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SOME GENERALIZATIONS OF CONTINUITY 
A N D QUASI-CONTINUITY OF MULTIVALUED M A P S 

1. Introduction 
A subset A of a topological space X is said to be: 
— semi-open [9], if A C Cl(Int(A)), 
— pre-open [10], if A C Int(Cl(A)), 
— pre-semi-open [1], if A C Cl(Int(Cl(A))), 
— an a-set [15], if A C Int(Cl(Int(A))). 
The union of all semi-open (resp. pre-open, pre-semi-open) sets con-

tained in A is called the semi-interior [3] (resp. pre-interior [11], pre-semi-
interior [1]) of A and it is denoted by slnt(A) (resp. plnt(A), ps Int(A)). 
Semi-closed (resp. pre-closed, pre-semi-closed) sets and semi-closure (resp. 
pre-closure, pre-semi-closure) are defined in a manner analogous to the 
corresponding concepts of closed sets and closure [3], [11], [1]. The semi-
closure (resp. pre-closure, pre-semi-closure) of A is denoted by s C1(A) (resp. 
pCl(A), p.sCl(A)). It was observed in [15] that the collection Ta of all 
subsets of a space (X, T) which are a-sets is a topology on X. The in-
terior and the closure of A with respect to the topology Ta will be de-
noted by alnt(A) and a C1(A), respectively. In [1], sets having the property 
A C Cl(Int(Cl(A))) are called semi-pre-open. We use the term "pre-semi-
open" since A C slnt(s C1(A)) if and only if A C Cl(Int(Cl(A))), but a sub-
set A satisfying A C p Cl(p Int(A)) according to the term "semi-pre-open" 
need not be pre-semi-open. In [1] is proved that 

LEMMA 1.1. For a subset A C X we have: 

(i) s Int(A) = A n Cl(Int(A)), 
(ii) plnt(A) = An Int(Cl(A)), 

(iii) a l n t ( A ) = A n I n t ( C l ( I n t ( A ) ) ) , 
( iv) ps I n t ( A ) = A n Cl ( In t (Cl (A)) ) . 
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If F is a multivalued map from a topological space X into a topological 
space y , written F : X Y, then for any sets A C X and B C Y we use 
the following notations: 

F+(B) = { x e X : F(x) C B}, F~(B) = {x e X : F(x) n B ± 0} , 

and F(A) = {F(x) : x 6 A}. 
A multivalued map F : X —> Y is called quasi-continuous [16] at x € X 

if for any open sets V, U C Y such that F(x) C V and F(x) fl U ^ 0, and 
for any open set W containing x there exists a nonempty open set G C W 
such that F(z) C V and F{z) n U / 0 for each z^G. 

By sC(F) we denote the set of all points at which F is quasi-continuous. 
A map F is called quasi-continuous if sC(F) = X. 

Clearly, if a map F is of the form F(x) = {/(a;)} for some singlevalued 
map f : X —>Y, then the above definition reduce to the Kempisty definition 
of quasi-continuity [8]: 

A map f : X —> Y is said to be quasi-continuous at x £ X if for each 
open set V containing f ( x ) and each open set U containing x, there exists 
an open nonempty set G C U such that f(G) C V. 

In ([14], Theorem 1.1), it is shown that a map / is quasi-continuous at 
each point x € X , if a'nd only if it is semi-continuous [9], i.e., for every open 
set V CY, / - 1 ( F ) is a semi-open subset of X. 

Denote by A(Y) the collection of all nonempty subsets of Y. As it is 
well known [13], the collection of all classes of the form (Oi, O2, •••, 0 n ) = 
{ i U ( y ) : A c 1 1 ( 0 * : * = 1 , 2 , . . . , n } ; Ar\Ok 0, k = 1 , 2 , . . . , » } with 
0i,02,. • • ,On all open in Y, is a base for the Vietoris topology on A(Y). 
A subbase for this topology is the collection consisting of all classes having 
one of the following forms: 

0+ = {AeA(Y):AcO}, 
0~ = {A € A{Y) : A l~l 0 £ 0}, with 0 open in Y . 

In [6] it is shown that a multivalued map F : X —> Y is quasi-continuous 
at x G X if and only if for any open sets V, U C Y such that F(x) C V and 
F(x) D U ?£ 0 we have x € sInt(F+(V) n F~(U)). 

Also in [6] it is shown that if F : X —• A(Y) is quasi-continuous as a 
single-valued map (i.e., with respect to the Vietoris topology on .4(F)), then 
it is quasi-continuous as a multivalued map F : X —> X , but the converse is 
not true. 

We say that a multivalued map F : X —> Y is continuous at x € X , if it 
is continuous at x as a single-valued map F : X —» A(Y). 

The set of all points at which a multivalued map F : X —• Y is contin-
uous will be denoted by C(F). A map F : X —*• Y is called continuous if 
C(F) = X. 
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It is easy to prove that a map F : X —* A(Y) is continuous at x € X 
with respect to the Vietoris topology if and only if for any open sets V, 
U C Y such that F(x) € V+D lf~ we have x € I n t ( F + ( V ) n F~(U)). 

In this paper we introduce some forms of cliquishness of multivalued 
maps F : X Y. These forms are weaker than continuity and quasi-
continuity with respect to the Vietoris topology in A(Y). 

2. Definitions and preliminaries 

DEFINITION 2.1 . A multivalued map F : X —> Y is said to be: 
— pre-continuous at x € X if for any open sets V, U C Y such that 

F(x) e V + f ] U~ we have x 6 j»Int(F+(7) n F~(U)); 
— pre-semi-continuous at x € X if for any open sets V, U C Y such 

that F(x) € V+ n U~ we have x € pslnt(F+(V) CI F~(U)); 
— a-continuous at x 6 X if for any open sets V, U C Y such that 

F(x) e F + n r we have x € aInt (F+(7) n F~(U)). 
The sets of all points at which a map F is pre-continuous (resp. pre-

semi-continuous, a-continuous) will be denoted by pC(F) (resp. psC(F), 

aC(F)). 
A map F : X -*• Y is called pre-continuous (resp. pre-semi-continuous, 

a-continuous) if pC(F) = X (resp. psC(F) = X , aC(F) = X ) . 
If a map F : X —• Y is given by F(x) = { / ( x ) } for some single-valued 

map / : X —> Y, then the above definition reduces to the following: 
A map / : X —• Y is said to be pre-continuous [10] (resp. pre-semi-conti-

nuous, a-continuous [18]) at x £ X if for each open set V containing / ( x ) 
there exists a pre-open (resp. pre-semi-open, an a-) set A containing x such 
that f(A) C V. 

DEFINITION 2.2. A multivalued map F : X -»• Y is said to be: 
— basically continuous (resp. basically a-continuous, basically quasi-

continuous, basically pre-continuous, basically pre-semi-continuous) at x € 
X if there exists z € X such that for each pair of open sets V, U C Y 
satisfying F(z) € V+ fl U~ we have 

x G Int(F+(F) CI F~(U)) (resp. x € a I n t ( F + ( F ) fl F~(U)), 

x € sInt(F+(V)r\F~(U)), x e plnt(F+(V) n F~(U)), 

x G p s I n t ( F + ( y ) n F - ( i / ) ) ) ; 

— basically a-cliquish (resp. basically s-cliquish, basically pre-a-cliquish, 
basically pre-s-cliquish) at x € X if there exists z £ X such that for each 
pair of open sets V, U C Y satisfying F(z) £ V+ fl U~ we have x 6 
Int tCl i lnt^+iF) n F~{U)))) (resp. x € Cl(Int(F+(F) n F~(U))), x e 
Int(Cl(F+(F) n F~(U))), x e Cl(Int(Cl(F+(F) n F- ( l f ) ) ) ) ) ; 
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— basically cliquish (resp. basically pre-cliquish) at x G X if for any 
open set W containing x there exists z G X such that for each pair of open 
sets V, U C Y satisfying F(z) G V+ n U~ we have 

W n I n t ( F + ( V ) n F~(U)) / 0 (resp. W n Int(Cl(F+(F) n F~(U))) £ 0) . 

The set of all points at which a map F is 
— basically continuous (resp. basically a-continuous, basically quasi-

continuous, basically pre-continuous, basically pre-semi-continuous) will be 
denoted by BC(F) (resp. aBC(F), sBC(F), pBC(F), psBC(F)); 

— basically a-cliquish (resp. basically s-cliquish, basically pre-a-cliquish, 
basically pre-s-cliquish) will be denoted by aBA(F) (resp. sBA(F), 
paBA(F), psBA(F)); 

— basically cliquish (resp. basically pre-cliquish) will be denoted by 
BA{F) (resp. pBA{F)). 

A map F : X —• Y is called 
— basically continuous (resp. basically a-continuous, basically quasi-

continuous, basically pre-continuous, basically pre-semi-continuous) if 
BC(F) = X (resp. aBC(F) = X, sBC(F) = X, pBC(F) = X, psBC(F) 
= xy, 

— basically a-cliquish (resp. basically s-cliquish, basically pre-a-cliquish, 
basically pre-s-cliquish) if aBA(F) = X (resp. sBA(F) = X, paBA(F) 
= X, psBA{F) = X); 

— basically cliquish (resp. basically pre-cliquish) if BA(F) = X (resp. 
pBA(F) = X). 

PROPOSITION 2 . 1 . For a multivalued map F : X —• Y the following hold: 

(i) F is basically continuous (resp. basically a-continuous, basically 
quasi-continuous, basically pre-continuous, basically pre-semi-continuous) 
at x 6 X if and only if for any collections {Vj : s £ 5 } and {Us : s € 5 } 
of open subsets ofY such that F(X) C ^ : s € 5} , we have x € 
U{ lnt(F+(Va)nF-(Ua)) :s&S} (resp. x e \J{alnt(F+(V3)C\F~(U3)) : s € 
£ } , * <E U{sIn t (F + (V s )nF- ( i / s ) ) : 5 € S},x € (JO'Int^^nF"^)) : 
s € 5} , x G \J{psInt(F+(Va)ifl F~(Ua)): s € 5}) . 

(ii) F is basically a-cliquish (resp. basically s-cliquish, basically cliquish) 
at x G X if and only if for any collections {Va : s € S} and {Ua : s G 5 } 
of open subsets of Y such that F(X) C n : s € S}, we have x G 
U{Int(Cl(Int(F+(Va) D F~(Ua)))) : s e S} (resp. x G \J{Cl(lnt(F+(Va) n 
F-(U,))) :seS},xe Cl(U{Int(F+(V;) n F-(Ua)): 5 G 5})) . 

(iii) F is basically pre-a-cliquish (resp. basically pre-s-cliquish, basically 
pre-cliquish) at x G X if and only if for any collections {V, : s G 5 } 
and {Us : s G 5 } of open subsets of Y such that F(X) C U W " n u ~ : 
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s G 5}, we have x G ( J i M C K - F ' W ) n F ~( U *) ) ) = a € 5} ( r e s p . x G 
U{Cl ( In t (C l (F+(V ; )nF- (^ ) ) ) ) : s e S}, x e Cl(|J{Int(Cl(F+(V i) D 
F~(Ua))):seS})). 

Proof , (i). The necessity is evident. To prove the converse implicattion 
assume that F is not basically continuous at x G X. Then, for every z G X 
we take an open sets VZ,UZ C Y such that F(z) G Vz+ D U~ and x £ 
I n t ( F + ( ^ ) D F~(UZ)). Let us take {Vz : z G X} and {Uz : z G X}. Clearly, 
F{X) C \J{VZ+ n U~ :zeX] and x £ U{Int(JP+(F2) n F~{UZ)) : z G X} 
and the proof for basically continuity is complete. 

The rest of the proof of (i) is analogous. 
The quite similar proofs of (ii) and (iii) we omit. 
A multivalued map F of a topological space X into a uniform space Y 

with a uniformity U is said to be cliquish [4] at a point x G X if for every 
V G U and for every open set W containing x there exists an open nonempty 
set G C W such that [F(x') x F(x")] n V f 0 for any x', x" G G. 

If a uniformity U is induced by a metric on Y and f : X Y is a 
single-valued map, then the cliquishness of the map F : X Y given by 
F(x) = {/(«)} means the well known cliquishness of / [2, 19]. 

A multivalued map F : X —> Y is said to be lower feeble Tx-cliquish [17] 
at a point x G X if for every open cover A of Y and for every open set W 
containing x there exists an open nonempt set G C W such that for any x', 
x" G G there exists U G A satisfying F(x') n U ± 0 and F(x") n (/ / 0. 

In [17] it is shown that the class of cliquish multivalued maps is greater 
than the class of lower feeble Ti-cliquish maps. We have the following 

PROPOSITION 2 . 2 . Any basically cliquish map F : X -*Y is lower feeble 
T\-cliquish. 

Proof . Let x G X, let W be an open set containing x and let A be an 
open cover of Y. Since F is basically cliquish at x, there exists z G X such 
that for each pair of open sets V, U C Y satisfying F(z) G V+ D U~ we have 
W D lnt(F+(V) D F~(U)) ± 0. Clearly, F{z) G U~ for some U G A. Thus, 
F(z) G V+ H U~, where V = Y. Consequently, we have nonempty open set 
G, namely G = W f ) Int(F+(V) CI F~(U)), such that G C W and for every 
p £ G we have F(p) fl U / 0. Thus, F is lower feeble Tj-cliquish at x. 

The converse of the above proposition is not true as the following example 
shows. 

E X A M P L E 2 . 1 . Let X be the set of all real numbers with the natural 
topology and let Y be the same set with the topology generated by {(—oo, 1), 
{1}, (l ,oo)}. Define F : X Y by the formula: F(x) = {1,2} for x G Q, 
and F(x) = {0,1} for x £ Q, where Q is the set of all rational numbers. 
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The map F is lower feeble Ti-cliquish since for every open cover A of 
Y,leU for some U £ A and, consequently, for every open nonempty set 
G c l w e have F(x') n U ± 0 and F(x") n U ^ 0 for any x', x" € G since 
1 € F{x') fl F(x"). However, F is not basically cliquish since for z € Q there 
exists a pair of open sets V, U C Y, namely V = Y and U = (1, oo) such 
that F(z) eV+n U~ and 0 = Int(Q) = Int(F+(F) n F~(U))\ analogously, 
for z g Q putting V = Y and U = ( -oo , 1) we have F(z) e V+ n U~ and 
Int(F+(V) fl F~(U)) = 0. 

3. The comparison of types of multivalued maps 
From definitions we immediately obtain the following 
Diagram 3.1. 

b. pre-a-cliq. * b. pre-s-cliq. > b. pre-cliq. 

b. ft-cliq. 

b. contin. 

b. pre-contin. 
A 

b. a-contin. 

pre-contin. 

contin. a-contin. 

b. s-cliq. * b. cliq. 

* b. pre-semi-
A 

contin. 
T:. 

b. quasi-contin. 

pre-semi-coi tin. 

quasi-contin. 

The following series of examples show that all the implications cannot 
be reversed. 

E X A M P L E 3 . 1 . A pre-continuous map need not be basically cliquish. Let 
F be such as in Example 2.1. We shall show that F is pre-continuous. If 
x € Q (resp. x £ Q) and F(x) € V + D U~ for some open sets V, U C Y, 
then x e Q C F+(V) f~l F~{U) (resp. x € X \ Q C F+(V) n F~(U)) and, 
consequently, x G pInt(-F+(V") fl F~(U)) since the sets Q and X \ Q are 
pre-open. 

E X A M P L E 3 . 2 . A basically continuous map need not be pre-semi-continu-
ous. Let X be such as in Example 2.1 and let Y be the same set with the 
topology T = { y , 0 , ( 1 , 2 ) } . Define F : X Y by: F ( l ) = ( 1 , 2 ) and 
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F(x) = (3 ,4) if x ^ 1. Let z ^ 1. If V, U C Y is a pair of open sets such that 
F(z) G V+ f~l U~, then V = U = Y and, consequently I n t ( F + ( y ) n F~(U)) 
= X. Thus, F is basically continuous. But F is not pre-semi-continuous at 
x = 1 since for V = U = (1 ,2) we have F(x) € V+nU~ and ps I n t ( F + ( F ) D 
F~(U)) = 0 . 

EXAMPLE 3.3. A basically a-cliquish map need not be basically pre-
semi-continuous. Let X be such as in Example 2.1 and let F : X —• X 
be such as in Example 3.2. Then F is basically a-cliquish since for z ^ 1 
and for any open sets V, U C X such that F(z) € V+ fl U~ we have 
W C F+(V) D F-(U), where W = X \ {1 } , so X = Int(Cl(Int(W))) C 
Int(Cl(Int(F+(y) D F~(U)))). However, for z = 1 (resp. z ^ 1) and for 
V = U = (1 ,2) (resp. V = U = (3 ,4)) we have F(z) <E F + f)U~ and 1 # 
P 5 l n t ( F + ( Y ) N F~(U)) = 0 (resp. 1 G psInt(F+(V) N F~(U)) = X\ { 1 } ) . 
Thus, F is not basically pre-semi-continuous at x = 1. 

EXAMPLE 3 .4 . A quasi-continuous map need not be basically pre-a-
cliquish. Let X be such as in Example 2.1. Define F : X —* X by F(x) — 
(k, k + 1) for x e [k, k + 1], k is an integer. If x e X and F(x) e V+ n U~ 
for some open sets V, U C X, then x € [k, k + 1) for some k and x € 
[k,k+ 1 ) C F+(V) CI F~(U). Consequently, x G slnt{F+(V) n F~(U)) 
since the set [k, k + 1) is semi-open. Thus F is quasi-continuous. However, 
i f z e x , then z £ [ i , H l ) for some k and for V = U = (k, k + 1) we have 
F(z) ev+nu~ and 0 e In t (Cl (F + (V) n F-(U))) = (k,k + 1). Thus, F is 
not basically pre-a-cliquish at x = 0. 

EXAMPLE 3 .5 . A basically cliquish map need not be basically pre-s-
cliquish. Let X be such as in Example 2.1. Define F : X —• Y by the 
formula 

if x € [1, oo) 

F(x) = 

if x e 

if x = o 

if x e 

i — , - ì n -f 1 ' n J n + , n + 2 / 

- ( N + L ) , - ( . + ! ) ) TT,6(-I,--LI 

if X e ( — 00, — 1], 71 = 1,2, . 

If {Vs : s € 5 } and {Us : s € 5 } are a collections of open subsets of X 
such that F(X) C \J{V+ N U^ : s e 5 } , then X \ ( { I : n = 1 , 2 , . . . } U 
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{ - i : n = 1 ,2 , . . .} U{0}) C \J{lnt(F+(Vs) n F~(U,)) : s e S}. So X = 
Cl(U{Int(-F+(Vs) CI F~(US)) : 5 G 5}) and, by Proposition 2.1 (ii), F is 
basically cliquish. But F is not basically pre-s-cliquish at x = 0. Indeed, for 
{V, : 5 € 5} = {Us : 5 £ 5} = {(n + l , n + f : n = 1 ,2 , . . .} U { ( - ( n + 
1), - ( n + i ) ) : n = 1 ,2 , . . .} U {(1,1 + (0,1), ( - 1 , - I )} we have F(X) C 
U W " H U~ : s Ç. S} and 0 0 U{Cl(Int(Cl(F+(K) n F~(Ua)))) : s e S} 
and, by Proposition 2.1 (iii), F is not basically pre-s-cliquish at x = 0. 

EXAMPLE 3.6. An a-continuous map need not be basically continuous. 
Let X be such as in the Example 2.1 and let Y be the same set with the 
topology T = {(a, oo) : a £ F } U {F, 0}. Define F : X Y as follows 

F(z) = 
' ( l , f ) i f x ^ { l : n = l ,2 , 

( x 1 ^ -f 1 - , n — 1 ,2 , . . . 
n 

Clearly, F is a-continuous since the set Y \ : n = 1 ,2 , . . .} is an a-set but 
it is not open, and for every n', the set Y \ {n,\.n '• n = 1 ,2 , . . .} is an a-set, 
but not open. However, for every a € Y, 0 ^ Int(.F+ ((a, oo)) n F~ ((a, oo))). 
So, F is not basically continuous. 

A multivalued map F : X —• Y is said to be barely continuous if for 
every nonempty closed set M C X the restriction F/M has at least one 
point of the continuity. 

When F(x) = {f(x)} for a single-valued map / : X —• Y, then above def-
inition coincides with the well known definition of the barely continuity [12]. 

PROPOSITION 3.1. Any barely continuous map F : X —> Y is basically 
cliquish. 

P r o o f . Assume that F is basically continuous. Let x £ X and let W 
be an open set containing x. Then, by the assumption, there exists a point 
z £ Cl(VF) at which map F/ Cl(V^) is continuous. Thus, for any open sets 
V, U C Y such that F(z) £ V+ 0 U~, there exists an open set B containing 
z such that F(p) eV+ C\U~ for every p £ B CI C1(W). The set G - B n W 
is nonempty and G C W C\ In t (F + (V) f~l F~(U j), what imples the basically 
cliquishness of F at x. 

In [5] it is shown that quasi-continuity and barely continuity of single-
valued maps are independent properties. We shall show that barely continu-
ity of multivalued maps and the four forms of cliquishness (namely basically 
a-cliquishness, basically s-cliquishness, basically pre-a-cliquishness and ba-
sically pre-s-cliquishness) are independent. 
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EXAMPLE 3 . 7 . 

(i) A basically a-cliquish map need not be barely continuous. Let us 
consider the set X = [0, oo) with the topology T = {0, X} U {(r, oo) : r > 0} 
and let Y be the set of all real numbers with the natural topology. Define 
F : X —• Y as follows: 

if x e ( o , i ) n g f H ) 
{ - 1 , - ^ } if x G (0,1) \ Q 

F(x) = {0} if x = 0 
{ ^ T T ' ^ 2 } a « e [ » , » + i ) n g 

{ XT, x r l - i f « e [ n , » + l ) \ g , n= 1 , 2 , . . . ; n + 1 n + 2 J 

where Q is the set of all rational numbers. 
We take z = 0. If F(z) G V+ n U~ for some open subsets V, U C Y, 

then 0 G U D V and for some k we have F(x) € V+ fl U~ for any x G (k, 00). 
Clearly, Int(Cl(Int((ik,oo)))) = Int(Cl(Int(F+(F) D F~(U)))) = X , what 
implies basically a-cliquishness of F. However, for M = [0,1] and for x = 0 
(resp. x = 1, x G (0,1)) we have V = U = (resp. V = ( j , 1) and 
U = ( i , l ) ; V = ( i , 2 ) and U = (1,2)) such that F(x) eV+ nU~ and the 
interior of M D ( F + ( V ) fl F~(U)) in the subspace M is empty. So F is not 
barely continuous. 

(ii) Let F : X —• Y be such as in Example 3.5. The map F is not 
basically pre-s-cliquish. It is easy to prove that F is barely continuous. 

Recall that a topological space X is said to be extremally disconnected 
if for each open subset U C X , Cl(i7) is open. 

PROPOSITION 3 . 2 . If X is an extremally disconnected space, then ev-
ery quasi-continuous (resp. pre-semi-continuous, basically quasi-continuous, 
basically pre-semi-continuous, basically s-cliquish, basically pre-s-qliquish) 
map F : X —• Y is a-continuous (resp. pre-continuous, basically a-continu-
ous, basically pre-continuous, basically a-cliquish, basically pre-a-cliquish). 

P r o o f . It is sufficient to see that extremally disconnectedness of X 
implies Int(Cl(Int(J3))) = Cl(Int(5)), Int(Cl(5) = Cl(Int(Cl(5))) for any 
B C X and, consequently, slnt(2?) = a l n t ( 5 ) and pslnt(B) = p l n t ( 5 ) . 

PROPOSITION 3 . 3 . If F : X —> Y is a basically cliquish (resp. basically 
pre-cliquish) map such that the set F(X) C -A(Y) is compact with respect to 
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the Vietoris topology on A(Y), then F is basically s-cliquish (resp. basically 
pre-s-cliquish). 

P r o o f . Assume that F is basically cliquish. Let x G X and let {Vs : 
s G 5"}, {Us : s G 5"} be a collections of open subsets of Y such that 
F(X) C U W " nU~-.se 5}. Clearly, the collection {V+ fl U~ : s £ S} is 
an open cover of the set F(X) C Since F(X) is compact, there exists 
a finite subset S' C S such that F(X) C H U~ : s G S'} and, by 
Proposition 2.1 (ii) we have x G Cl(|J{Int(F+(V i) n F~(US)) : 5 G 5'}) = 
U(Cl(Int(F+(V s) n F~(U.))) : s G S'}. Thus, by Proposition 2.1 (ii), F is 
basically s-cliquish at x. 

P R O P O S I T I O N 3 . 4 . If Y is a Ti-space and F : X —• Y is basically con-
tinuous {resp. basically a-continuous, basically quasi-continuous, basically 
pre-continuous, basically pre-semi-continuous) multivalued map with closed 
values, then F is continuous (resp. a-continuous, quasi-continuous, pre-
continuous, pre-semi-continuous). 

P r o o f . Assume that F is basically continuous. Let x G X and let V, 
U C Y be a pair of open subsets such that F(x) G V+ fl U~. For every 
2 G X such that F(z) ^ ^(a;) we take Vz = Uz = Y \ {yz} for some 
yz G F(x) \ F(z) (resp. Vz = Y and Uz = Y \ F(x)) if F(x) ( f . F{z) (resp. if 
F(x) C F(z)). It is easy to see that for every z G X such that F(z) ^ F(x) 
we have F(z) G V+ fl U~ and F(x) $ V+ n U~. So, F ( X ) C V+ n U~ U 
U{V+ D U~ : z G X,F(z) ± i^a;)}. Thus, by Proposition 2.1 (i) we have 
x G Int(F+(F) n F~(U)) U U{Int(F+(Fz) n F~(UZ)) : z £ X, F(z) ± F ( x ) } 
and, consequently, x G Int(F+(F)nF"(t/)) since x ¿ Int(F+(Vz)nF~(Uz)) 
for every z £ X such that F(z) ^ F(x) . Hence F is continuous at x. 

The rest of the proof is similar. 

4. Characterizations of the set of continuity and cliquishness of 
multivalued maps 

The familly of all subsets of a space (X ,T ) which are semi-open (resp. 
pre-semi-open) is denoted by SO(X,T) (resp. PSO(X,T)). 

T H E O R E M 4 . 1 . For every multivalued map F : (X,T) —• (Y,T') there 
exists collections {.4S C SO(X,T) : s e S} and {K,s C PSO(X,T) : s G 5} 
such that 

(i) BC(F) = n U{Int(^):A G As} = f| = 
ses «es 

(ii) sBC(F) = f l \J{A:Ae As), 
ses 

(iii) aBA(F) = f l U{Int(Cl(Int(A))): A G As}, 
ses 
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(iv) sBA(F) = n U{Cl(Int(A)) : A G A.}, 

(v) BA(F) = f l Cl(|J{Int(A): A G Aa}), 
ses 

(vi) psBC(F) = f l : K G K.}, 
ses 

(vii) paBA{F) = f l U { M C l ( t f ) ) : K G /CJ, 
s£5 

(viii) psBA(F) = f l |J{Cl(Int(Cl(A'))): K G /C,}, 

(ix) = n Cl(U(Int(Cl(AO) : K G 

P r o o f . This is an immediate consequence of Proposition 2.1 and of the 
fact for every subset B C X we have Int(s Int (5) ) = Int(B) = Int(p.s Int(i?)) 
and Int(Cl(ps I n t ^ ) ) ) = Int(Cl(5)) . It is sufficient to take: 
for any collections Vs = {VStZ : z G Z} and lis = {Us>z : z G Z} of open sub-
sets of Y such that F(X) C UW« <"l U~z : z G Z}, Aa = {s!nt(F+(VSiZ) n 
F~(UStZ)) : z £ Z} and JCa = {psint(F+'(Vs ,z) D F~(Ua,z)) : z G Z}. 

C O R O L L A R Y 4 . 1 . For a multivalued map F : X —> Y the following hold: 

( i) The sets BA(F) and pBA(F) are closed. 
(ii) If one of the sets C(F), aC(F), sC(F), aBA(F), sBA{F) (resp. 

pC(F), psC(F), paBA(F), psBA(F)) is dense^then F is basically cliquish 
{resp. basically precliquish). 

(iii) If X is a Baire space and the X \ C(F) (resp. X \pC(F)) is of the 
first category, then F is cliquish (resp. pre-cliquish). 

We say that a collection A of subsets of Y has property Pc if there exists 
sequences {V„ : n = 1 ,2 , . . . } , {Un : n = 1 , 2 , . . . } of families of open subsets 
of Y such that: 

I f A C U ( K + n U~ : 5 G 5} for a collections {V, : s G 5} and {Us : 
s G 5} of open subsets of Y, then there exists a number n such that A C 
\J{V+ fl U~ : V G Vn, U G Un} C \J{V+ H U~ : s G S}. 

The following example shows some collection with the property Pc. 

E X A M P L E 4 . 1 . Let X be the space of real numbers with the natural 
topology. Let A = { [ 1 , 2 ] , [3,4]}. If A C 11(^7 s e S} for some collection 
{Ua : s G 5} of open subsets of X , there exist rational numbers k, p such that 
for some positive integer n holds (k- k + C (1 ,2)f l Us, (p— C 
(3 ,4) n Ua, for some s, s' G S. It is obvious that for Ukpn = {(& — k + 

y >
 we have c U{U- : u G Uk,p<n} C : s e S } . 

Let Vn = { ( 1 - 1 2 + 1 ) , ( 3 - ¿ , 4 + i ) } , n = 1 , 2 , . . . If A\J{V+ : « G 5} 
for some collection {V3 : s G 5} of open subsets of X , there exists a number 
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n such that A C (Ji^"1" : v € V„ } C Ui^,4" : s G S } . Thus, A has the 
property Pc. 

R e m a r k 4.1. It is easy to observe that if the collection F(X) has 
property P c , then in the proof of Theorem 4.1 it may be taken An = 

{sInt(F+(V) D F~(U)) : V e Vn,U e Un}, n = 1,2,... and Kn — {ps 

I n t ( F + ( V ) D F~(U)) : V G Vn,U G W„}, n = 1,2,... , where {Vn : n = 

1,2,. . . } and {U n : n = 1,2,. . . } are a sequences from the definition of the 
property Pc. 

Thus, from Theorem 4.1. we obtain the following 

COROLLARY 4.2. For a multivalued map F : X —>Y such that F(X) has 
the property Pc, the following hold: 

( i ) The sets BC(F), aBA(F) and paBA(F) are Gs. 

(ii) The sets BA{F) \ BC(F) and pBA(F) \paBA(F) are of the first 
category. 

P r o o f . The proof of (i) is obvious. For the proof of (ii), according to 
remark 4.1 and Theorem 4.1, take Wn = ( J { 5 : B G Bn} where Bn = 
{ I n t (F+ (F ) D F~(U)) : V G V„,U G Un} for n = 1,2,..., and {V „ : n = 
1,2,. . . } , {U n : n = 1,2,. . . } are the sequence from the definition of the 
propert Pc. Then BA(F) \ BC(F) = D { C l ( ^ n ) : n = 1,2,.. . } \ f\{Wn : 
n = 1,2,. . . } C U{Cl (Wn) \ Wn : n = 1,2,... } and, since for every number 
n, the set Cl(VFn) \ Wn is nowhere dense, the set BA(F) \ BC(F) is of the 
first category. 

The proof for the set pBA(F) \ paBA(F) is similar. 
Applying Proposition 3.4 and the above corollary, we obtain 

COROLLARY 4.3. IfY is a T\-space and F : X —*• Y is a multivalued map 

with closed values such that F(X) has the property Pc, then the followin hold: 

( i ) The set C(F) is Gs. 

(ii) The set BA(F) \ C(F) is of the first category. 

Form Proposition 3.4, Corollary 4.1 and from Corollary 4.3 we have 

THEOREM 4.2. IfY is a Ti-space, X is a Baire space and F : X —>Y is 
a multivalued map with closed values such that F(X) has property Pc, then 
F is basically cliquish if and only if the set X \C(F) is of the first category. 

A topological space X is said to be Baire space in the narrow sense if 
every closed subspace of X is a Baire space [7]. 

THEOREM 4.3. If X is a Baire space in the narrow sense, Y is a T\-space 

and F : X —• Y is a multivalued map with closed values such that F(X) 
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has the property Pc, then F is barely continuous if and only if for every 
nonempty closed set M C X, the map F/M is basically cliquish. 

P r o o f . If F is barely continuous and M C X is a closed nonempty set 
and the map F/M is clearly barely continuous and, by Proposition 3.1, F/M 
is basically cliquish. Conversely, if M C X is a closed nonempty set and the 
map F/M is basically cliquish, then by Theorem 4.2, the set M \ C(F/M) 
is of the first category in the subspace M, so the set C(F/M) is dense in 
M since M is a Baire space. Consequently, C(F/M) / 0 what implies the 
barely continuity of F . 

5. Restrictions 
We will denote the closure and the interior of a subset K of a subspace 

Z cXby Z - Cl(A') and Z - Int(Ar), respectively. 
A collection A of nonempty subsets of Y is said to be dense in a collection 

B of nonempty subsets of Y [6] if for any B G B and any two open sets V, 
U C Y such that B G V+ fl U~ we have V+ n U~ l~l A ± 0. 

We say that a collection A is dense in a collection B at a set B G B 
if for any two open sets V, U C Y such that B G V+ fl U~ we have 
v+ nu~ nA^fD. 

It is obvious that A is dense in B if and only if for every B € B, A is 
dense i B at B. 

THEOREM 5 .1 . Let F : X —* Y be a multivalued map and let Z C X be 
a subspace such that for every F(p) G F(X \ Z), the collection F(Z) is not 
dense in F(X \ Z) at F(p). Then the following hold: 

(i) If F is basically cliquish and Z is pre-semi-open, then the restriction 
F/Z is basically cliquish. 

(ii) If F is basically pre-cliquish and Z is semi-open, then the restriction 
F/Z is basically pre-cliquish. 

(iii) If F is basically s-cliquish and Z is pre-open, then the restriction 
F/Z is basically s-cliquish. 

(iv) If F is basically pre-s-cliquish and Z is ana-set, then the restriction 
F/Z is basically pre-s-cliquish. 

(v) If F is basically a-cliquish and Z is pre-semi-open, then the restric-
tion F/Z is basically a-cliquish. 

(vi) If F is basically pre-a-cliquish and Z is semi-open, then the restric-
tion F/Z is basically pre-a-cliquish. 

P r o o f , (i) Let x G Z and let {Vs : s G 5} and {Us : s G 5} be a 
collection of open subsets of Y such that F(Z) C ^ U~ : s G 5}. By 
Proposition 2.1 (ii) it is suffices to show that x G Z-C\(\J{Z-lnt{F+(Vs)r\ 
F~(U3)nZ):seS}). 
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Let W be an open set containing x. Then x £ WnZ C V7nCl(Int(Cl(Z))), 
what implies W fl Int(Cl(Z)) ^ 0. Take a point x' £ W D Z n Int(Cl(Z)). 
By the assumption, for every p £ X \ Z there exists a pair of open sets 
Vp, Up CY such that F{p) € V+ n U~ and V+ fl U~ fl F(Z) = 0. It is 
obvious that F(X) C |J{K+ OU^ : s £ S}D U{Vp+ nU~ : p £ X\Z}. 
Thus, by Proposition 2.1 (ii) we have x' £ C l d J i M F + t V ; ) n F~(Ua)) : 
5 € 5}) U Cl(|J{Int(F+ (Vp) n F~(UP)) : p £ X \ Z}) and, consequently, 
either W D Int(Cl(Z)) n Int (F+(V a ) fl F~(Ua)) / 0 for some s £ S, or 
W n Int(Cl(Z)) n Int(F+(Vp) n F-(Up)) ^ 0 for some p £ X\Z. Thus, 
either G C i r + (V s ) fl F~(US) for some s £ S and some open nonempty set 
G C W n Int(Cl(Z)), or G C F+(VP) n F~(UP) for some p £ X\Z and 
some open nonempty set G C W fl Int(Cl(Z)). So we have a set G', namely 
G' = G n Z, such that M G ' C i F n Z n F+(VS) D F~(Ua) for some s£ S 
since for every p£X\Z we have F(G') D V+ n U~ C F{Z) ("1V+ D U~ = 0. 
Thus, G' C WnZn\J{Z-Int(F+(Va)r\F-(U3)f]Z) :s£S} since G' is open 
in the subspace Z. So x G Z-Cl(\J{Z-Int(F+(Va)nF~(Ua)nZ) : s £ S}) 
and the proof of (i) is complete. 

(ii) Let x £ Z and let {Va : s G 5} and {Ua : 5 G 5} be a collections of 
open subsets of Y such that F(Z) C : s € S}. If Ŵ  is an open set 
containing x, then x £ WnZ C WTlCl(Int(Z)), what implies WD\nt(Z) ± 0. 
Take a point x' £ W fl Int(Z). By the assumption, for every p £ X\Z there 
exists a pair of open sets Vp, Up C Y such that F(p) G Vp+ fl U~ and 
V+ n Up n F(Z) = 0. Clearly, F(X) C U K + n V~ : 5 € 5} U (J{V+ n ̂  : 

p £ X\ Z}. By Proposition 2.1 (iii) we have x' £ Cl(U{Int(Cl(F+(Vs) n 
: 5 G 5"}) U Cl(|J{Int(Cl(F+(Fp) (1 F" ( t f p ) ) ) : p £ X \ Z}). 

Thus, either W n Int(Z) n Int(Cl(F+(V,) n F~(Ua))) ^ 0 or some s G 
S, or W n Int(Z) n Int(Cl(F+(Vp) n F~(UP))) ± 0 for some s £ S, or 
W n Int(Z) n Int(Cl(F+(yp) n F~(UP))) i 0 for some p £ X \ Z. But 
WnInt(Z)nlnt(Cl(F+(Vp)nF-(Up))) = 0 since znF+(vp)nF-(up) = 0. 
Consequently we have a subset G, namely G - VFnInt(Z)nInt(Cl(F+(V3)n 
F~(Ua))), nonempty, open in the subspace Z, G C W fl Z and such that 
G c z - Int(Z - Cl(F+(Va) n F~(Ua) n Z)). Indeed , for each z £ G and 
every open set 0 containing z we have O fl Z fl F+(V r i) fl F~(Ua) ^ 0 
since QjtOnGcOnZ and OtlGn F+(Va) n F~(Ua) ± 0. Therefore 
x £ Z - C1(|J{Z - Int(Z - C1(F+(FS) n F~(Ua) fl Z)) : s £ 5}) and, by 
Proposition 2.1 (iii) F/Z is basically pre-cliquish at x. 

(iii) Let x £ Z and let {Fs : s £ 5} and {Ua : s £ 5} be a collections 
of open subsets of Y such that F(Z) C n U~ : s £ S}. By the 
assumption, for every p £ X\Z there exists a pair of open sets Vp, Up C Y 
such that F(p) £ V+ ("1 U~ and V+ n U~ n F(Z) = 0. It is obvious that 
F(X) C \J{Va+ n Ur : s £ S} U I K V nU- : p £ X\Z}. Thus, by 
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Proposition 2.1 (ii) we have either x G Cl ( Int (F + (V 3 ) n F ~ ( U S ) ) ) for some 
s € 5, or x G Cl(Int(.F+ ( V p ) f l F ~ ( U P ) ) ) for some G X \ Z . It is easy to see 
that x <£ Cl(Int(F+(Vp)n.F-(i7p)) ) for every p G X \ Z . Indeed, if we assume 
on the contrary that x G Cl ( Int (F + (V r p )nF- ( i/ p ) ) ) for somep G X \ Z , then 
x G Int (Cl (Z ) )nCl ( Int (F + (V r p )n i r _ ( i7p) ) ) since Z is pre-open; consequently, 
F ( Z ) n V+ n U~ / 0, which is impossible. Therefore, x <E Cl ( Int (F+(V s ) n 
F ~ ( U 3 ) ) ) for some s G S and, for every open set W containing x there 
exists a subset G , namely G = W n Int (Cl (Z ) ) n Int (F+(V a ) n F ~ ( U S ) ) , 
such that G n Z c W ( l Z , G n Z ^ 0 , and G f l Z c F + ( V S ) n F~(US) n Z . 
So W D Z n Z - l n t ( F + ( V s ) n F ~ ( U S ) n Z) i 0 and, consequently, x G 
Z - CI (Z - I n t ( F + ( V S ) n F~ (Us) n Z ) ) . Thus, F / Z is basicaUy s-cliquish by 
Proposition 2.1 (ii). 

( iv) Let x G Z and let {F s : s G 5 } and {Us : s G 5 } be a col-
lections of open subsets of Y such that F ( Z ) C U { K + ^ : « € 5 } . 
By the assumption, for every p G X \ Z there exists a pair of open sets 
V P , U P C Y such that F ( p ) G V+ n U~ and V+ (1 U~ n F ( Z ) = 0. Clearly, 

C \J{V+ D U~ : 5 € 5 } U ( J ( V H U~ : p € X \ Z] and, by Propo-
sition 2.1 (iii) we have either x G Cl(Int(Cl(jF1+(Vs) D F ~ ( U S ) ) ) ) for some 
s G S, or x G Cl(Int(Cl(F+(Vp) n F - ( U P ) ) ) ) for some p 6 X \ Z . At first 
we prove that x £ Cl(Int(Cl(F+(Vp) fl F ~ ( U P ) ) ) ) for every p G X \ Z . 
Assume on the contrary that x G Cl(Int(Cl(F+(Vp) D F~(UP)))). Then 
Int (Cl ( Int (Z ) ) )nCl ( Int (Cl (F+(y p )nF- (C/p) ) ) ) ± 0, so F ( Z ) r \ V + n U p i 0 
which is impossible. Thus, x G C l ( In t (C l (F+ (y s )nF- ( i/ s ) ) ) ) for some 5 G 5. 
Since Z C Int(Cl( Int(Z) ) ) , for every open set W containing x there ex-
ists a set G , namely G = W fl Int (Z ) n Int (Cl (F+(V s ) fl F ~ ( U S ) ) ) , such 
that 0 / G (~ lZ C W D Z and, for each z e G D Z and every open 
set 0 containing z we have O CI Z n F+(VS) n F ~ ( U S ) ± 0. Therefore, 
x G Z - C1(Z - Int(Z - C I ( F + ( V S ) n F ~ ( U S ) n Z ) ) ) and, by Proposi-
tion 2.1 (iii), F / Z is basically pre-s-cliquish. 

( v ) Let x G Z and let { V s : s G 5 } and {Us : s G 5 } be a collections 
of open subsets of Y such that F ( Z ) C U { K + H U~ : s G 5"}. By the 
assumption, for every p G X \ Z there exists a pair of open sets V p , Up C Y 
such that F ( p ) G V+ n Up and V+ n Up n F { Z ) = 0. Clearly, F ( X ) C 
U W n U~ : 5 G £ } U Uivy- fl U~ : P G X \ Z } and, by Proposition 2.1 (ii) 
we have either x G Int(Cl ( Int (F+(V s ) (1 F ~ ( U a ) ) ) ) for some s G S , or x G 
I n t ( C l ( I n t ( ( V p ) n F ~ ( U P ) ) ) ) for some p e X \ Z . We shall show that 
x i Int(Cl(Int(/ ; ,+ (Vrp) n F ~ ( U P ) ) ) ) for every p G X \ Z . Assume in the 
contrary that x G I n t ( C l ( I n t ( f , + ( V J , ) n F ~ ( U P ) ) ) ) for s o m e p £ X \ Z . Since 
x G ZnCl ( Int (Cl (Z ) ) ) ,ZnInt (F+ (Fp)nF- ( t/p) ) / 0. So F ( Z ) C V+f)U~ / 
0, which is impossible. Therefore, x G Int(Cl(Int(F+ (F,, ) D F ~ ( U S ) ) ) for 
some s G S. The set Z fl Int(Cl ( Int(F+(V s ) n F ~ ( U S ) ) ) ) is open in the 
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subspace Z and, for each z £ Z f ) Int(Cl(Int(F+(V s) fl F~(Ua)))) and for 
every open set 0 containing z we have an open subset G, namely G = 
0 n Int(Cl(Z)) n Int (F+(V.) n F~(Ua)), such that i / G n Z c O n Z a i d 
GC\Z C F+(Vs)r\F~(Us)nZ. It implies ZnInt (Cl( In t (F+(V s )nF-( i / s ) ) ) ) C 
Z - CI(Z - In t (F+(V a ) n F~(Ua) n Z)), so X e \J{Z - Int(Z - CI(z -
I n t ( F + ( F s ) n F~(Ua) n Z))) : 5 £ 5} and, by Proposition 2.1 (ii), F/Z is 
basically a-cliquish. 

(vi) Let x £ Z and let {V3 : s £ S} and {Ua : s £ 5} be a col-
lections of open subsets of Y such that F(Z) C U ( K + H U~ : s £ S}. 
By the assumption, for every p £ X \ Z there exists a pair of open sets 
Vp, Up C Y such that F(p) e V+ n U~ and V+ n U~ n F(Z) = 0. Clearly, 
F(X) C \J{V+ n U~ : 5 G S} U n U- : p € X \ Z} and, by Propo-
sition 2.1 (iii) we have x £ Int(Cl(F+(V s) n F~(US))) for some s £ S, 
or x £ Int(Cl(F+(Fp) n F~(UP))) for some p £ X \ Z . We see that x $ 
Int(Cl(F+ (Vp) D F~{Up))) for every p£X\Z. Indeed, if for some p £ X\Z 
we havex G Int (Cl(F+(F p )nF-( i7p)) ) , then I n t ( Z ) n F+(Vp) n F~(Up) ± 0 
since x £ Z C Cl(Int(Z)). So F(Z) D V+ D U~ ^ 0, which is impossi-
ble. Therefore x £ I n t ^ C ^ F + i ^ ) n F~(Ua))) for some s £ S. It easy to 
see that the set Z 0 Int(Cl(F+(V a) ("1 F~(Ua))) is open in the subspace Z 
and, for each z £ Z H Int(Cl(F+(V i) ("I F~(Ua))) and for every open set O 
containing z we have Oil ZD Int (Z) n Int(Cl(F+(V s) l~l F~(U3))) ± 0, so 
O n Z n F+(Va) n F~(U.) i 0. It implies Z n Int(Cl(JP+(F i) n F~(Ua))) c 
Z - Int(Z - C l ( f + ( v ; ) n F~(Ua) n Z)) and, consequently, x € Z - Int(Z -
CI(F+(V a) n F~(Ua) n Z)). Thus, by Proposition 2.1 (iii), F/Z is basically 
pre-a-cliquish. The proof of Theorem 5.1 is complete. 

T H E O R E M 5.2. For a multivalued map F : X —* Yand a subspace Z C X, 
the following hold: 

(i) If the restriction F/Z is basically a-cliquish (resp. basically s-cliq-
uish), then F is basically a-cliquish (resp. basically s-cliquish) at each point 
of the set a Int(Z). 

(ii) If the restriction F/Z is basically pre-a-cliquish (resp. basically pre-
s-cliquish), then F is basically pre-a-cliquish (resp. basically pre-s-cliquish) 
at each point of the set p ln t (Z) . 

(iii) If the restriction F/Z is basically cliquish, then F is basically cliquish 
at each point of the set .slnt(Z). 

(iv) If the restriction F/Z is basically pre-cliquish, then F is basically 
pre-cliquish at each point of the set ps Int(Z). 

P r o o f , (i) Assume that F/Z is basically a-cliquish. Let x £ a l n t ( Z ) 
and let {Va : s £ S} and {Ua : s £ 5} be a collections of open subsets 
of Y such that F(X) C U ( K + n U~ : s e 5}. Then, by Lemma 1.1 (iii) 
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and Proposition 2.1 (ii) we have x G Int(Cl(Int(Z))) n Z - Int(Z - CI(Z -
Int(F+(Va)r\F~(Ua)nZ))) for some s G S. Hence there exists an open set 0 
such that x G OC\Z C Int(Cl(Int(Z)))nZ-Cl(Z-Int(F+(V;)nF-(tfs)nZ)). 
It is easy to see that for each z G O f"lInt(Cl(Int(Z))) and for every open set 
W containing z we have 0 (1 Int (Z) n W C Z - Cl( Z - Int (F+ (V s ) n F~ (Ua) fl 
Z)), so there exists an open set G such that 0 / G(1 Z C O n Int(Z) l~l VF 
and G D Z C F+(Va) n F~(Ua) n Z. Thus, the set G' = G f~l 0 n Int(Z) n W 
is open, nonempty, G' C W and G' C F+(Va) ("I F~(US). Therefore, x G 
Int(Cl(Int(F+(Va)r\ F~(Ua)))) and, by Proposition 2.1 (ii), F is basically 
a-cliquish at x. 

Now we assume that F/Z is basically s-cliquish. Let x G a lnt (Z) and 
let {Va : s € 5} , {Us : s € 5 } be a collections of open subsets of Y such 
that F(X) C U ( K + n [ i ; : s € 5} . Then, by Lemma 1.1 (iii) and by 
Proposition 2.1 (ii), there exists s £ S such that x £ Int(Cl(Int(Z))) fl Z — 
CI(Z - Int(f1 +(VS) n F~(Ua) n Z)) and, for every open set O containing x 
we have O n Int(Cl(Int(Z))) fl Z - Int (F+(V a ) n F~(Ua) fl Z) ^ 0, what is 
equivalent to the existence of open set G such that 0 ^ G fl Z C F+(Va) fl 
F~(Ua) D Z a n d G n Z c O n Int(Cl(Int(Z))). Thus, the set G' = G f~l 
O n Int(Z) is open, nonempty, G' C O and G' C F+(Va) n F~(Ua). So 
x G C^IntiF+iV",,) n F~{Ua))) and, by Proposition 2.1 (ii), F is basically 
s-cliquish at x. 

(ii) Assume that F/Z is basically pre-a-cliquish. Let x £ plnt(Z) and 
let : s £ 5} , {Ua : s E 5 } be a collections of open subsets of Y such 
that F(X) C LKK4" n U~ : s € 5} . Then, by Lemma 1.1 (ii) and, by 
Proposition 2.1 (iii), there exists s £ S such that x G Int(Cl(Z)) D Z — 
Int(Z — Cl(i r +(V3) fl F~{Ua) fl Z)) and consequently, there exists an open 
set O such that x G O D Z C Int(Cl(Z)) fl Z - CI (F+(V S ) n F~(Ua) n Z). 
Let us put O' = O n Int(Cl(Z)). Clearly, O' is open, x G O' and; if 
z G O', then for every open set W containing z we have W fl F+(VS) D 
F~{Ua) / 0. Indeed, because z G W n O D Int(Cl(Z)), the set K = 
W D O n Z is open in the subspace Z, nonempty and K C Z - C1(F+(FS) fl 
F~(Ua) n Z), what impHes W n F+(Va) n F~(US) ^ 0. So, we have x G 
Int(Cl(F+(Vs) n F~(US))) and, by Proposition 2.1 (iii), F is basically pre-
a-cliquish at x. 

Now we assume that F/Z is basically pre-s-cliquish. Let x G plnt(Z) 
and let {V4 : s G S}, {Ua : s G 5 } be a collections of open subsets 
of Y such that F ( X ) C H U~ : s G 5} . By Lemma 1.1 (ii) and 
Proposition 2.1 (iii), there exists s G S such that x G Int(Cl(Z))) n Z -
C1(Z - Int(Z - Cl(F+(Fa) n F~(Ua) D Z))). This implies that for every 
open set 0 containing x there exists an open, nonempty set G such that 
0 / G n Z c OnInt(Cl(Z)) and G n Z C Z-Cl(F+(Va)C\F-(Ua)nZ). Ob-
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serve that the set G' = G D O ("1 Int (Cl (Z ) ) is open, nonempty, G' C O 

and, for each z G G' and for every open set W containing z we have 
W CI F+(Va) n F~(U.) £ 0. Indeed; WnG'nZcW, WtlG'tlZ/ 

0 and W n G' n Z n F+(Va) n F~(Ua) i 0 since W 0 G' r\ Z C Z -

CI ( F + ( V a ) n F~(Ua) D Z). So WC\ F+(Va) n F-(US) / 0. Therefore a; G 
Cl(Int(Cl(F+(V',,) D F~(US)))) and, by Proposition 2.1 (iii), F is basically 
pre-s-cliquish at x. 

(iii) Assume that F/Z is basically cliquish. Let x G sInt(Z) and let 
{Va : s G 5 } , {Us : s G 5 } be a collections of open subsets of Y such 
that F(X) C U {V , + fl U~ : s G 5 } . If 0 is an open set containing x, then 
1 £ O i l Cl ( Int (Z) ) and 0 / O f l Int (Z ) C Z - C1(U {Z ~ Int (F+(Va) n 
F~(Ua) n Z) : 5 e 5 } ) by Lemma 1.1 (ii) and, by Proposition 2.1 (ii). Then 
there exists s e S such that O fl Int (Z) ilZ- Int (F+(VS) n F~ (Ua) n Z) ± 0, 
what implies the existence of open nonempty set G such that 0 / G fl 
Z C Oil Int (Z) and G n Z C f + ( V , ) n F~(U.) n Z. Observe that the set 
G' = GnOnlnt(Z) is open, nonempty, G' C F+(Va)nF~(Us) and G' C O. 

Thus x € C\(\J{lnt(F+(Va)r\F-(Ua)) : s £ S}) and, by Proposition 2.1 (ii), 
F is basically cliquish at x. 

( iv) Assume that F/Z is basically pre-cliquish. Let x G ps Int (Z) and 
let {V s : s € 5 } , {Us : s £ 5 } be a collections of open subsets of Y such 
that F(X) C ( J W " ^ Uj : s G 5 } . If 0 is an open set containing x, then 
x G O n Cl ( Int (Cl (Z) ) ) and 0 ji 0 fl Int (Cl (Z ) ) n Z C Z - C l f lJ {Z ~ Int(Z -
C I ( F + ( V - s) n F-(Ua) fl Z)) : s G 5 } ) by Lemma 1.1 (iv) and Proposi-
tion 2.1 (iii). Then there exists s G S such that 0 fl Int (Cl (Z ) ) D Z C\ Z -

Int(Z - C I ( F + ( V a ) D F~(Ua) fl Z)) / 0. Consequently, there exists an open 
nonempty set G such that G i l 2 / 0 and G n Z C O n Int (Cl (Z ) ) n Z -

C1(F+(F4 ) n F~(Ua) CI Z). Observe that the set ' = G n O n Int (Cl (Z ) ) 
is open, nonempty, G' C O and, for each z G G' and for every open set 
W containing z we have W CI F+(V3) ("I F~(Ua) ± 0. Indeed, we have 
G' c\w c\z ± 0, G' r\w n z c w, G' nw n z c G n z c z -

C1(F+(VS) n F~(Ua) n Z) and G' n W n Z is open in the subspace Z, so 
G'nWnZnF+(Va)f]F-(Ua) i 0. Thus Wr)F+(Va)C\F~(Ua) / 0. From 
it foUows x G C l (U { In t (C l (F+ (Va ) n F~(Ua))) : s G 5 } ) and, by Proposi-
tion 2.1 (iii), F is basically pre-cliquish at x. This completes the proof of 
Theorem 5.2. 

COROLLARY 5.1. For a multivalued map F : X -+Y, the following hold: 

( i ) If F/D is basically pre-cliquish (resp. basically pre-s-cliquish, ba-
sically pre-a-cliquish) for some dense subset D C X, then F is basically 
pre-cliquish (resp. the set psBA(F) is dense, the set paBA(F) is dense). 

(ii) If F/Z is basically cliquish (resp. basically s-cliquish, basically a-
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cliquish) for some semi-open dense subset Z C X, then F is basically cliquish 
(resp. the set sBA{F), the set aBA{F) is dense). 

P r o o f . It follows from Corallary 4.1, Theorem 5.2 and from the fact for 
every dense subset D C X (resp. semi-open dense subset Z C I we have 
plnt(D) = pslnt(l>) = D (resp. a ln t (Z) = slnt(Z) = Z). 

From Theorem 5.2 we also have the following 

COROLLARY 5 . 2 . For a multivalued map F : X -+Y, the following hold: 
(i) If there exists a cover A of X by a-sets such that for every A £ A, 

the restriction F/A is basically a-cliquish {resp. basically s-cliquish), then F 
is basically a-cliquish {resp. basically s-cliquish). 

(ii) If there exists a cover A of X by pre-open sets such that for every 
A € A, the restriction F/A is basically pre-a-cliquish {resp. basically pre-s-
cliquish), then F is basically pre-a-cliquish {resp. basically pre-s-cliquish). 

(iii) If there exists a cover A of X by semi-open sets {resp. pre-semi-
open sets) such that for every A € A, the map F/A is basically cliquish 
{resp. basically pre-cliquish), then F is basically cliquish {resp. basically pre-
cliquish). 
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