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Real shifts induced by right invertible operators were studied by D. Prze-
worska-Rolewicz [1]—[4]. Complex and functional extensions of these shifts 
were considered by the author [5]—[10]. In the present paper periodic solu-
tions of equations and initial value problems, induced by functional shifts 
are studied. Periodic solutions of an equation with an operator of complex 
differentation are considered. 

0. Denote by L(X) the set of all linear operators with domains and 
ranges in a linear space X over the field C of the complex numbers and by 
L0(X) the set of all operators A € L(X) with dom A = X. The set of all 
right invertible operators belonging to L(X) will be denoted by R(X). If 
D € R(X) then we denote by Hp the set of all right inverses of D. In the 
sequel we shall assume that dim ker D / 0 and that right inverses belong 
to L0(X). An operator F G L0(X) is said to be an initial operator for D 
corresponding to an R G 11 D if 

F2 = F, FX = ker D and FR = 0 . 

The set of all initial operators for a given D 6 R{X) is denoted by To-
Here and in the sequel we admit that 0° := 1. We also write N for the 

set of all positive integers and No := {0} U N. 

This paper has been presented at the Vth Symposium on Integral Equations and 
Their Applications, 10-13 December 1991, held at the Institute of Mathematics, Warsaw 
University of Technology. 
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For a given operator D £ R(X) we sliall write (cf. [2], [4]): 
oo 

(0.1) S ^ I J k e r D V 
¿=i 

If /E € TZD then the set 5 is equal to the linear span P(R) of all .D-monomials, 
i.e. 

(0.2) S = P(R) := lin{Rkz : z € ker D, k G N 0 } . 

Evidently, the set P(R) is independent of the choice of the right inverse R. 
In the sequel K will stand either for the unit disk K\ : = {/i £ C : |/i| 

< 1} or for the complex plane C. Denote by H(ft) the class of all functions 
analytic on a set Q C C. 

DEFINITION 0 . 1 . Suppose that a function / € H(K) has the following 
expansion 

oo 
(0.3) f(h) = J2 °nhn for all h € K. 

71=0 

Suppose that D € R(X) and dim ker D > 0. A family Tftj< = {Tj,h}hei< C 
L0(X) is said to be a family of functional shifts for the operator D induced 
by the function / if 

oo 

(0.4) TJthx = [f(hD)]x := anhnDnx 
n = 0 

for all h € A'; x € S. 

We should point out that, by definition of the set 5 , the last sum has 
only a finite number of components different than zero. 

PROPOSITION 0 . 1 (cf. [9]) Suppose that D € R(X), dim ker D ^ 0 , F is 
an initial operator for D corresponding to an R € 'R-D and T/j( = {Tfth}hei< 
is a family of functional shifts for D induced by the function f . Then 

k 
(0.5) (i) Tf,hRkF = J2 ajVR^F, 

j=o 
FTfthRkz = ak, 

for all h £ K] k eN0] z £ kerD, 
(ii) If a family WjtK = {Wf,h}hel< C L(X) satisfies the condition: 

WfihR^z = Y!j=oa3h5R\~jz f°r al1 h 6 K\ k 6 N0 ; z € kerD, where 
Ri € TZ-D, then 

Wf,h\s = Tf,h\s for all h€K. 
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PROPOSITION 0.2 (cf. [8]) Suppose that all assumptions of Proposition 0 . 1 
are satisfied. Then for all h G K the operators Tj^ commute on the set S 
with the operator D. 

We denote by X r f h the space of T/^-periodic elements, i.e. the space 

(0.6) XTi h := {x G X : Tf,hx = x} , h G IC. 

1. In this section, K will stand either for the unit disk or for the complex 
plane C. As before a function / G H ( K ) has the following expansion: 

oo 
f(h) = anhn for all h G K. 

n=0 

Let Tfj< = {Tfth}heK be a family of functional shifts for D 6 R(X) 
induced by the function / . 

The general form of the solution of the equation 

(1.1) Dx = y 

is given by the formula 

(1.2) x = z + Ry, 

where z € ker D is arbitrary and R G TZd is arbitrarily fixed (cf. [2]). 

PROPOSITION 1.1. Suppose that f G H(K), /(0) = 1, D G R(X) and 
dim ker D ^ 0. Let R G 71 d be arbitrarily fixed. Then the equation (1.1) 
has a solution belonging to the space Xxf h (h G K) defined by Formula (0.6) 
if and only if Ry G Xxf h • If this condition is satisfied then Formula (1.2) 
determines all solutions of Equation (1.1) which belong to the space Xxf h • 

P r o o f . Let x G X j f h be a solution of Equation (1.1). Then there exists 
Z\ G ker D such that x = z\ + Ry. Since T/^Zi = Z\, therefore 

x = Tf,hx = Ts,h{Zl + Ry) = Zl + Tf,hRy. 

Hence, 
z^Ry^Zi+Tf^Ry, 

i.e. Ry = ShRy-
Conversely, let Ry G Xrf h , then x = z + Ry, where z G ker D, is a 

solution of Equation (1.1) and 

Tflhx = Tfth(z + Ry) = Ts>hz + TfihRy = z + Ry = x , 

i.e. x G XTfth. 
Note that if / (0 ) = 1 and R\y G XTf h for an operator Ri G TZd then 

the set 

RdV := {Ry R G 1lD} C XTf h (h G K). 
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Indeed, let R G Tip be arbitrarily fixed. Then there exist x G domD, 
z, z\ G ker D such that 

Dx = y, x = z + Ry and x = z\ + R\y. 

We have 

TJ>hx = zi + Riy = x and Tfthx = z+ TfihRy. 

Hence 

Tf,hRy = Ry i-e. Ry e xTjh. 
Observe that, in general, Equation (1.1) may have not a solution in the 

space Xil h (h € K) although the right side of this equation is a member of 
Xxf h . For example, let 0 ^ h € K and 0 / z € ker D be arbitrarily fixed 
and let the families TexPiK,TCOSih,Tchth be given (cf. [5]). Proposition 0.1 
implies that 

Texp,hRz = Rz + hzjt Rz for Re1lD. 
This and Proposition 1.1 together imply that the equation 

(1.3) Dx = z 

has not a solution belonging to the space A'y although ker D C Xxtxp h . 
The following equalities (cf. Proposition 0.1) 

Tcoa,hRz = Rz, Tch<hRz = Rz, ze ker D 
and Proposition 1.1 together imply that every solution of the Equation (1.3) 
belongs to XTco.ih,XTch h, respectively. 

PROPOSITION 1 . 2 . Suppose that f e H(K), /(0) ^ 1 , D € R(X) and 
dim ker D 0. Let an operator R £TZjj be arbitrarily fixed. Then Equation 
(1.1) has a solution in the space Xt} Ix (h G K) if and only if(T/th — I)Ry G 
ker D. If this condition is satisfied then the unique solution of Equation ( 1 . 1 ) , 
which belongs to XxJ h, has the form 

x = zi + Ry, 

where zx = z2/[ 1 - /(0)], = (TM - I)Ry, heK. 

Proo f . Let x G X i j h be a solution of Equation (1.1). Then there exists 
z\ G ker D such that x = z\ + Ry. By the definition, we have 

(1.4) x = Tf,kx = Tf,h(zi + Ry) = /(0)«i + TfthRy. 

Hence, 
(T/,fc - I)Ry = [1 - /(0)]zi G ker D. 
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Conversely, if ( T / ^ - I)Ry = z2 G ker D and x = z\ + Ry, where z\ = 
js2/[1 - / (0)] , then Dx = y and 

Tj,hx = f(0)z! + Tf<hRy = /( 0)zi + z2 + Ry 

= /(0)zi + (1 - /(0))zx + Ry = zi + Ry = x . 

In order to prove the uniqueness of solutions to Equation (1.1) in the 
space Xtj h , suppose that there exist x\,x2 G X j y h such that Dxi = Dx2 

= y. Formula (1.4) implies that there exists z G ker D such that x2 = x\ + z. 
We have 

z2 = rM*2 = Tfth(x i + z) = Tf<hXl + Tfthz = Xl + f(0)z. 
Hence z = f(0)z. Our assumptions imply that z = 0, i.e. that x2 = x\. 

Note that if / ( 0 ) ^ I,h 6 K is arbitrarily fixed and there exists an 
Ri e TZd such that (Tf<h - I)Rxy € kerl>, then (Tf<h - I)Ry G ker l? for 
all R G Kd-

Suppose that D G R(A'), dim ker D ^ 0 and F is an initial operator for 
D corresponding to an R G Hd- Then the initial value problem 

(1.1) Dx = y, y e X , 

(1.5) Fx = zo, zo G kerZ?, 

has the unique solution of the form 

(1.6) x = z0 + Ry, 

(cf. [2]). 
Proposition 1.1 implies the following 

THEOREM 1.1. Suppose that D G R(X), dimker D ^ 0 , F is an initial 
operator for D corresponding to an R G Ho, f G II(A') and /(0) = 1. Then 
a necessary and sufficient condition for the initial value problem ( 1 . 1 ) , (1.5) 
to have solutions in the space Xt, k is that Ry G Xxf h (h G A'). If this 
condition is satisfied then a unique solution of the problem exists and is of 
the form (1.6). 

Proposition 1.2 implies the following 

THEOREM 1 . 2 . Suppose that D G R(A"), dim ker D ± 0 , F is an initial 
operator for D corresponding to an R G TZd, f € / / ( A') and /(0) ^ 1. Then 
a necessary and sufficient condition for the initial value problem (1.1), (1.5) 
to have solutions in the space Xt} h (h G K) is that 

zo = (Tf,h — I ) Ry. 
If this condition is satisfied then a unique solution of the problem exists and 
is of the form 

x = ( i - m r i ( T f , h - m i ) R y . 
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2. Let A* be the set of all polynomials defined on K and with coefficients 
in C. The set X is a linear space over C, if the multiplication by a scalar 
and the addition are defined in usual way. Let Xm will stand for the set of 
all polynomials of order m £ No belonging to the space X . 

Suppose that we are given families TeXf>iK, TCOS)K, Tctl>K, Tsin<K, TahtI<. 
Similarly as in [5] we write: 

SK '•= TexPtx , ck •= TC0StK , 
ch,K := TCh,K > SK •= Ts\d>K , 
shfc := Tsh,K • 

Let {afc} be a sequence, where ak € C and ak ^ 0 for every k 6 No. Define 
linear operators D, R as follows: 

Dl = 0, Dwk+1 = ak/ak+iwk, 

Rwk = ak+1/akwk+1, k £ N o , w eK , 

where 1 = 1 on K. 
Cleary, the operators D, R are uniquely determined on the whole space 

X, i.e. D,R e L0(X). It is easy to show that D € R(X) and R 6 RD. 
An initial operator F for the operator D corresponding to R has the form 
(cf. [7]) 

(Fx)(w) = ®(0), x e x . 
Observe that 

ker D = X0 , 
(2.1) DXn C Xn—i, n e N , 
(2.2) RXm C X m + i , m e N0 • 

Let x € Xm, m € No- Consider elements Sh^, c^x, chh,x, Sh,x, shh,x for 
h e K. We have (cf. [5]) 

m 

(2.3) S h x = J 2 U { r 1 h j D j x , 
3=0 

m 

(2.4) chx = J2Ul)~lfli cos(jn/2)Djx , 
j=o 
TO 

chhx = cos(jjr/2)|JDjx , 
j=o 
TO 

(2.5) shx = ^ ( j ! ) ' 1 ^ sm(jw/2)Djx , 
j=o 
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m 

shhx = sinO-;r/2)|Dix . 
i=o 

PROPOSITION 2.1. For a// 0 ^ h G A' the space of Sh-periodic elements 
Xsh coincides with Xq = ker D. 

P r o o f . Let n G N and x G Xn are arbitrarily fixed. Consider S^x for an 
arbitrary 0 h G K. By Formula (2.3) we obtain 

ShX = x + . 
i= i J ' 

This and Inclusion (2.1) together imply that ShX = x + x i , where £i 6 X n _ i . 
In the case n = 1 we have xi ^ 0. Indeed, let x = t\ w + to 6 - i i , where 

to, h G C (ii 0). We have 

xi = 5/iX — x = hDx = hD{to + tiw) = (htiaa/a{)l . 

Thus the equation = x is not solvable for x ^ ker JD. Since ker D = 
Xo,.we conclude that the space of 5^-periodic elements XSH = Xq. 

Propositon 1.1., Inclusion (2.2) and Proposition 2.1. together imply 

THEOREM 2 . 1 . The equation 

( 2 . 6 ) Dx = y, y G X ( 0 ± h G K), 

has not Sh-periodic solutions. 

In similar way we can obtain 

PROPOSITION 2 . 2 . The space of ch-periodic (chh-periodic) elements is of 
the form 

XCH = A'o U XI (Xchh = XQ U A ' i ) , 

where 0 ji h, € K. 

THEOREM 2 . 2 . Let 0 ^ h G K. Equation ( 2 . 6 ) has a ch-periodic (chh-
periodic) solution if and only if y G ker D = Xo. 

PROPOSITION 2 . 3 . The space of Sh- periodic (sh^-periodic) elements con-
tains only the zero element. 

P r o o f . Let h G K be arbitrarily fixed. Formula (2.5) implies 

ShX = 0 for x G Xo 

and 
" hi 

ShX = 2_^ — sin(jw/2)D3x for x G X n , n G N . 
i= i 3' 
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This and Inclusion (2.1) together imply 

(2 .7) 5 / l X o = { 0 } ' 

shXn C X n _ i , n € N . 

Since for all k, m € No, k ± m Xk l~l Xm = 0, we conclude that 
= { 0 } . 

Similarly, we can obtain that X3hh = {0}. 
Observe that Formula (2.7) and Inclusion (2.2) together imply 

(2.8) (sh - I)RXm C A' m +i , m € No . 

A similar inclusion holds for sh^. Proposition 1.2 and Formula (2.8) together imply 
THEOREM 2.3. Equation (2.6) has only a trivial s^-periodic (shh-

periodic) solution. 
An immediate consequence of Theorems 2.1, 2.2, 2.3 and Propositions 

1.3, 1.4 is the following 

COROLLARY 2.1. Let 0 / /I £ A". The following initial boundary value 
problem 

Dx = y, 0 # y G X, 
Fx = zo, zq G kerZ? 

(i) has not Sh-periodic, s^-periodic, sh^-periodic solutions, 
(ii) has a c^-periodic, ch^-periodic solution if and only if y € kerZ). 
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