 0 l * d t ) } " • 
a a 

The inequality (3) also holds if we replace the condition u(a) = 0 by u(b) = 0. 

R e m a r k 1. If we take n = 2 in (3), then we get the following inequality 

(4) / / ( K O U A K O I M O I * < £ { / ( / l«'(0l dt) J 2 

which is analogous to that given in [5] (Theorem 13, p. 159). Further, by 
taking f ( r ) = r m + 1 in (4), where m > 0 is a constant, and using the Holder 
inequality with indices 2 ( m + 1) and to the resulting integral on the 
right, we see that (4) reduces to the following inequality 

(5) / | « ( 0 | a m + V ( 0 l dt < ( 6
2"m

Q )_^X / |u'( i ) |2 ( m + 1 ) dt 
a ' a 

which reduces to (1), when m = 0. 
A slight variant of Theorem 1 is as follows. 

T H E O R E M 3 . Let uit fi, f[ be as in Theorem 1 . Let pi(t) > 0 be defined 
on [a, 6] and J*pi(t)dt = 1, i = 1,..., n. If h(r) is a positive convex and 
increasing function for r > 0, then 

b 

(6) J L[f1,...,fnJl,...,ti,u'1,...,u'n]dt 
a 

<4Ak-i!M<iW)-
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The inequality (6) also holds if we replace the condition u,(a) = 0 by 
Ui(b) = 0. 

The following result is an easy consequence of Theorem 3. 

T h e o r e m 4. Assume that in the hypotheses of Theorem 3 we have 
U{ — u, fi = / and pi = p. Then 

(7) / { / ( H m ^ n M m A w * 

The inequality (7) also holds if we replace the condition u(a) — 0 by u{b) = 0. 

R e m ar k 2. If we take n = 2 in (7), then we get the following inequality 
analogous to that given in [5] (Theorem 12, p. 159), i.e. 

(8) f f(\u(t)\)f'(\umu'(t)\dt 

* H ' K M » ) ) } ' -

We also note that in the special cases the inequality (8) yields the various 
inequalities as discussed in Remark 1. 

P r o o f o f T h e o r e m 1. Let t e [a,6] and define 

t 
( 9 ) Z j ( i ) = / K ( a ) | r f s , i = 1 , . . . , n , 

a 

implying 

(10) z[{t) = \u'i(t) |, te[a,b], i = 1,... ,n. 

For t 6 [a, b] we have the following identities 
t 

( 1 1 ) Ui(t) = J Ui(s)ds, i — l,...,n. 
a 

From (11) and (9) we observe that 

(12) |u<(i)| < «,-(0. t = 
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Using (12), (10) and (9), we get 
b 

a 

< J lfl{zi(t))...fn-l(zn-l(t))fL(Zn(t))z'n(t) 

a 

+ h{z,{t)) . . . /„-2(*n-2(0)/;-l(*n-l(0)4-l(*)/n(*»(0) + • • • 

• • • + / i ( * i ( 0 ) * i ( 0 / » t e ( 0 ) • • - f n ( z n m dt 

= J Tt [ n d t = n fi(zi(b)) = f l f i ( J K ( 0 1 dt) , 
a i= 1 «=1 t=l V a J 

being the required inequality (2). Defining = ff |u((s)| ds and hence 
zt'(f) = —|u((f)|, and representing «¿(f) = — u'^s) ds in case of u,(6) = 0, 
then observing that |u,-(t)| < Z{(t), similarly as above, we get (2). This 
completes the proof of Theorem 1. 

P r o o f of T h e o r e m 3. Observe that, by hypotheses, 

(13) / K ( i ) | d i = f P i ( t ) \ ^ d t Q P i ( t ) d t ) \ i = 1 , . . . , n . 

Since h is convex, from (13) and using Jensen's inequality (see [3], p. 113) 
we obtain 

(14) />( / K(<)| dt) < f » ( 0 ^ ) dt 

which implies 

(15) J |U;.(0I dt < ft-1 ( f « W f c ( ^ ) dt). 

All the hypotheses of Theorem 1 being satisfied we get (2). Using (15) in (2), 
we obtain the required inequality (6). This completes the proof of Theorem 3. 

We omit the proofs of Theorems 2 and 4, being immediate from those of 
Theorems 1 and 3. 
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