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1. Introduction

Initial value problems for elliptic partial differential equations occur in
many problems of mathematical physics for instance in geology, elasticity,
aerodynamics. Problems of such a type were studied by many authors,
among others A. K. Aziz and R. P. Gilbert [1], [2], D. L. Colton [3], [4]
for the second order elliptic equations in two independent variables. In [5]
D. L. Colton was studying the Cauchy problem for a class of fourth-order el-
liptic equations. J. Conlan and R. P. Gilbert were investigating the equation
of the type [6)

(1) Adu = f(z,y,u, Ug, Uy, Uzz, Uyy, Auz,Auy)

where f was analytic, and subject to the following initial conditions

(2) a(lk) Aug + agk)Auy + a:(,k)un + aﬁk) Uyy + agk)uzy + agk) Uy

+a(7k) uy + a(sk)u + as(,k) =0.

In conditions (2) agk) = ask)(:c) for k = 1,3,i =1,...,90n y = fi(z),
and agk) =a®P(y)fork=24,i=1,....90nz = fi(y), the data being
analytic.

R. P. Gilbert and Wei Lin [7] were studying the equation

3) AAU+ aUzy — 2bUsy + cuyy + dug +euy + fu=10
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known in the theory of elasticity, giving an interesting representation for the
solution of the Goursat problem. "

In [9] there was studied some initial value problem for equation (1) in a
special form i.e. the equation

oU 0AU 0U oAU
dy 0z 0z Oy
known in the theory of the plane motion of the viscous fluid. In the equation
(4) the coefficient of viscosity v is constant and the unknown function U,

(4) VAAU =

called the stream function, is defined by the equalities v, = %%, Vy = —%%,
where v; and v, denote the components of velocity vector. The conditions
(k)

(2) were simplified, namely the coeflicients a;"’ were admitted to be equal
tozerofork=1,...,4,1=1,2,3,4,5,and fork=1,...,4,7=6,7,8,9 to
be constant. Besides the initial curves were defined by the functions being
constants. :

In this paper we intend to study the equation (4), subject to the following
initial conditions

(5) ul?) + ug,';) + agk) Uz + agk)uy + agk)u + agk) =0
where
6) o =a"(z), i=6,7,8,9, k=13, a® =d¥(y), i=6,7,8,9,

)

k=2,4, fr =const, k=1,2,3,4.

2. Existence and uniqueness of solution

Following" the approach used in [8], [6], [5], [9] we introduce the two
complex variables z = z + iy, 2* = z — iy, which admit the conjugate values
if z and y are real. Thus equation (4) is replaced by a complex hyperbolic
equation of fourth order, namely

oty i dp Oy i dp By

(7) 022077 20 02 02022 | 20 027 0207
where

. z4+2z* z—2*
(8) cp(z,z)—U( R )

The differential operators

o _1(2_0) 0 100 0)
9z 2\0z 08y)’0zx  2\0z Oy

have the property

o [ & 91 [ o7
E;((?z—q) = 9z (—(’h—?’)’ Pa=012...
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After suitable transformations (cf. [9]) we can state that the function holo-
morphic ¢ satisfying the equation (7) must also satisfy the equation

z w\ 72
O =) -1 [ -9 2E)
0

z° 2
+1 [ = | 2520 dr = g0a, ),
0

where 7 = 3= and (2, 2*) is the holomorphic function being the solution of
the equation g%‘é:y =0i.e.

(10) #(2,27) = 241(2") + 27¢1(2) + $3(27) + ¢2(2) -

The arbitrary functions ¢1, ¢, @7, ¢5 are holomorphic in the cylindrical
domain (D, D*) for z € D, z* € D* and ¢},(0) = ¢,,(0), m = 1,2.

According to I. N. Vekua [8], formula (32.9), we can represent the arbi-
traty holomorphic function ¢ in the form

(1) ¢z =ao+az"+ [95(r)dr+ [ do(t)dt
] ]

+z [ =n)i(r)dr+ 2" [ (z—t)ypa(t) de,
0 0

where ag, a; are constants and g, ¥g, ¥1, ¥; are holomorphic functions in
D and D* respectively, arbitrarily chosen, satisfying the condition %,,(0) =
¥2.(0), (m = 0,1). The initial conditions (5) take the form:

() 2ZEZ) 1 (e = ola)  om st =0,

ax()20Z) | g ()p(z,2t) = fi(2") onz =0,

(12)

9%¢(z,2*) _ .
“9z0- - 110 on =" =0,
azv(z’z*) —_ R

“B202 = f1(z%) onz=0,

where oy, a3, f1, B2, fo, fo , f1, fi are given functions and $;(z) # 0,z € D,
Ba(2*) #£ 0, z* € D*, fkm 0) = £29(0), k,m = 0, 1. Taking into account
the equation (9) and the COIIdlthIlS (12) we come to the equalities
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a(2) [27 j (z —t)u(t,0)w(t,0)dt + a1z + j (z=t)i(t)dt
0 0
+8A|r [ (-, 0P dt+ao+ [ vo(t)dt= fol2),
0 0

az(2") [ -2y f (z* = m)v(0, T)w(0,7)dT + a1 2" + f (z* = )y (r) dr
0 0

(13) z~ z"
F0) -1 [ =0, dr a0+ [ i) dr] = fi(),
0 0

2‘)’ j u(t,O)w(t,O) dt+(11 + ] ’(ﬁl(t) dt = fl(Z)
0 0

=2y [ v(0,7)w(0,7)dr + a1 + [ ¥i(r)dr = fi(z")
0 0

where we have denoted

0p(z,2* 0 z,2" *
065 e, B85
(14)
%p(z,2*)  0v(z,2*)  0Ou(z,z*) _ (2,7")
020z 0z | 0z  WOHF)

Thus the initial conditions are satisfied if the arbitrary holomorphic function
(11) is represented in the form

(15) o) = po(5, )+ [ (57 = (0, 7)) dr
0
~7 [ (= )lu(t,0)] dt
+ 27z ] (2" — 1)v(0,7)w(0,7)dr

—2vz [ (2 - t)u(t,0)w(t,0)dt
0
where

(16)  wo(2,2%) = — fo(0) - f1(0)22" + Z—3Fo(2%) + 2= fo(2)

ﬂ() ﬂ()

- f fir)dr - 548 f Ai(®)det
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+2* [ i) dt+2z [ fi(r)dr.
0 0

Let us further denote

a 9 * » 0 b *
17 uo(za Z*) = _@é—zz_z_)’ ’vo(Z,Z ) = %—Q ’
(17) . Oug(z,2*)  0Ovo(z,2*)
wo(z,27) = 9z 0z

and consider the auxiliary system for the fourtuple F[p, z,v,w]
0(2,2") = po(z, ") +71 [ (2= u(t, 22 dt =7 [ (2= t)[u(t, 0)]" dt
0 0
7 [ @ =D dr+y [ (" =70, dr
0 0 .
+ 27z f (z* = 7)v(0,7)w(0,7) dr
- 2y2* fz (z — t)u(t,0)w(t,0)dt = T1 F(z,z*),
u(z,2%) = uo(2,2") + 7 f [u(t, z‘)]z dt — f [u(, 0)]2 dt
0 0
2 z* — r)v(0,r)w(0, ) dr
(18) +’70f( )v(0, 7)w(0, 1)
-2y f (" — )v(z, T)w(z,T)dT — 27 f z*u(t,0)w(t, 0)dt
0 0

=T, F(z,2"),

v(z,2%) = vo(z,2%) + 27 j (z — t)u(t, 2" )w(t, 2*) dt
0
- 27 f (z = t)u(t,0)w(t,0)dt — v } [v(z,7))* dT
0 0

+ v f [v(0,7)) dr + 27 f z2v(0, 7)w(0,7) dr = T3 F(2,2%),
0 0
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-

w(z,2%) = we(z, 2*) + 2y f u(t, 2" )w(t, z*) dt — 2y f v(z, T)w(;', T)dr
0 0

2" z
+27 [ v(0,7)w(0,7)dr — 2y [ u(t,0)w(t,0)dt = TyF(t,1").
0 0 .

Denoting

(19) TF(z,z") = [ThF(2,2%), T2 F(z,2%), T3F(z,2z%), T4¢(/z z*)]
we represent the system (18) in the form A

(20) F=TF. 3

In order to show that the system (20) has a unique solution in a linear space
X of fourtuples of bounded holomorphic functions over a fixed neighbour-
hood of the origin we define the norm

(21) I1Fllx = max{{lellx, ellxs lolhy, i}, FeX,
where '

(22)  lpllx = sup e D)oz, 2%)] : (2,2%) € (D, D*), A >0
and

D={z:|z|<e}, D"={z":["| <e}.
The norms ||u]|, ||v]|a, |jw||x are defined in the similar way.
We denote this Banach space by B.
Let Fy, F5; € B and consider the difference TF, — T F5.

The right hand sides of equations (18) involve integrals of the functions
U, v, W.
As example let us study

@) |1 [ G- nlm P d—y [ - Oluatt, e
0 0

=|7|supe-*<lzl+12‘l>| f [uy (2, 2*) —uz (2, 2*)][ua (2, z*)+u2(t,z*)](z—t)dt|}
0

Iz
< Jylsup e M D]y — | 2M f (|2 — 1)e? 17D gy

I )“M )\(|z|+|z' )] I Ii 1 )\(|2|+|z.|) F F:
Uy — Uzl < A
” 2“ 2/\ ” 1= 2”
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Evaluating the other integrals in the same manner we get

4 1 1
(24) TR - TRl < 2MrlePemax {3, 5+ 5+ 2 HIF - Rl
Now for a fixed A > 0, we can find ¢ > 0 such that if |z| < g, |2*| < o then
4 1 1 o
(25) 2A1|7|e2>“’max{x, 3z + by + X} <1.

Thus the mapping T has a fixed point — the functions of the fourtuple F’
being holomorphic and bounded in (D, D*).

Denote thd fixed point by F = [&, 4,7, W]. The equations (18) are satis-
fied by P, i.e.

(26) p=TiF, @=TF, 3=T3F, &=T,F.
Through a simple computation we conclude that

~ O0p . 0p . O0u Ov
(27) YT T8 YT oarT
and that

01(2)8(2,2%) + Bu()P(z, 27 = fo(z)  om 2" =0,
az(z*)u(z, z*) + f2(2*)P(z,2*) = fg(2*) onz=0,

w(z,2*) = fi(2) on 2*=0,

w(z, 2*) = fi1(z*) onz=0,

the functions ¢g, ug, vg, we in (18) being given by (13), (14). The unique
solution of the mapping 7 (20) is satisfying the initial conditions (12) and
the equation (9), which is the complex form of the equation (4). Thus we
can state that there exists the unique solution of the problem (4), (5).

(28)
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