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ON MULTIDIMENSIONAL WIRTINGER'S T Y P E 
DISCRETE INEQUALITIES 

1. Preliminaries 
In this paper we give one example of discrete inequality for functions of 

n independent variables which can be treated as some generalization of the 
discrete analogy of Wirtinger's inequality. We present one theorem which 
contains as a special cases both result obtained by Pachpatte'in [2]. 

In the paper we shall use the following notions. Throughout the paper 
n is fixed positive integer greater than one. N denotes the set of positive 
integers and R the set of reals. 

Nt := {1 , . . . , t} for any t € N, 
m := (mi, m2, • • • > mn)> mi G N,i = 1 , . . . , n. 

In the sequel the following cartesian product will be used . 

Nk := X N; Nw := X ^ (= Nmi x Nmi x ... x iVmJ; 
•=i ¿=i 

n k 

i; N±:=XNn (= Nn x Nn x ... x Nn). 
t'=l i=l 

A(n,k) := {a = (o i , . . . ,ofc) € : ai < a2 < . . . < ak}. 
Let r e N and C be any subset of NrxNr. We denote 

C„, := {(m) i^s) €C>; C,„ := {(s,j): (s, j) e C} 

(i) cs i C - ^ n C , , . 

for any fixed s £ Nr (here A denotes the cardinal of the set >1). 
Let x = ( x i , . . . , x n ) . For any function g : Nn —• R we define the differ-

ence operators A j , i € Nn as follows 
A-p(x) = g(xi,..., Xi + 1 , . . . , xn) - g{xx,..., x<,. . . , 
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Of course AJ </(x) is some new function, say G : Nn —> R, therefore for G 
we can find A j . Let for example i < j < n. Then 

A )G(x) = G(x i , . . . , x j + 1 , . . . , x n ) - G(x i , . . . , x j , . . . , x n ) 

= A] g ( x i , . . . , x j + l , . . . , x n ) - A ¡ f f ( x 1 , . . . , x j , . . . , x n ) 
= + l , X i + 1 , . . . , X j + l , . . . , x n ) 

- ff(xi, Xj, Xi+1, . . ., Xj, . . . , xn)] 

- g(x 1 , . . . , Xj, Xi+1, . . . , Xj, . . . , xn)]. 

It is not difficult to define A j G ( x ) in the case j < i. The above opera-
tor in relation to the function g{x) is called second order difference and is 
denote by A ^ x ) . Therefore A ? ^ ( x ) = A } ( A ^ ( x ) ) . It can be observed 
that A ¡ jg(x) = A j { g ( x ) . Following this way we can define higher order 
differences by the recurrence formula 

f o r j > 1 a n d . . . , i j e Nn. 

If we express A^ ^ .g(x) as the sum of 2 j terms everyone of which 
states function g for suitable values of the variables x i , . . . , x n then we shall 
see that 

A ! = A{1) . . . ) , .5(x) 
where (ki,..., kj) is arbitrary permutation of the sequence ( t ' i , . . . , ij). 

Let a G A(n,k), instead of Aj^ 0jk<7(x) we shall write A | g ( x ) 
Till T7*l 2 771 „ 

2 9{V) •= X ) S £ 9(Vl,V2,---,Vn)-
y6iV— vi=iy2=i y»=i 

We shall say, a real valued function g defined on N^-^ is of the class 
P(m) if 

/ 2 ) f s ( l , x 2 , . . . , x „ ) = . . . = g(x\,...,xn_i, 1) = 0 
\ 9(1^1 + l , x 2 , . . . , x n ) = . . . = < / ( x i , . . . , x n _ i , m n + 1) = 0 

f o r a l l x i e Nmi+1,..., x n £ Nmn+1. 
Suppose G(x) = A ^ i.g(z) for some 1 < i j < . . . < i j < n, and let 
N n \ {*!,...,ij}. Then" 

V V 

(3) £ A jG(x ) = ^ [ G ( x 1 , . . . , x , + l , . . . , x n ) - G ( x 1 , . . . , x s , . . . , x n ) ] 
X ,—u x , = u 

= G(x 1 , . . . , V + 1 , . . . , x n ) - G(x 1 , . . . , u , . . . , x n ) . 



Multidimensional discrete inequalities 485 

If u = 1 then G{xi,..., 1 , . . . , xn) = 0 as the result of G is then difference of 
elements all equal zero. Similarly if v = ms then G(xl,..., TOs + 1 , . . . , xn) = 
0. Therefore by (3) we get 

V 

(4) £ A\G(x) = G(x1,...,v+l,...,xn) 
x.=l 

and 
ms 

(5) E AiG(x) = - ( ? ( * ! , . . . , u , . . . , x n ) . 
x,=u 

Furthermore 
V 

E = 9(x i , . . . , v + 1 , . . . , x„) - g(x i , ...,u,...,xn) 
x,=u 

gives 
V 

(6) J ] AÌ<7(X) = 5 ( x i , . . . , V + 1 , . . . , X „ ) 
x, = l 

and 
m, 

x,=u 

We use the customary convention 
si 

(8) E - - - E ^ ) = 0 

J/1=1 y, = l 

if for any i £ Nt there is X{ = 0. 
We denote 

(9) \Dkg(x)\--={ E |A|</(x)|2}1/2. 
a€A(n,k) 

Now we recall two elementary inequalities which hold for real numbers. 
Let C be any subset of Nr x Nr, and consider the sum didj where 
dt, t = 1 , . . . , r are real constants. In this sum every element dt appears 
Ct - times, where Ct is defined by (1). For arbitrary product didj we have 
didj < \{d\ + d)). Therefore . ) e C ¿¿i < E ( i ) i ) e c Hdì + d))- Hence by 
the remark we have just given, we obtain 

(10) E d*d> < E W d 2
t ) . 

(i,j)ec t=l 



486 J. P o p e n d a 

Let now di, i = 1 , . . . , r be any nonnegative real numbers, and p > 1. If 
we put in the Holder's inequality 

t=i 1=1 1=1 
bt = 1, and next we use monotonicity property of the function f ( x ) = xp 

we obtain 

(±dty<rr"<(±d>). 
i = i 1=1 

Since p/q = p — 1 therefore we have 

( i i ) ( I > ) P < r p - 1 E w ' -
i=i 1=1 

Let us see that inequality (11) remains true for the casep = 1. If p 6 (0,1) 
then the function f ( x ) = xp is a concave function on the set [0, oo) therefore 
by Petrovic's inequality (see e.g. [1]) we have 

¿ ( d i ) P > ( ¿ d i ) P + ( r - l ) 0 > . 
1=1 1=1 

Hence 

(12) ( ] [ » ' < 
1=1 1=1 

2. The main result 
T h e o r e m . Let 

ps, s = 1,... ,r be positive real numbers, 
C C Nr X Nr any fixed subset, m = ( m i , . . . , mn), 
fa, s = 1,..., r belong to the class P(m). 

Then 

(13) E E i ¿ ( * ) H / , ( z ) r ' < 

E E i a £ / , ( * ) I 2 p ' < 

9=1 L W J a€A(n,k)x£Nw 

9=1 2 L W J x&N^r 
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for all x € Nm, and arbitrary k € Nn, where 

k 

e k = _ max T T m 0 , , 
oeAKk) 

( i 4 ) f r ^ 1 " 2 ^ " 1 

Ak,g = 

(A k , q 
|i-p4 

Ak,q if Pg € (0,1) 
Bk,q = 

[ ( I ) ] 

(ek)2P* if Pq > 1/2 

t /p ,G (0,1/2), 
«/P, > 1 

cg , |2?fc(.)| a r e defined by (1) and (9) respectively. 

P r o o f . Let us take arbitrary q 6 Nr, k € Nn, a 6 A(n,k), x = 
( i i , . . . , x n ) G Nn- For any y = (yu • • •, yn) we denote 

XVa = (xl> • • • > Xai-l,yai,Xai+1, Xajk_i, yak, Xak+1, • • .,Xn). 

Hence by (4) 
Xoj—l 

e ••• E tv*) 

= E ••• E [ E 

x 0 1 - l ^ H - l - 1 

= E E K L a t - M ' l ' - ' V * * -

Following this way by (4) and (6) we obtain 

u • • • ? flfc J • 

i . , - l i . j - i 
(15) £ ... £ =/,(*)• 

Vax=l J/«t=l 
Let us observe that by (8) equality (15) holds if xai = 1 for some aj. 

Let now 6 = (&i, . . . , bz), z < k be such that 

oi < h < &2 < . . . < bz < ak 

and for every s € Nz there exists j € Nk such that bs = aj. Let us take 
¿>1 = a t l , 62 = a«3) • • • > bz = a{ t . We calculate the sum 

XOJfe-l 
(16) E - E - E - E 
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For this by (4) we have 
*OJk-i 

Vak=l 

Summing as long as the first inner sum will be w e obtain the 
following form of the summation expression 

( 1 7 ) E •• E A a i ai,fg(x1,...,yaiM,Xait+U...,Xn). 
y<,k =1 Vi,=xb, 

Of course if bz = a* then iz = A; and till now we make no summation, so in 
this case (17) coincides with (16). Now by (5) we obtain 

"it, 
Y ^ai,....»^ /?(• • •' Va-i, i • • 0 = — «¡,-1 /?(• • • ixb,i • • •)• 

Vb, =Xb, 

Proceeding this way, every time we must calculate the sum we get 
by (5) the factor (—1) before the main expression, if the summation is of 

X . —1 
the form the sign does nor change. In both the cases the order of 
difference decreases and the last variable of the function fq which was till 
denoted by j/j would be now Xj. Since we have z sum of the type with m^ 
as the upper limit of summation therefore we get finally 

x01—1 mi, ®0|k—1 
£ . . . x E = ( - i r / , ( x ) . 

From this we have 

(18) | / 9 ( x ) | < £ . . . £ ••• E l A U 0 ^ r ) l -
2/»!=! Vbz =Xh, 3/«t=1 

Inequality (18) holds for each sequence b of the properties described above. 
Let us remark that ¿-dimensional cube {1 , . . . , mai} x . . . x { l , . . . , mak} 

can be decomposed by the point x into 2k separable cubes 
{ l , . . . , x a i - 1} X { l , . . . , x a 2 - 1} X . . . X { l , . . . , x a t - 1}, 

{ x a i , . . . , m 0 l } x { l , . . . , x a 2 - 1} x . . . X { l , . . . , x a t - 1 } , . . . , 

{ x a i , . . . , m a i } X { x a 2 , . . . , m a J X . . . X { l , . . . , x a ( t - 1 } , . . . , 

{ x 0 l , . . . , m 0 l } x {x a 2 , . . . ,m a 2 } x . . . x {x a j t , . . . ,m a j t } 
and on every of these cubes the estimation (18) holds. Some of these cubes 
can be void sets if any of xai is equal 1. In this case the estimation (18) 



Multidimensional discrete inequalities 489 

remains true, because by (8) the sum on the right side of (18) is equal zero 
and the same is with the left hand side (because if x0|. = 1 then fq € P(m) 
implies fq(x) = 0). Therefore we have 

(19) 2*|/,(*)l< E E ••• E I 
y«1=iy.2=i y« t=1 

The cardinal of the set A(n, k) is (£). For every point a € A(n, k) estimation 
(19) holds. Hence we get 

for all x 6 Nfn- From (20) there follows 

2 f c ( j { E E - E I A | / , ( ^ ) I } P 4 . 
W J oeA(n,fc)yai=l y„t=l 

Applying (21) we get from (10) 

(22) E l/i(*)lW * E \ c M * ) \ 2 p q 

(«',i)ec 9=1 

ÊMKDPi £ 
9=1 L x / j Og^n^yo^l Vak =1 

Applying k + 1 times (12) in the case 2pq G (0,1) and (11) in the case 
2pq > 1 we get 

, m"l m'k , jo 
{ E E ••• E 

a£A(n,k) yai =1 yOJfc = 1 

* E E ••• E 
a£.A(n,A:) y.j=l y«*=l 

or 

{ E E - E 
a£A(n,k) V«1=l V«k =1 

E ( n « - ) E - E 
V ' a£A(n,k) *=1 yai=l y. t=l 



490 J. Popenda 

respectively. Therefore by (22) we obtain 

( 2 3 ) E E \ m \ p i \ m \ V i 

r i r / « \ i ~2Pi m<,i m°* 
E £ £ • • • £ 

9=1 L V / J xeN^aeA(n,k) yM=l y. t=l 

or by (14) 
(24) £ E i / , ( * ) i p u - ( * r 

*eJVm(t,j)ec 

m01 ma|t 

x E E E • • • E \ 

in the both considered cases respectively. Let us see that 
m01  m'ic 

E E E • • • E 

= e [ n ™ ° . ] e 
a£A(n,k) 3=1 

This equality together with (14) used in (23) and (24) leads us to the first 
estimation in (13). To obtain the second one we shall apply inequalities (11) 
or (12) to the sum £ 5 g A ( B | f c ) I A£ / , (* ) | 2 p ' as follows 

E i A i / i ( x ) i ^ = { [ E i A y q m 2 p < } 1 / P T 

a€ A(n,k) a€A(n,k) 

in the case pq G (0,1). Similary we proceed in the case pq > 1. Q.E.D. 

R e m a r k . Note that the presented result contains as special cases both 
inequalities obtained by Pachpatte in [2]. Namely if n = 2, r = 3, C = 
{(1,2),(2,3),(3,1)}, k = 2, P i , P 2 , P 3 > 1 we obtain Theorem 1; if r = 3, 
k = l , C = {(1,2), (2,3), (3,1)}, p i , p 2 , p 3 > 1 Theorem 2 of the mentioned 
work. Furthermore the proof seems to be clear than this in [2]. For dis-
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crete inequalities of this type for function of one independent variable see 
references contained therein. 

References 

[1] D. S. M i t r i n o v i c , Nejednakosti, Gradevinska Knjiga, Beograd 1965. 
[2] B. G. P a c h p a t t e , On certain multidimensional discrete inequalities, Chinese J. 

Math. 14,4 (1986), 185-195. 

INSTITUTE OF MATHEMATICS, TECHNICAL UNIVERSITY, 
Piotrowo 3a, 

60-965 POZNAil, POLAND 

Received February 28, 1991. 




