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SOME GENERALIZATIONS OF CONTINUITY
AND QUASI-CONTINUITY OF MULTIVALUED MAPS

1. Introduction

A subset A of a topological space X is said to be:

— semi-open [9], if A C Cl(Int(A)),

— pre-open [10], if A C Int(CI(A)),

— pre-semi-open [1], if A C Cl(Int(CI(4))),

— an a-set [15], if A C Int(Cl(Int(A))).

The union of all semi-open (resp. pre-open, pre-semi-open) sets con-
tained in A is called the semi-interior [3] (resp. pre-interior [11], pre-semi-
interior [1]) of A and it is denoted by sInt(A) (resp. pInt(A), psInt(A)).
Semi-closed (resp. pre-closed, pre-semi-closed) sets and semi-closure (resp.
pre-closure, pre-semi-closure) are defined in a manner analogous to the
corresponding concepts of closed sets and closure [3], [11], [1]. The semi-
closure (resp. pre-closure, pre-semi-closure) of A is denoted by s C1(A) (resp.
pCI(A), psCl(A)). It was observed in [15] that the collection 7% of all
subsets of a space (X,T) which are a-sets is a topology on X. The in-
terior and the closure of A with respect to the topology T will be de-
noted by aInt(A) and a CI(A), respectively. In [1], sets having the property
A C CI(Int(CI(A))) are called semi-pre-open. We use the term “pre-semi-
open” since A C sInt(s Cl(A)) if and only if A C Cl(Int(Cl(A))), but a sub-
set A satisfying A C p Cl(pInt(A)) according to the term “semi-pre-open”
need not be pre-semi-open. In [1] is proved that

LEMMA 1.1. For a subset A C X we have:

(i) sInt(A) = AN Cl(Int(A)),

(ii) pInt(A) = AN Int(Cl(A)),
(iii) aInt(A) = A N Int(Cl(Int(A))),
(iv) psInt(A) = A n Cl(Int(Cl(A))).
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If F is a multivalued map from a topological space X into a topological
space Y, written F': X — Y, then for any sets A C X and B C Y we use
the following notations:

F*(B)={z€ X:F(z)C B}, F (B)={z€ X:F(z)nB# 0},
and F(A) = {F(z):z € A}.

A multivalued map F : X — Y is called quasi-continuous [16] at z € X
if for any open sets V, U C Y such that F(z) CV and F(z)NU # 0, and
for any open set W containing z there exists a nonempty open set G C W
such that F(2) C V and F(z)NU # @ for each z € G.

By sC(F) we denote the set of all points at which F'is quasi-continuous.
A map F is called quasi-continuous if sC(F) = X.

Clearly, if a map F is of the form F(z) = {f(z)} for some singlevalued
map f : X — Y, then the above definition reduce to the Kempisty definition
of quasi-continuity [8]:

A map f: X — Y is said to be quasi-continuous at z € X if for each
open set V containing f(z) and each open set U containing z, there exists
an open nonempty set G C U such that f(G)C V.

In ([14], Theorem 1.1), it is shown that a map f is quasi-continuous at
each point z € X, if and only if it is semi-continuous [9], i.e., for every open
set V.CY, f}(V) is a semi-open subset of X.

Denote by A(Y') the collection of all nonempty subsets of Y. As it is
well known [13], the collection of all classes of the form (01,0,...,0,) =
{A€e AY): ACcU{Ok:k=1,2,...,0}; ANOr #0,k=1,2,...,n} with
01,03,...,0, all open in Y, is a base for the Vietoris topology on A(Y).
A subbase for this topology is the collection consisting of all classes having
one of the following forms:

Ot ={A€c AY): AC O},
O ={A€ A(Y): AN O # 0}, with O openin Y.

In [6] it is shown that a multivalued map F' : X — Y is quasi-continuous
at z € X if and only if for any open sets V', U C Y such that F(z) C V and
F(z)nU # @ we have z € sInt(F*(V)n F~(U)).

Also in [6] it is shown that if F : X — A(Y) is quasi-continuous as a
single-valued map (i.e., with respect to the Vietoris topology on A(Y')), then
it is quasi-continuous as a multivalued map F' : X — X, but the converse is
not true.

We say that a multivalued map F : X — Y is continuous at z € X, if it
is continuous at z as a single-valued map F : X — A(Y).

The set of all points at which a multivalued map F : X — Y is contin-
uous will be denoted by C(F). A map F : X — Y is called continuous if
C(F)= X.
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It is easy to prove that a map F : X — A(Y) is continuous at z € X
with respect to the Vietoris topology if and only if for any open sets V,
U CY such that F(z) € V¥ N U~ we have z € Int(F*(V)n F~(U)).

In this paper we introduce some forms of cliquishness of multivalued
maps F' : X — Y. These forms are weaker than continuity and quasi-
continuity with respect to the Vietoris topology in A(Y).

2. Definitions and preliminaries

DEFINITION 2.1. A multivalued map F': X — Y is said to be:

— pre-continuous at z € X if for any open sets V, U C Y such that
F(z)eVtNU~ wehave z € pInt(FH(V)n F~(U));

— pre-semi-continuous at * € X if for any open sets V, U C Y such
that F(z) € Vt NU~ we have z € psInt(FH(V)n F~(U));

— a-continuous at z € X if for any open sets V, U C Y such that
F(z) e V* N U~ we have z € aInt(FH(V)n F~(U)).

The sets of all points at which a map F' is pre-continuous (resp. pre-
semi-continuous, a-continuous) will be denoted by pC(F) (resp. psC(F),
aC(F)).

A map F: X — Y is called pre-continuous (resp. pre-semi-continuous,
a-continuous) if pC(F) = X (resp. psC(F) = X, aC(F) = X).

If amap F : X — Y is given by F(z) = {f(z)} for some single-valued
map f: X — Y, then the above definition reduces to the following:

A map f: X — Y is said to be pre-continuous [10] (resp. pre-semi-conti-
nuous, a-continuous [18]) at ¢ € X if for each open set V containing f(z)
there exists a pre-open (resp. pre-semi-open, an a-) set A containing = such
that f(4) C V.

DEFINITION 2.2. A multivalued map F : X — Y is said to be:

— basically continuous (resp. basically a-continuous, basically quasi-
continuous, basically pre-continuous, basically pre-semi-continuous) at z €
X if there exists 2 € X such that for each pair of open sets V, U C Y
satisfying F(z) € V¥ N U~ we have

z € Int(F*(V)Nn F~(U)) (resp. = € aInt(FH(V)n F~(U)),
z € sInt(FY (V)N F~(U)), ze€pnt(FY(V)nF~(U)),
z € psInt(FH(V)n F~(U)));

— basically a-cliquish (resp. basically s-cliquish, basically pre-a-cliquish,
basically pre-s-cliquish) at z € X if there exists 2 € X such that for each
pair of open sets V, U C Y satisfying F(z) € V* N U~ we have z €
Int(CY(Int(FH (V) n F~(U)))) (resp. z € Cl(Int(F+ (V) n F~(U))), z €
Int(CI(F*(V)n F~(U))), z € Cl(Int(CI(F(V)n F~(U)))));
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— basically cliquish (resp. basically pre-cliquish) at z € X if for any
open set W containing z there exists z € X such that for each pair of open
sets V, U C Y satisfying F((2) € V* N U~ we have

WNInt(FY(VYNF~(U)) #0 (resp. WNInt(CFY(V)NF~(U))) # 0).

The set of all points at which a map F is

— basically continuous (resp. basically a-continuous, basically quasi-
continuous, basically pre-continuous, basically pre-semi-continuous) will be
denoted by BC(F) (resp. aBC(F), sBC(F), pBC(F), psBC(F));

— basically a-cliquish (resp. basically s-cliquish, basically pre-a-cliquish,
basically pre-s-cliquish) will be denoted by aBA(F) (resp. sBA(F),
paBA(F), psBA(F));

— basically cliquish (resp. basically pre-cliquish) will be denoted by
BA(F) (resp. pBA(F)).

A map F: X — Y is called

— basically continuous (resp. basically a-continuous, basically quasi-
continuous, basically pre-continuous, basically pre-semi-continuous) if
BC(F) = X (resp. aBC(F) = X, sBC(F) = X, pBC(F) = X, psBC(F)
= X);

— basically a-cliquish (resp. basically s-cliquish, basically pre-a-cliquish,
basically pre-s-cliquish) if a BA(F) = X (resp. sBA(F) = X, paBA(F)
= X, psBA(F) = X);

— basically cliquish (resp. basically pre-cliquish) if BA(F) = X (resp.
pB A(F ) =X )

PROPOSITION 2.1. For a multivalued map F : X — Y the following hold:

(i) F is basically continuous (resp. basically a-continuous, basically
quasi-continuous, basically pre-continuous, basically pre-semi-continuous)
at z € X if and only if for any collections {V,: s € §} and {U, : s € S}
of open subsets of Y such that F(X) C | {V}nU; : s€ S}, we have z €
U{Int(FH(V,)NF~(Uy)) : s € S} (resp. ¢ € Y{aInt(FY(V,)NF~(Us)) : s €
S}tz e Y{sInt(FH(V)NF~(U,)) : s € S}, z € U{pInt(F+(V,)NF~(U,)) :
s€ S}, z e U{psInt(FH(V,) N F~(U,)): s € S}).

(ii) F is basically a-cliquish (resp. basically s-cliquish, basically cliquish)
at z € X if and only if for any collections {V, : s € S} and {U, : s € S}
of open subsets of Y such that F(X) C U{V;* nU; : s € S}, we have z €
U{Int(Cl(Int(F+(V,) N F~(U,)))) : s € §} (resp. z € J{Cl(Int(F*(V;) N
F=(U,))) : s € 8§}, z € CU{Int(F*+(V5) N F~(U,)) : s € §})).

(iii) F s basically pre-a-cliquish (resp. basically pre-s-cliquish, basically
pre-cliquish) at z € X if and only if for any collections {V, : s € S}
and {U, : s € 5} of open subsets of Y such that F(X) c U{V;t nU; :
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s € 5}, we have z € J{Int(CUF*(Vs) N F~(Uy))) : s € S} (resp. = €
U{Cl(Int(CYF+(V,) N F~(U,)))) : s € S}, z € CU{Int(CI{F*(V;) N
F=(U,))):s € 5})).

Proof. (i). The necessity is evident. To prove the converse implicattion
assume that F is not basically continuous at z € X. Then, for every z € X
we take an open sets V,,U, C Y such that F(z) € V} NnU; and = ¢
Int(F+(V,)N F~(U.)). Let us take {V, : 2 € X} and {U, : z € X}. Clearly,
FX)c\W{V}inU;:2€ X} and z ¢ U{Int(F* (V)N F~(U,)): 2z € X}
and the proof for basically continuity is complete.

The rest of the proof of (i) is analogous.

The quite similar proofs of (ii) and (iii) we omit.

A multivalued map F of a topological space X into a uniform space Y
with a uniformity U is said to be cliquish [4] at a point z € X if for every
V € U and for every open set W containing z there exists an open nonempty
set G C W such that [F(z') x F(z")]NnV # @ for any 2’, 2" € G.

If a uniformity U is induced by a metricon Y and f: X — Y is a
single-valued map, then the cliquishness of the map F : X — Y given by
F(z) = {f(z)} means the well known cliquishness of f {2, 19].

A multivalued map F : X — Y is said to be lower feeble T}-cliquish [17]
at a point z € X if for every open cover A of Y and for every open set W
containing z there exists an open nonempt set G C W such that for any z’,
z" € G there exists U € A satisfying F(2')NU # 0 and F(z")n U # 0.

In [17] it is shown that the class of cliquish multivalued maps is greater
than the class of lower feeble T;-cliquish maps. We have the following

PROPOSITION 2.2. Any basically cliquish map F : X — Y is lower feeble
T -cliquish.

Proof. Let z € X, let W be an open set containing z and let A be an
open cover of Y. Since F is basically cliquish at z, there exists z € X such
that for each pair of open sets V, U C Y satisfying F(z) € VtNU~ we have
W NnInt(F*(V)n F~(U)) # 0. Clearly, F(z) € U~ for some U € A. Thus,
F(z) e V¥ nU~, where V =Y. Consequently, we have nonempty open set
G, namely G = W N Int(F*(V)Nn F~(U)), such that G C W and for every
P € G we have F(p) N U # 0. Thus, F is lower feeble T;-cliquish at z.

The converse of the above proposition is not true as the following example
shows.

ExAMPLE 2.1. Let X be the set of all real numbers with the natural
topology and let Y be the same set with the topology generated by {(—o0, 1),
{1}, (1,00)}. Define F : X — Y by the formula: F(z) = {1,2} for z € Q,
and F(z) = {0,1} for z € Q, where Q is the set of all rational numbers.
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The map F' is lower feeble T3-cliquish since for every open cover A of
Y, 1 € U for some U € A and, consequently, for every open nonempty set
G C X wehave F(2')NU # 9 and F(z")NU # 0 for any z',z" € G since
1€ F(z')n F(z"). However, F is not basically cliquish since for z € @ there
exists a pair of open sets V, U C Y, namely V =Y and U = (1,00) such
that F(z) € V¥ NU~ and @ = Int{Q) = Int(F*(V) N F~(U)); analogously,
for z ¢ Q putting V =Y and U = (—00,1) we have F(2) e Vt N U~ and
Int(FH(V)n F~(U)) = 0.

3. The comparison of types of multivalued maps
From definitions we immediately obtain the following

Diagram 3.1.
b. pre-a-cliq. — b. pre-s-cliq. — b. pre-cliq.
A o
5 b. a-clig. — > b. s-clig. —b. cliq.
b. pre-contin.- N I pre-semi-contin.

F. €.,

b. contin. —>b. a-contin. ———> ib. quasi-contin.

pre-contin. "> pre-semi-comntin.
A T,

- ’ - _——% - ” -
contin. ~ a-contin. quasi-contin.

The following series of examples show that all the implications cannot
be reversed.

EXAMPLE 3.1. A pre-continuous map need not be basically cliquish. Let
F be such as in Example 2.1. We shall show that F is pre-continuous. If
z € Q (resp. z € Q) and F(z) € VY N U~ for some open sets V, U C Y,
thenz € Q@ C FY(V)NF~(U) (resp. z € X\ Q ¢ FY(V)n F~(U)) and,
consequently, z € pInt(F+(V)n F~(U)) since the sets @ and X \ Q are
pre-open.

ExaMPLE 3.2. A basically continuous map need not be pre-semi-continu-
ous. Let X be such as in Example 2.1 and let Y be the same set with the
topology T = {Y,0, (1,2)}. Define F : X — Y by: F(1) = (1,2) and
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F(z)=(3,4)ifz #1. Let z# 1. If V, U CY is a pair of open sets such that
F(z) e V¥NU-,then V =U =Y and, consequently Int( F*(V)n F~(U))
= X. Thus, F is basically continuous. But F' is not pre-semi-continuous at
z = lsince for V =U = (1,2) we have F(z) € V¥ NU~ and psInt(FH(V)Nn
F-(U))=0.

EXAMPLE 3.3. A basically a-cliquish map need not be basically pre-
semi-continuous. Let X be such as in Example 2.1 and let FF : X —» X
be such as in Example 3.2. Then F is basically a-cliquish since for z # 1
and for any open sets V, U C X such that F(z) € V* N U~ we have
W c F¥*(V)n F~(U), where W = X \ {1}, so X = Int(Cl(Int(W))) C
Int(Cl(Int(F*(V) n F~(U)))). However, for z = 1 (resp. z # 1) and for
V=U=(1,2)(tesp. V=U = (3,4)) we have F(z) e V* NU~ and 1 ¢
psInt(FY(VYNF~(U)) = 0 (resp. 1 € psInt(FH(V)Nn F~(U)) = X \ {1}).

Thus, F' is not basically pre-semi-continuous at z = 1.

EXAMPLE 3.4. A quasi-continuous map need not be basically pre-a-
cliquish. Let X be such as in Example 2.1. Define F: X — X by F(z) =
(k,k+ 1) for z € [k,k + 1], k is an integer. f z € X and F(z) e V¥ NU"~
for some open sets V, U C X, then z € [k,k + 1) for some k and z €
[k,k + 1) ¢ F¥*(V)n F~(U). Consequently, z € sInt(F+(V)n F~(U))
since the set [k,k + 1) is semi-open. Thus F is quasi-continuous. However,
if z € X, then z € [k, k + 1) for some k and for V = U = (k,k + 1) we have
F(z) e VtNU- and 0 € Int(CYFH(V)n F~(U))) = (k,k+1). Thus, F is
not basically pre-a-cliquish at z = 0.

EXAMPLE 3.5. A basically cliquish map need not be basically pre-s-
cliquish. Let X be such as in Example 2.1. Define FF : X — Y by the
formula

(
(1,1+ %) if z € [1,00)
3 . 1 1
n+1,n+-2—) 1f:v€[;_—*_—1,;)

(
F(z) = ¢ (0,%) if z =
(-

(—1,—1) ifz € (—00,-1], n=12,...
\

If {V,:s € S} and {U; : s € S} are a collections of open subsets of X
such that F(X) Cc U{V;tnU; :s€ S}, then X\ ({::n=1,2,..}U



388 M. Przemski

{-%:n=12,..3}u{0}) c U{Int(FH(Vs)NF~(Us)) : s € §}. So X =
CYU{Int(F*(V,) n F~(Uy)) : s € S}) and, by Proposition 2.1 (ii), F is
basically cliquish. But F is not basically pre-s-cliquish at z = 0. Indeed, for
(Vi:s€8}={Us:s€S8}={(n+1L,n+2:n=12,.3u{(-(n+
1),~(n+3)):n=12,..3U{(1,1+ 1),(0,1),(-1,-1)} we have F(X) C
WVt nU; : s € S} and 0 ¢ U{Cl(Int(Cl(F*(V,) n F~(U,)))) : s € S}
and, by Proposition 2.1 (iii), F' is not basically pre-s-cliquish at z = 0.

EXAMPLE 3.6. An a-continuous map need not be basically continuous.
Let X be such as in the Example 2.1 and let Y be the same set with the
topology T' = {(a,00) :a € Y} U {Y,0}. Define F : X — Y as follows

(Lg> Hx¢{%:n=12vn}

F(z) = 1 1
(—n,—n+ —) fz=—-, n=12,...

2 n
Clearly, F is a-continuous since the set Y\ {1 :n =1,2,...} is an a-set but
it is not open, and for every n’, the set Y\ {;L,lr—n :n=1,2,...}is an a-set,
but not open. However, for every a € Y, 0 ¢ Int(F*((a,0)) N F~((a,0))).
So, F'is not basically continuous.

A multivalued map F : X — Y is said to be barely continuous if for
every nonempty closed set M C X the restriction F//M has at least one
point of the continuity.

When F(z) = {f(z)} for a single-valued map f : X — Y, then above def-
inition coincides with the well known definition of the barely continuity [12].

ProposITION 3.1. Any barely continuous map F : X — Y is basically
cliquish.

Proof. Assume that F' is basically continuous. Let ¢ € X and let W
be an open set containing z. Then, by the assumption, there exists a point
z € CI(W) at which map F/ Cl(W) is continuous. Thus, for any open sets
V,U CY such that F(z) € V* nU~, there exists an open set B containing
z such that F(p) € V¥ NU~ for every p € BNCY(W). Theset G = BNW
is nonempty and G C W NInt(F*(V)n F~(U)), what imples the basically
cliquishness of F at z.

In [5] it is shown that quasi-continuity and barely continuity of single-
valued maps are independent properties. We shall show that barely continu-
ity of multivalued maps and the four forms of cliquishness (namely basically
a-cliquishness, basically s-cliquishness, basically pre-a-cliquishness and ba-
sically pre-s-cliquishness) are independent.
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ExaMPLE 3.7.

(i) A basically a-cliquish map need not be barely continuous. Let us
consider the set X = [0,00) with the topology T = {#, X}U {(r,00) : r > 0}
and let Y be the set of all real numbers with the natural topology. Define
F:X —>Y as follows:

r{1,%} ifz€(0,1)NQ
{-1,—%} ifz € (0,1)\Q
F(z) = ¢ {0} ifz=0
{#,;—1—2} ifren,n+1)nQ
‘{—.{%,_n;} fzelmnt+1)\Q, n=1,2,...;

where @ is the set of all rational numbers.

We take z = 0. If F(z) € V¥ N U~ for some open subsets V, U C Y,
then 0 € UNV and for some k we have F(z) € V*NU~ for any z € (k, 0).
Clearly, Int(Cl(Int((k,00)))) = Int(Ci{Int(F+(V) n F~(U)))) = X, what
implies basically a-cliquishness of F. However, for M = [0,1] and for z = 0
(resp. z = 1,z € (0,1)) we have V = U = (-}, 1) (resp. V = (},1) and
U=(}%1);V=(32)and U = (1,2)) such that F(z) € V* NU~ and the
interior of M N (F* (V)N F~(U)) in the subspace M is empty. So F is not
barely continuous.

(ii) Let F : X — Y be such as in Example 3.5. The map F is not
basically pre-s-cliquish. It is easy to prove that F is barely continuous.

Recall that a topological space X is said to be extremally disconnected
if for each open subset U C X, Cl(U) is open.

ProrosiTION 3.2. If X is an extremally disconnected space, then ev-
ery quasi-continuous (resp. pre-semi-continuous, basically quasi-continuous,
basically pre-semi-continuous, basically s-cliquish, basically pre-s-qliquish)
map F : X —» Y is a-continuous (resp. pre-continuous, basically a-continu-
ous, basically pre-continuous, basically a-cliquish, basically pre-a-cliquish).

Proof. It is sufficient to see that extremally disconnectedness of X
implies Int(Cl(Int(B))) = Cl(Int(B)), Int(ClYB) = Cl(Int(Cl(B))) for any
B C X and, consequently, sInt(B) = aInt(B) and psInt(B) = pInt(B).

ProPosITION 3.3. If F : X — Y is a basically cliquish (resp. basically
pre-cliquish) map such that the set F(X) C A(Y) is compact with respect to
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the Vietoris topology on A(Y), then F is basically s-cliquish (resp. basically
pre-s-cliquish).

Proof. Assume that F is basically cliquish. Let z € X and let {V, :
s € S}, {Us : s € S} be a collections of open subsets of Y such that
F(X)cU{V;t nU; : s € S}. Clearly, the collection {V;t nU; :s€ S}is
an open cover of the set F(X) C A(Y). Since F(X) is compact, there exists
a finite subset S’ C § such that F(X) C U{VtnU; :s € §'} and, by
Proposition 2.1 (ii) we have z € Cl{{U{Int(F*(V,)N F~(U,)): s € §'}) =
U{CYInt(F*(V,) N F~(U,))) : s € S'}. Thus, by Proposition 2.1 (ii), F is
basically s-cliquish at z.

ProrosITION 3.4. If Y is a Ty-space and F : X — Y is basically con-
tinuous (resp. basically a-continuous, basically quasi-continuous, basically
pre-continuous, basically pre-semi-continuous) multivalued map with closed
values, then F is continuous (resp. a-continuous, quasi-continuous, pre-
continuous, pre-semi-continuous).

Proof. Assume that F is basically continuous. Let z € X and let V,
U C Y be a pair of open subsets such that F(z) € V* nU~. For every
z € X such that F(z) # F(z) we take V, = U, = Y \ {y.} for some
Y. € F(z)\ F(2) (resp. V, =Y and U, = Y \ F(z)) if F(z) ¢ F(z) (resp. if
F(z) C F(z)). It is easy to see that for every z € X such that F(2) # F(z)
we have F(z) e VI NU; and F(z) ¢ VI nU;. So, F(X)cVtnU-U
U{V;¥ nU; : 2 € X,F(z) # F(z)}. Thus, by Proposition 2.1 (i) we have
z € Int(FH(V)NnF-(U) )UU{Int(FH(V,)NF~(U,)): z € X, F(2) # F(z)}
and, consequently, z € Int(F*(V)NF~(U)) since z ¢ Int(F+(V,)NF~(U,))
for every z € X such that F(z) # F(z). Hence F is continuous at z.

The rest of the proof is similar.

4. Characterizations of the set of continuity and cliquishness of
multivalued maps

The familly of all subsets of a space (X,T) which are semi-open (resp.
pre-semi-open) is denoted by SO(X,T) (resp. PSO(X,T)).

THEOREM 4.1. For every multivalued map F : (X,T) — (Y,T') there
ezxists collections {A, C SO(X,T):s€ S} and {K, C PSO(X,T):s € 5}
such that

(i) BC(F) = QSU{Int(A):A € A,}= QS U{Int(K):K €K,},
(ii) sBC(F) = QSU{A t A€ A},
(iii) aBA(F) = QSU{Int(Cl(Int(A))) : A€ A,},
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(iv) sBA(F) = () U{CI(Int(4)) : 4 € A
(V) BAGF) = ) CUU{Int(4): 4 € A)),
() psBO(F) = (LUK : K € K.},
(vil) paBA(F) = ) U{In(CI(K): K € K.},
(vii) psBA(F) = () U{CI(n(CIK))): K € K.},
(ix) PBACF) = [) CUU{It(CI(K)): K € K.)).

Proof. This is an immediate consequence of Proposition 2.1 and of the
fact for every subset B C X we have Int(s Int(B)) = Int(B) = Int(ps Int(B))
and Int(Cl(ps Int(B))) = Int(Cl(B)). It is sufficient to take:
for any collections V, = {V, . : 2 € Z} and U, = {U,,, : 2 € Z} of open sub-
sets of Y such that F(X) c U{V;},nU;,:z€ Z}, A, = {sInt(FH(V, ;)N
F~(U,.)):2€ Z} and Ky = {psInt(F*(V, ) N F~(U,.)) : 2z € Z}.

COROLLARY 4.1. For a multivalued map F : X — Y the following hold:

(i) The sets BA(F) and pBA(F) are closed.

(ii) If one of the sets C(F), aC(F), sC(F), aBA(F), sBA(F) (resp.
pC(F), psC(F), pa BA(F), psBA(F)) is dense, then F' is basically cliquish
(resp. basically precliquish).

(iii) If X is a Baire space and the X \ C(F) (resp. X \ pC(F)) is of the
first category, then F' is cliquish (resp. pre-cliquish).

We say that a collection A of subsets of Y has property P, if there exists
sequences {V, :n=1,2,...}, {U, : n =1,2,...} of families of open subsets
of Y such that:

FACU{VFINnU; :s € S} for a collections {V, : s € §} and {U, :
s € S} of open subsets of Y, then there exists a number n such that A C
U{VInU-: VeV, Uel} CU{V}INU; :s€ S}.

The following example shows some collection with the property P,.

ExAMPLE 4.1. Let X be the space of real numbers with the natural
topology. Let A = {[1,2],[3,4]}. f A Cc U{U;, : s € S} for some collection
{Us : s € §} of open subsets of X, there exist rational numbers k, p such that
for some positive integer n holds (k— 1, k+21) C (1,2)nU,, (p—L,p+1) C
(3,4) N U,, for some s,s' € S. It is obvious that for Uk pn = {(k— L,k +
Ly (p-Li,p+ L)} wehave A C U{U™ : U € Uppn} C U{U; : s € §}.
Let V, = {(1 —’%,2+ y@B-L4+ L} n=12,.. . AUV} :s€ 5}
for some collection {V, : s € S} of open subsets of X, there exists a number
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n such that A C {V* : V € V,,} ¢ U{V;} : s € §}. Thus, A has the
property P,.

Remark 4.1. It is easy to observe that if the collection F(X) has
property P,, then in the proof of Theorem 4.1 it may be taken A, =
{sIt(F*r(V)NF-(U)): V € V., U € U}, n = 1,2,... and K, = {ps
Int(FY (V)N F~(U)) : V € Vo,U € Uy}, n = 1,2,..., where {V, : n =
1,2,...} and {U, : n = 1,2,...} are a sequences from the definition of the
property P..

Thus, from Theorem 4.1. we obtain the following

COROLLARY 4.2. For a multivalued map F : X — 'Y such that F(X) has
the property P,, the following hold:

(i) The sets BC(F), aBA(F) and paBA(F) are Gs.
(ii) The sets BA(F) \ BC(F) and pBA(F) \ paBA(F) are of the first
category.

Proof. The proof of (i) is obvious. For the proof of (ii), according to
remark 4.1 and Theorem 4.1, take W,, = |J{B : B € B,} where B, =
{It(Fr(V)NF=(U)):V € Vp,U €Uy} for n =1,2,...,and {V, : n =
1,2,...}, {U, : » = 1,2,...} are the sequence from the definition of the
propert P,. Then BA(F)\ BC(F) = ({CI(W,) : n = 1,2,.. }\ {Wn :
n=12,...} CU{CI(W,)\ W, :n=1,2,...} and, since for every number
n, the set ClI(W,) \ W, is nowhere dense, the set BA(F)\ BC(F) is of the
first category.

The proof for the set pBA(F) \ paBA(F') is similar.

Applying Proposition 3.4 and the above corollary, we obtain

COROLLARY 4.3. IfY isa Ty-space and F : X — Y is a multivalued map
with closed values such that F(X) has the property P, then the followin hold:
(i) The set C(F) is Gs.
(ii) The set BA(F)\ C(F) is of the first category.
Form Proposition 3.4, Corollary 4.1 and from Corollary 4.3 we have
THEOREM 4.2. IfY is a Ty -space, X is a Baire space and F': X — Y 1is

a multivalued map with closed values such that F(X) has property P, then
F is basically cliquish if and only if the set X \ C(F') is of the first category.

A topological space X is said to be Baire space in the narrow sense if
every closed subspace of X is a Baire space [7].

THEOREM 4.3. If X is a Baire space in the narrow sense, Y is a T} -space
and F : X - Y is a multivalued map with closed values such that F(X)
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has the property P,, then F is barely continuous if and only if for every
nonempty closed set M C X, the map F/M is basically cliquish.

Proof. If F is barely continuous and M C X is a closed nonempty set
and the map F/M is clearly barely continuous and, by Proposition 3.1, F/M
is basically cliquish. Conversely, if M C X is a closed nonempty set and the
map F/M is basically cliquish, then by Theorem 4.2, the set M \ C(F/M)
is of the first category in the subspace M, so the set C(F/M) is dense in
M since M is a Baire space. Consequently, C(F/M) # @ what implies the
barely continuity of F'.

5. Restrictions

We will denote the closure and the interior of a subset K of a subspace
Z CXbyZ-CI(K)and Z — Int(K), respectively.

A collection A of nonempty subsets of Y is said to be dense in a collection
B of nonempty subsets of Y [6] if for any B € B and any two open sets V,
UCY such that BEVNU~ wehave VI NU-NA#G.

We say that a collection A is dense in a collection B at a set B € B
if for any two open sets V, U C Y such that B € Vt N U~ we have
VtalU-nA#0.

It is obvious that A is dense in B if and only if for every B € B, A is
dense i B at B.

THEOREM 5.1. Let F : X — Y be a multivalued map and let Z C X be
a subspace such that for every F(p) € F(X \ Z), the collection F(Z) is not
dense in F(X \ Z) at F(p). Then the following hold:

(i) If F is basically cliquish and Z is pre-semi-open, then the restriction
F/Z is basically cliquish.

(ii) If F is basically pre-cliquish and Z is semi-open, then the restriction
F/Z is basically pre-cliquish.

(iii) If F is basically s-cliquish and Z is pre-open, then the restriction
F[Z is basically s-cliquish.

(iv) If F is basically pre-s-cliquish and Z is an a-set, then the restriction
F/Z is basically pre-s-cliquish.

(v) If F is basically a-cliquish and Z is pre-semi-open, then the restric-
tion F[Z is basically a-cliquish.

(vi) If F is basically pre-a-cliquish and Z is semi-open, then the restric-
tion F'[Z is basically pre-a-cliquish.

Proof. (i) Let £ € Z and let {V, : s € S} and {U, : s € S} be a
collection of open subsets of Y such that F(Z) c J{V;}} nU; : s € §}. By
Proposition 2.1 (ii) it is suffices to show that z € Z— Cl(U{Z - Int(F*(V,)N
F-(U,)nZ):s€ 8}).
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Let W be an open set containing . Then ze WNZ ¢ WNCl(Int(Cl(Z2))),
what implies W N Int(Cl(Z)) # 0. Take a point £’ € W N Z N Int(Cl(Z)).
By the assumption, for every p € X \ Z there exists a pair of open sets
Vp,Up C Y such that F(p) e VY NU, and VI nU-NF(Z) =0. 1t is
obvious that F(X) C [ {V;tnU; :se€ SJUL{V,tnU; :pe X\ Z}.
Thus, by Proposition 2.1 (ii) we have 2’ € CI({J{Int(F* (V) n F~(U,)) :
s € S} U CU{Int(F+(V;) N F~(Up,)) : p € X \ Z}) and, consequently,
either W N Int(Cl(Z)) N Int(F+(V,) N F~(Us)) # 0 for some s € §, or
W N Int(CZ)) N Int(F*(V,) N F~(Up)) # @ for some p € X \ Z. Thus,
either G C F*(V,) N F~(U,) for some s € § and some open nonempty set
G C WnInt(CY(Z)), or G C F+(V,)n F~(U,) for some p € X \ Z and
some open nonempty set G C W NInt(Cl(Z)). So we have a set G', namely
G'=GnNnZ,suchthat 0 # G' Cc WnNZnFH(V,)n F~(U,) for some s € §
since for every p € X \ Z we have F(G') NV }InU; C F(Z)nVnU; = 0.
Thus, G' c WnNZnJ{Z-Int(F*(V,)NF~(U,)NZ): s € S} since G' is open
in the subspace Z.Soz € Z - Cl({Z - Int(FY*(V,)NF~(Us,)NZ): s € S})
and the proof of (i) is complete.

(ii) Let z € Z and let {V;:s € S} and {U, : s € 5} be a collections of
open subsets of Y such that F(Z) C U{V,;FNU; : s € S}.If W is an open set
containing z, then z € WnZ C WnNCl(Int(Z)), what implies WNInt(Z) # 0.
Take a point 2’ € W N1Int(Z). By the assumption, for every p € X \ Z there
exists a pair of open sets V,,U, C Y such that F(p) € V;t nU; and
VtnU; nF(Z) =0.Clearly, F(X) c U{V;tnU; :s € S}U{V,;FnU, :
p € X \ Z}. By Proposition 2.1 (iii) we have z’ € Cl({IJ{Int(Cl(F*(V;) N
F=(U,))) + s € §}) U CUU{Int(CU(F* (Vo) N F~(Up))) : p € X\ Z}).
Thus, either W N Int(Z) N Int(CI(F*(V,) N F~(U,))) # 0 or some s €
S, ot W nInt(Z) N Int(CL(F*+(V,) N F~(U,))) # @ for some s € S, or
W N Int(Z) N Int(CYFH(V,) N F~(U,))) # 0 for some p € X \ Z. But
W NInt(Z)NInt(CUF+ (V)N F~(Up))) = O since ZNFH(V,)NF~(U,) = 0.
Consequently we have a subset G, namely G = WnInt(Z)NInt(CI(F+(V,)N
F~(Us))), nonempty, open in the subspace Z, G C W N Z and such that
G C Z—Int(Z — Cl(F*(V,) N F~(U,) 0 Z)). Indeed , for each z € G and
every open set O containing z we have O N Z N FH(V,)Nn F~(U,) # 0
since P Z0NG CONZ and ONGNFH(V,)N F~(Us) # 0. Therefore
€ Z-ClU{Z-Int(Z - CUFH (V)N F~(Us)N Z)) : s € S§}) and, by
Proposition 2.1 (iii) F/Z is basically pre-cliquish at x.

(iii) Let z € Z and let {V, : s € S} and {U, : s € S} be a collections
of open subsets of ¥ such that F(Z) Cc U{V;*t nU; : s € S}. By the
assumption, for every p € X \ Z there exists a pair of open sets V,,,U, CY
such that F(p) € V,t nU,; and Vit nU; N F(Z) = §. It is obvious that
FXyc {VitnU; s e SYU{V,FnU; - p € X\ Z}. Thus, by
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Proposition 2.1 (ii) we have either z € Cl(Int(F*(V,) N F~(Uy))) for some
s € 8,or z € Cl(Int(F*(V,)NF~(Up,))) for some p € X\ Z. It is easy to see
that z ¢ Cl(Int(F+(V,)NF~(Up,))) for every p € X'\ Z. Indeed, if we assume
on the contrary that 2 € Cl(Int(F*(V,)NF~(U,))) for some p € X\ Z, then
z € Int(CY(Z))NCYInt(F*(V,)NF~(U,))) since Z is pre-open; consequently,
F(Z)nV;tnU; # 0, which is impossible. Therefore, z € Cl(Int(F*(V;) N
F~=(U,))) for some s € S and, for every open set W containing = there
exists a subset G, namely G = W N Int(Cl(Z)) N Int(F*+ (V) n F~(Uy)),
suchthat GNZCWNZ,GNZ#0,and GNZ C FH(V,)nF~(Us)N Z.
SoWnNnZnZ-Int(Ft(Vy)n F~(Us;)N Z) # 0 and, consequently, z €
Z—-ClZ —Int(F¥(V,)Nn F~(U,)N Z)). Thus, F/Z is basically s-cliquish by
Proposition 2.1 (ii).

(iv) Let z € Z and let {V; : s € S} and {U; : s € S} be a col-
lections of open subsets of Y such that F(Z) ¢ {V,;) nU; : s € S}
By the assumption, for every p € X \ Z there exists a pair of open sets
Vp,Up C Y such that F(p) € V¥ NU; and V¥ nU; N F(Z) = §. Clearly,
FXYc H{VinU; :s€ .S'}UU{V+ nNU, :p€ X\Z} and, by Propo-
sition 2.1 (iii) we have either z € Cl(Int(Cl(F"‘(V) nF-(U, )))) for some
s € 8, or z € Cl(Int(Cl{(F*(V,) N F~(Up)))) for some p € X \ Z. At first
we prove that z ¢ Cl(Int(Cl{(F*(V,) N F~(U,)))) for every p € X \ Z.
Assume on the contrary that ¢ € Cl(Int(Cl(F*(V,) N F~(U,)))). Then
Int(Cl(Int(Z))) NCl(Int(CI(F*(Vp)NF~(Uy)))) # 8,50 F(Z)NV U, #0
which is impossible. Thus, z € Cl(Int(Cl(F*(V;)NF~(U,)))) for some s € S.
Since Z C Int(Cl(Int(Z))), for every open set W containing z there ex-
ists a set G, namely G = W N Int(Z) N Int(CI(F*+(V;) n F~(U,))), such
that  # GNZ C WnN Z and, for each 2 € G N Z and every open
set O containing z we have O N Z N F*(V,) N F~(U,) # 0. Therefore,
z € Z—-CZ - Int(Z — CY(Ft(V,) N F~(Us) N Z))) and, by Proposi-
tion 2.1 (iii), F'/Z is basically pre-s-cliquish.

(v) Let z € Z and let {V, : s € S} and {U, : s € S} be a collections
of open subsets of Y such that F(Z) ¢ Y{V;t nU; : s € §}. By the
assumption, for every p € X \ Z there exists a pair of open sets V,,,U, CY
such that F(p) € V;f nU; and V;t n U, N F(Z) = 0. Clearly, F(X) C
WH{VInU; :se S} UU{V+ nNU; :pe€ X \ Z} and, by Proposition 2.1 (ii)
we have either z € Int(Cl(Int(F‘f"(V YN F~(U,)))) for some s € S, or z €
Int(Cl(Int(F*(V,) N F~(U,)))) for some p € X \ Z. We shall show that
z ¢ Int(Cl(Int(F* (V) N F~(U,)))) for every p € X \ Z. Assume in the
contrary that z € Int(Cl(Int( F*+(V,) N F~(U,)))) for some p € X \ Z. Since
z € ZnCl(Int(Cl(Z))), ZNInt(F*(Vp)NF~(Up)) # 0.S0 F(Z) C VA nU,; #
@, which is impossible. Therefore, z € Int(Cl(Int(F*(V,) n F~(U,))) for
some s € S§. The set Z N Int(Cl(Int(F*(V,) N F~(U,)))) is open in the
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subspace Z and, for each z € Z N Int(Cl(Int(F* (V) N F~(U,)))) and for
every open set 0 containing z we have an open subset G, namely G =
O NnInt(CYZ)) N Int(FH(V,)N F~(U,)), such that 8 #GNZ C ON Z and
GNZ C FY(V))NF~(U,)NZ. It implies ZNInt(Cl(Int( F+(V,)NF~(U,)))) C
Z~-CYZ -Int(FH(Vs) N F~(U,)N Z)),s0 z € |YJ{Z — Int(Z — CU(Z —
Int(F*(V,) 0 F~(Us) N Z))) : s € S} and, by Proposition 2.1 (ii), F/Z is
basically a-cliquish.

(vi) Let z € Z and let {V, : s € S} and {U, : s € S} be a col-
lections of open subsets of Y such that F(Z) ¢ U{V}tnU; : s € S}.
By the assumption, for every p € X \ Z there exists a pair of open sets
Vp, Up C Y such that F(p) € V;F NU, and V,} NU,; N F(Z) = 0. Clearly,
FX)ycWWV;tnU; :se SYUU{V,FnU; : p € X\ Z} and, by Propo-
sition 2.1 (iii) we have z € Int(CI(F*(V,) N F~(U,))) for some s € S,
or z € Int(CI(F*(V,) N F~(U,))) for some p € X \ Z. We see that z ¢
Int(CU(F+ (V)N F~(U,))) for every p € X \ Z. Indeed, if for some p € X \ Z
we have z € Int(CI(F*+(V,)NF~(Up))), then Int(Z)NF¥ (V)N F~(Up) # 0
since z € Z C Cl(Int(Z)). So F(Z)nV,} nU,; # @, which is impossi-
ble. Therefore z € Int(Cl(F*(V;) N F~(U,))) for some s € S. It easy to
see that the set Z N Int(CI(F+(V,) N F~(U,))) is open in the subspace Z
and, for each z € Z N Int(CY(F+(V;) N F~(U,))) and for every open set O
containing z we have O N Z N Int(Z) N Int(CI(F+ (V) N F~(Us,))) # 9, so
ONZnFYV,)nF~(Us) #0. It implies Z N Int(Cl(F+(V,) N F~(Us))) C
Z —Int(Z - CI(F*(Vs)N F~(Us) N Z)) and, consequently, z € Z — Int(Z —
CF*(V;)n F~(U,) N Z)). Thus, by Proposition 2.1 (iii), F'/Z is basically
pre-a-cliquish. The proof of Theorem 5.1 is complete.

THEOREM 5.2. For a multivalued map F : X — Y and a subspace Z C X,
the following hold:

(i) If the restriction F/Z is basically a-cliquish (resp. basically s-clig-
uish), then F is basically a-cliquish (resp. basically s-cliquish) at each point
of the set aInt(Z).

(ii) If the restriction F/Z is basically pre-a-cliquish (resp. basically pre-
s-cliquish), then F is basically pre-a-cliquish (resp. basically pre-s-cliquish)
at each point of the set pInt(Z).

(iii) If the restriction F/Z is basically cliquish, then F is basically cliquish
at each point of the set sInt(Z).

(iv) If the restriction F[Z is basically pre-cliquish, then F' s basically
pre-cliquish at each point of the set psInt(Z).

Proof. (i) Assume that F/Z is basically a-cliquish. Let z € aInt(Z)

and let {V, : s € S} and {U; : s € S} be a collections of open subsets
of Y such that F(X) c U{V;f nU; : s € S}. Then, by Lemma 1.1 (iii)
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and Proposition 2.1 (ii) we have z € Int(Cl(Int(Z)))N Z — Int(Z — CI(Z -
Int(F+(V,)NF~(U,)NZ))) for some s € S. Hence there exists an open set O
such that z € ONZ C Int(Cl(Int(2)))NZ-CY Z-Int(F+(V,)NF~(U,)NZ)).
It is easy to see that for each z € O NInt(Cl(Int(Z))) and for every open set
W containing z we have ONInt(Z)NW C Z—Cl(Z —Int(F* (V)N F~(U,)N
Z)), so there exists an open set G such that 0 #GNZ CcONInt(Z)NW
and GNZ C FY(V,)N F~(U,)N Z. Thus, theset G' = GNONInt(Z)nW
is open, nonempty, G' C W and G' C F*(V,) N F~(U,). Therefore, z €
Int(Cl(Int(F*(V,) N F~(U,)))) and, by Proposition 2.1 (ii), F' is basically
a-cliquish at z.

Now we assume that F'/Z is basically s-cliquish. Let z € aInt(Z) and
let {V,:s€ S}, {Us:s €S} be a collections of open subsets of Y such
that F(X) ¢ {V;t nU; : s € S}. Then, by Lemma 1.1 (iii) and by
Proposition 2.1 (ii), there exists s € § such that z € Int(Cl(Int(Z))) N Z —
CZ — Int(F+(V,) N F~(Us) N Z)) and, for every open set O containing z
we have O N Int(Cl(Int(Z))) N Z — Int(F*+(V,) N F~(Us) N Z) # O, what is
equivalent to the existence of open set G such that § # GNZ C F*(V,)n
F-(U;)NnZ and Gn Z C O nInt(Cl(Int(Z))). Thus, the set G' = G N
O N Int(Z) is open, nonempty, G' C O and G' C F*(V,)n F~(U,). So
z € Cl(Int(F*(V,) n F~(U,))) and, by Proposition 2.1 (ii), F is basically
s-cliquish at x.

(ii) Assume that F/Z is basically pre-a-cliquish. Let z € pInt(Z) and
let {V,:s5€ S}, {Us:s € S5} be a collections of open subsets of Y such
that F(X) ¢ U{V;t nU; : s € S}. Then, by Lemma 1.1 (ii) and, by
Proposition 2.1 (iii), there exists s € S such that ¢ € Int(Cl(Z))n Z —
Int(Z — CI(F*(V,) N F~(U,) N Z)) and consequently, there exists an open
set O such that z € ON Z C Int(Cl(Z))n Z — CI(F*(V,) N F~(U,) N Z).
Let us put O’ = O N Int(Cl(Z)). Clearly, O’ is open, z € O’ and; if
z € O', then for every open set W containing z we have W n F+(V,) n
F=(U,) # 0. Indeed, because z € W N O N Int(Cl(Z)), the set K =
W NONZ is open in the subspace Z, nonempty and K C Z — CI(F+(V;)n
F~(Us) 0 Z), what implies W n F+(V,) n F~(U,) # 0. So, we have z €
Int(CI(F+(V,) N F~(U,))) and, by Proposition 2.1 (iii), F is basically pre-
a-cliquish at z.

Now we assume that F/Z is basically pre-s-cliquish. Let z € pInt(Z)
and let {V, : s € S}, {U, : s € S} be a collections of open subsets
of Y such that F(X) ¢ U{V;}f nU; : s € §}. By Lemma 1.1 (ii) and
Proposition 2.1 (iii), there exists s € S such that z € Int(Cl(Z)))n Z —
C(Z - Int(Z — CY(F*(V,) n F~(U,) N Z))). This implies that for every
open set O containing z there exists an open, nonempty set G such that

0 #GNZ c ONInt(Cl(Z)) and GNZ C Z— CI(F+(V,)n F~(U,)N Z). Ob-
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serve that the set G’ = G N O N Int(Cl(Z)) is open, nonempty, G' C O
and, for each 2z € G’ and for every open set W containing z we have
WNFt(V,)NF~(Us) # 0. Indeed; WNG' NZ C W, WnG' NZ #
Qand WNG' NZnFHV,)NF~(Us) # O since WNnG'NnZ C Z -
C(Ft(V,)n F~(U,)N Z). So Wn Ft(V,) n F~(U,) # 0. Therefore z €
Cl(Int(CY(F*(V,) n F~(U,)))) ans, by Proposition 2.1 (iii), F is basically
pre-s-cliquish at x.

(iii) Assume that F/Z is basically cliquish. Let z € sInt(Z) and let
{Vs : s € S}, {Us; : s € S} be a collections of open subsets of ¥ such
that F(X) c U{V;rnU; : s € §}.If O is an open set containing x, then
z € ONClInt(Z)) and @ # O NInt(Z) C Z — CU{Z - Int(F+(V,) N
F-(U,)NZ):s € S}) by Lemma 1.1 (ii) and, by Proposition 2.1 (ii). Then
there exists s € § such that ONInt(Z)NZ —Int(FH (V)N F~(U,)NZ) # 0,
what implies the existence of open nonempty set G such that @ # G N
ZCcOnInt(Z)and GNZ C F*(V,)N F~(Us) N Z. Observe that the set
G' = GNONInt(Z) is open, nonempty, G' C F*¥(V,)NnF~(U,) and G' C O.
Thus z € CI(U{Int(F+(V,)NF~(U,)) : s € §}) and, by Proposition 2.1 (ii),
F is basically cliquish at z.

(iv) Assume that F/Z is basically pre-cliquish. Let z € psInt(Z) and
let {V,:s5€ S}, {Us:s € S} bea collections of open subsets of ¥ such
that F(X) Cc U{Vt NnU; : s € S}. If O is an open set containing z, then
z € ONCl(Int(Cl(Z))) and @ # ONInt(CYZ))NZ C Z - CI(Y{Z - Int(Z —
CFYt(V-s)NF~(U)N Z)): s € S}) by Lemma 1.1 (iv) and Proposi-
tion 2.1 (iii). Then there exists s € § such that O NInt(Cl(Z))NZ N Z —
Int(Z — C{F*(V,)n F~(U,) N Z)) # 0. Consequently, there exists an open
nonempty set G such that GNZ #@and GNZ C ONInt(Cl(Z))n Z -
Cl(F*(V,) n F~(U,) N Z). Observe that the set ' = G N O N Int(Cl(Z))
is open, nonempty, G’ C O and, for each z € G’ and for every open set
W containing z we have W n F*(V,) n F~(U,) # 0. Indeed, we have
GnNnWnZ £0,G@nWnZcW,G&nWnZcGnNnZC Z-
CF* (V)N F~(Us)N Z) and G'N W N Z is open in the subspace Z, so
G'NWNZNFY(V,)NF~(Us) # 0. Thus Wn F*+(V,)n F~(Us) # §. From
it follows z € CI(|J{Int(C(F*(Vs)n F~(U,))) : s € §}) and, by Proposi-
tion 2.1 (iii), F is basically pre-cliquish at z. This completes the proof of
Theorem 5.2.

COROLLARY 5.1. For a multivalued map F : X — Y, the following hold:

(i) If F/D is basically pre-cliquish (resp. basically pre-s-cliquish, ba-
sically pre-a-cliquish) for some dense subset D C X, then F is basically
pre-cliquish (resp. the set psBA(F) is dense, the set paBA(F) is dense).

(ii) If F/Z is basically cliquish (resp. basically s-cliquish, basically a-
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cliquish) for some semi-open dense subset Z C X, then F is basically cliquish
(resp. the set sBA(F), the set a BA(F) is dense).

Proof. It follows from Corallary 4.1, Theorem 5.2 and from the fact for
every dense subset D C X (resp. semi-open dense subset Z C X we have
pInt(D) = psInt(D) = D (resp. aInt(Z) = sInt(Z) = Z).

From Theorem 5.2 we also have the following
COROLLARY 5.2. For a multivalued map F : X — Y, the following hold:

(i) If there ezists a cover A of X by a-sets such that for every A € A,
the restriction F/A is basically a-cliquish (resp. basically s-cliquish), then F
is basically a-cliquish (resp. basically s-cliquish).

(ii) If there ezists a cover A of X by pre-open sets such that for every
A € A, the restriction F[A is basically pre-a-cliquish (resp. basically pre-s-
cliquish), then F is basically pre-a-cliquish (resp. basically pre-s-cliquish).

(iii) If there exists a cover A of X by semi-open sets (resp. pre-semi-
open sets) such that for every A € A, the map F[A is basically cliquish
(resp. basically pre-cliquish), then F is basically cliquish (resp. basically pre-
cliquish).
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